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Preface 


This Instructor's Solutions Manual is an ancillary for the fifth edition of Grossman's 
Elementary Linear Algebra. It contains detailed solutions to all problems in the text- 
including die MATLAB and graphing calculator problems—and in the Applications 
Supplement. Below is an overview of all the ancillaries to accompany the main text. 


Applications • one chapter each on linear programming and on Markov 

Supplement chains and game theory 

• available packaged with the text or for separate purchase 

• numerous examples and problems 

• answers to odd-numbered problems are at the back of the 
Applications Supplement 


Student Solutions • complete solutions to all the odd-numbered problems in the 

Manual text and the Applications Supplement 


MATLAB Manual: • computer laboratory exercises and applications using 

Computer Laboratory MATLAB. Each section lists objectives, prerequisites, 
Exercises and M-file and MATLAB features before the lab exercise is presented, 
disk The student is then encouraged to apply concepts 

interactively and create an edited diary session. An M-file 
disk containing programs of selected applications in the 
manual is available free upon request from The MathWorks, 
Inc., in either Mac or PC versions. 


Elementary Linear • MATLAB programs that accompany the main text in either 

Algebra Toolbox PC or Mac version are available free upon request from The 

(M-file disk) MathWorks, Inc. 


HP- 48G/GX • calculator enhancement for science and engineering 

Calculator Manual mathematics using the high-level Hewlett-Packard calculator 
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Chapter 1. Systems of Linear Equations and Matrices 

Section 1.2 

1. 4x — 12 y = 16 

—4x + 2y — 6 _ 

— 10?/ = 22 hence, y = —11/5 and x = —13/5. 

a n a 22 — ^12021 = (1)(2) — (—3)(—4) = 2 — 12 = —10. 


2. 14a; — 7y = —21 

5x + 7y = 4 _ 

19a; = -17 hence, x = -17/19 and y = 3 + 2x = 3 - 34/19 = 23/19. 

<■11-22 - 012021 = (2)(7) - (—1)(5) = 14 - (-5) = 19. 


3. Qx — 24 y = 15 

— 6x + 24y = 16 _ 

0 = 31 => no solution. 


-n-22 - ai2 a 2i = (2)(12) - (—8)(—3) = 24 - 24 = 0. 


4. 6x — 24 y = 18 

— 6x + 24?/ = —18 _ 

0 = 0 =£■ lines coincide. 

a u a 22 — a i2 a 2i — (2)(12) — (—8)(—3) = 24 — 24 = 0. 


5. 6* -f y = 3 

—4a; — y = 8 _ 

2a; = 11 hence, x — 11/2 and y — 3 — 6a; = 3 — 33 = —30. 

011022 — 012021 = (6)( —1) — (1)(—4) = —6 — (—4) = —2. 


6. 9a; + 3y = 0 

2a; — 3?/ = 0 _ 

llx =0 hence, x = 0 and y = —3a; = 0. 

a n a 22 — «i2°2i = (3)(—3) — (1)(2) = — 9 — 2 = —11. 


7. 4a; — 6 y =0 

—4x + 6?/ = 0 _ 

0=0 => lines coincide; 4a; — 6y = 0 implies y — (2/3)x for arbitrary x. 
a n a 22 — 012021 — (4)(3) — (—6)(—2) = 12 — 12 = 0. 

8. 25x + 10 y = 15 

4x + 10?/ = 6 _ 

21a; = 9 hence, x = 9/21 and y = (3 — 5x)/2 = 9/21. 

aiia 2 2 - 012021 = (5)(5) - (2)(2) = 25 - 4 = 21. 
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9. 8x + I2y = 16 

9a: 4- 121/ — 15 _ 

—x =1 hence, x — — 1 and y = (4 — 2x)/3 = 2. 

aii«22 — <*12021 = (2)(4) — (3)(3) = 8 — 9 = —1. 

10. ax + by — c 

ax — by — c _ 

2ax = 2c hence, x = c/a (assuming a ^ 0) and y = (c — ax)/b = 0 

(assuming 6^0). If a = 0 and 6^0, then there are no solutions unless c = 0, in which case y — 0 
and any a; is a solution. If a ^ 0 and 6 = 0, then x = c/a and any y is a solution. Finally, if both a 
and 6 are zero, then there are no solutions unless c = 0, too, in which case any x and y gives a solu¬ 
tion. au a 22 — ai 202 i — a(—6) —ba = —2ab. 

11. a 2 x + aby = ac 

6 2 z + aby = be _ 

(a 2 — 6 2 )x = ac — be hence, x = c(a — 6)/(a 2 — 6 2 ) = c/(a + 6) 

(assuming a 2 — b 2 ^ 0) and y = (c — ax)/b = c/(a + 6) also. If a 2 — 6 2 = 0, then a = ±6; if a = 6 ^ 0, 
then the equations are the same, and y = (c/a) — x and any x gives a solution. If a = —6, then there 
are no solutions unless c = 0, in which case any x and y give a solution if 6 = 0, and if 6 ^ 0, y = x 
with any x gives a solution. 011022 — ai 2 a 2 i = aa — 66 = a 2 — 6 2 . 

12. a 2 x — aby = ac 

b 2 x -f aby = bd _ 

(a 2 -F b 2 )x = ac + bc hence, x = (ac + 6d)/(a 2 + 6 2 ) 

(assuming a ^ 0 and 6^0) and y = (d — bx)/a = ad — be. 

ana 22 — 012021 — aa — (—6)6 = a 2 + 6 2 . 

13. We need —a6 — a6 = —2a6 0. Therefore, we need a ^ 0 and 6^0. 

14. We need a 2 — 6 2 = 0. Therefore, a = 6 or a = —6. If a = 6, then c can be any real number; if a = —6, 

then only c = 0 gives a solution. 

15. We need a 2 + 6 2 = 0. Therefore, a — 0 and 6 = 0. We would also need either c or d to be non-zero. 

3x — 3y = 21 

2x + 3y — 1 _ 

bx = 22 hence, x = 22/5 and y = (1 — 2x)/2 = —13/5. 


16 . 
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17. —4* + 2y = 8 

4* — 2y = 6 _ 

0 = 14 => no point of intersection. 

18. 12* - 18y = 21 

12* - 18v = 24 _ 

0 = — 3 => no point of intersection. 


19. 12* - 18y = 30 

12* - 18v = 30 _ 

0 = 0 =>• lines coincide. 


20. 3* + y = 4 

—5* + y = 2 _ 

8* =2 hence, * = 1/4 and y = 4 — 3* = 13/4. 

21. 6* + 8y = 10 

6* — 7y = 8 _ 

15 y = 2 hence, y = 2/15 and * = (5 — 4y)/3 = 67/45. 

22. Let mi = the slope of L and m 2 = the slope of Lx- 
mi = 1; m 2 = —1. L : x — y = 6, and Lx : * -f y = 0 

Point of intersection: (3, —3). d = ^/(3 — 0) 2 + (—3 — 0) 2 = 8y/2 


23. mi = —2/3; m 2 = 3/2. L : 2* + 3j/ = —1, and Lx : 2* + 3j/ = 0 
Point of intersection: (—2/13, —3/13) 
d = 7(—2/13 - 0) 2 + (-3/13 - 0) 2 = 0713 


24. mi = —3; m 2 = 1/3. L : 3* + y = 7, and Lx : * — 3j/ = —5 
Point of intersection: (8/5,11/5) 
d= 08/5- 1) 2 + (11/5- 2) 2 = 0/5 


25. mi = 5/6; m 2 = —6/5. L : 5* - 6y = 3, and Lx : 6* + 5y = 28 
Point of intersection: (3,2) 

d= 03 - 2) 2 + (2 - 16/5) 2 = 01725 

26. mi = 5/2; m 2 = —2/5. L : —5* + 2y = —2, and Lx : 2* + 5y = —5 
Point of intersection: (0,-1) 

d= 05 —0) 2 + (-3+ l) 2 = 09 
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27. mi = —1/2; m 2 = 2. L : 3x + 6y = 3, and : 2x — t/ = 17 
Point of intersection: (7, —3) 

d= ^(8-7)2 + (-l + 3) 2 = 75 

28. 4x — 6y = 2 

3x + 6v = 12 _ 

7x = 14 hence, x = 2 and y = (12 — 3x)/6 = 1. 

Then, we need the distance between (2,1) and 2x — y = 6. 
mi = 2; m 2 = —1/2. L : 2x - y = 6, and Z*i : x + 2y = 4 
Point of intersection: (16/5,2/5) 
d = v/(6/5 - 2) 2 + (2/5 - l) 2 = 3v/5/5 


29. mi = —a/6; m 2 = 6/a. L : ax + by = c, and Li : ax + by = 6xj — ayi 

fac + Pxi - abyi be - a6xj + afy x \ 

Point ot intersection: -^-r=-, - 5 -rr- I 

\ a z + b* a* + b* J 

Then d = |axi + by\ — c|/\/a 2 + 6 2 after a lot of algebra. 


30. Let x = number of birds and y = number of beasts. 

Then x + y = 60; 

2x + 4y = 200. Hence x = 20 and t/ = 40. 

31. If ana 22 — ai 2 a 2 i = 0, then ana 22 = ai 2 a 2 i. Assuming ai 2 a 22 ^4 0, and dividing both sides of the 
equation by ai 2 a 22 we get an/ai 2 = a 2 i/a 22 . This implies —au/ai 2 = —a 2 i/a 22 . Solving each linear 
equation of system (1) for y we get y = —an/ai 2 x + bi/an and y = —a 2 i/a 22 x + 6 2 /a 22 . These lines 
have slope —au/ai 2 and —a 2 i/a 22 respectively. Slopes are equal. Therefore the lines are parallel. If 
ai 2 = 0, then from ana 22 = 0 and an ^4 0, we get a 22 = 0. So the lines are parallel because they are 
both vertical. If a 22 = 0 similar reasoning holds. 


32. Suppose otherwise, i.e., suppose that ana 22 — ai 2 a 2 i = 0. Then #31 shows that the lines given in sys¬ 
tem (1) are parallel. Thus system (1) either has an infinite number of solutions or no solution. This 
contradicts the assumption that the system has a unique solution. Result follows. 

33. If ana 22 — ai 2 a 2 i # 0 then ana 22 # ai 2 a 2 i. Dividing both sides of the equation by ai 2 a 22 we get 
«n/«i 2 7^ a 2 i/t* 22 - Thus —an/ai 2 # —a 2 i/a 22 . Hence the slopes of the lines in system (1) are not 
equal (see solution to #31). Thus the lines are not parallel. Therefore system (1) has a unique solu¬ 
tion. 
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34. Let x — number of cups and y = number of saucers. 

Then, 3* + 2 y — 480 Eq. 2 —10 Eq. 1: —5* = —400 

25* + 20j/ = 4400; 
hence, x = 80 and y = 120. 


35. 3* + 2 y= 480 Eq. 2 -5 Eq. 1:0 = 0 

15* + lOy = 2400. 

So, these two lines coincide; hence y = (480 — 3*)/2 where 0 < * < 160, to force y > 0. 


36. 3* + 2 y- 480. Eq. 2 -5 Eq. 1: 0 = 100, 

15* + 10y = 2500 

so this system of equations has no solution. 


37. Let * = number of ice-cream sodas and y = number of milk shakes. 

Then, * + y = 160; Eq. 2 —4 Eq. 1: — y = —128. 

4* + 3y = 512 

Hence, y = 128, * = 160 — y = 32. 
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Section 1.3 

/1 -2 3 11 \ R2-+-4R1+R2 /1 -2 3 

1. 4 1 -1 4 R 3 - -2Bj + R 3 0 9 -13 

\2 -13 10/ * \0 3 -3 

, , , r 3 -+ —\r 3 

R '-“’ +R ' ;| 3 \ *,-.*+*, 

R 3 —♦ —9 R\ R 3 I 0 1 -1 


0 0-4 


-40 R 2 
- 12 / . 



R 2 ^R 3 + R 2 1% 3 

Ri —*■ —R 3 4" Rl V 0 0 1 1 


/I 

-2 

3 


0 

1 

-1 

-4 

\0 

9 

-13 

-40/ 


(2, —3,1) is the unique solution. 


(-2 1 6 18 \ R 3 -+Ri+R 3 / I 3-4 15 \ Ba-*-5Bi+Ba /1 3 -4 15 \ 

2. 5 0 8 -16 } Ri^Rs 15 0 8 -16 fi 3 -2fii+R3 0 -15 28 -91 

\ 3 2 -10 -3/ _„ \-2 16 18/ _ + \0 7 -2 48/ 

R2 —*• 2B3 + R2 t\ 3 .4 15 \ B3--7B2 + B3 /1 3 -4 15 \ 

r 2 R 3 [ 0 1 -24 -5 I R 3 -* j j$R 3 ( 0 1 -24 -5 1 . Use back substitution to 

_, \0 7 -2 48/ _„ \0 0 1 0.5/ 

find the solution (—4, 7, |). 


3 6-6 

2-5 4 

-1 16 -14 


Ri -* f Hi 

R2-.-2R 1+ R2 f X Q l * 

R3-+R1 + R3 \o 18 -16 0 


R 3 - 2R 2 + R 3 / 1 2 -2 3 

r 2 ^-Lr 2 0 1 -8/9 0 

_\ 0 0 0 0 


be arbitrary. Use back substitution to find the solutions (3 + §2:3, §£3, z 3 ). 


Ri - k R i 

/3 6 -6 9\ R ’ H (l 2 -2 3' 

4. 2 -5 4 6 + 0-9 8 0 

15 28 -26 -8/ 5R i + R 3 \ 0 18 -16 -23, 


R 3 —► 2i?2 + R 3 


. Let x 3 


12-2 3\ 

0 -9 8 0 1 . The bot- 

0 0 0 -23/ 


tom row is equivalent to the equation 0 = 23, which is impossible. So the system has no solution. 


/I 1-1 7 \ *2 

5. 4 -1 5 4 R 3 

l 2 2 -3 0/ 


-4R!+R 2 /1 1-1 7' 

-2 Ri + R 3 [ 0 -5 9 -24 
_» lo 0-1 -14, 


r 3 —► —R 3 
R 2 —*■ — 9K3 -|- J?2 
Ri —*■ R 3 + Ri 


r 2 ^-Ir 2 /i 0 0 -9\ 

/ti -► -r 2 4- Ri 0 1 0 30 I. (-9,30,14) is the unique solution. 
_» lo 0 1 14/ 


110 21' 
0-50 -150 
0 0 1 14, 


/1 1-1 7\ «2 

6. 4 -1 5 4 1 R 3 

16 1 3 18/ 


-4R1+R2 /1 1-1 7' 

-61?! + Ba ( 0 -5 9 -24 
__ \ 0 -5 9 -24, 


R3 —R2 + R -3 

r 2 - — \r 2 

R\ —► —R2 -f- R\ 


1 0 4/5 12/5 

0 1 -9/5 24/5 
0 0 0 0 


. Let :r 3 


be arbitrary. Then (y- - |a: 3 , ^ + f*3,* 3 ) are the solutions. 



m Equations in n unknowns: Gauss-Jordan and Gaussian Elimination Section 1.3 


7 


7. 



10 4/5 
0 1 -9/5 
0 0 0 


7 

4 J. The same row operations as in problem 6 gives the equivalent matrix 

20 , 

O' 

0 J. Since 0^1, the system has no solution. 

1 



i?2 —* — 4i?i -f R 2 
R3 —► — 2 Hi + ^3 


1 

-2 

3 

ft? 

t 

P5 

* 

0 

/ 1 -2 

3 

0 

9 

-13 

0 R 2 ^ Ri 

0 1 

-1 

0 

3 

-3 

0) -» 

Vo 9 

-13 


. (0,0,0) is the unique solution, by back substitution. 


Ri —► 2R 2 -f- Ri 


(1 1 -1 

0N | 

R 2 —*• —4 Ri 4" R 2 

(1 1 -1 

0 \ R3 —♦ —Ri + R3 

9. 4 -1 5 

0 

R 3 ► — 6 R 1 4" R 3 

0-59 

0 r 2 - -i r 2 

V 6 1 3 

0) 


^0 -5 9 

0 


trary. Use back substitution to find the solutions (—|x 3 , |x^ 3 , x 3 ). 



. Let X 3 be arbi- 


10 . 


R\ +Z Ri 
R 3 —► —2R\ + R 3 




R 2 -» \R 2 


R 3 


/10 -2 
4 Ri + Rs 0 1 5/2 

_> 0 0 -6 


34/3 \ 

-37/6 I. (34/3,—37/6,11/3) is the unique solution. 
11/3/ 


11 . 


(1 2 -1 4\ 
V3 4 -2 7J 


R 2 —► —3R\ + ^2 
Ri — 1 ► — \Ri 


f 1 2 - 1 4N ) 

Vo 1 -1/2 5/2 J 


Ri —* —2R 2 4* ^1 


(i 0 

Vo 1 - 1 . 


be arbitrary. Then (—1, | + 1 x 3 , 13 ) are the solutions. 


0 

1.2 


5 / 5 / 2 )' LetXa 


12 . 


/ 12-4 4\ 

V-2 -4 8 -8 J 


R 2 —► 2R\ 4 R 2 


0 


2 -4 
0 0 


(4 — 2x2 + 4x3, X2, X3) are the solutions. 


4\ 

Q J ■ Let X 2 and x 3 be arbitrary. Then 


13. 


/ 1 2 -4 4\ 

V-2 -4 8 -9/ 


4 \ R 2 -*2R 1 + R 2 l\ 2 -4 
-9/ -» VO 0 0 


^ 2 ' 4 K \ Si 
VO 0 0 - 1 / 


Since 0^—1, the system has no solution. 


14 . 


12-11 
3 6-33 


Ri —* —3Ri + Ri (1 2-1 1 

0 0 0 0 


(7 — 2x2 + x 3 — X4, X2, X3, X4) are the solutions. 


. Let X 2 , X 3 , and X 4 be arbitrary. Then 
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15. 


2 6-42 
10-11 
V-3 2 -2 0 

R 3 —* _ -ns^3 

R-2 —* 3 ^3 + R-2 
R\ —► /?3 ■+■ ^1 


Ri —* |jRi 
R 2 —► —Ri + R 2 
R:\ —* 3 Ri + R'2 


1 3-2 1 

0-310 
0 11 -8 3 


H 2 -+ - |i? 2 
R \—► — 3 R 2 + ^1 
R 3 —► — \\R 2 + R 3 



-1 1 
-1/3 0 
-13/3 3 


1 0 0 4/13 
0 1 0 -3/13 
0 0 1 -9/13 


20/13 \ 

-28/13 1. Then (f§ - j|x 4 ,-f§ + ^a? 4 , — j§ + ^jX 4 ,x 4 ) are the 
-45/13/ 


solutions, where x 4 is arbitrary. 


16. 


/ 1 -2 1 1 

2 V 

H 2 -»-3fl 1 +R2 ( l i 1 1 


R 2 R 3 

/I -2 1 1 

2 \ 

3 0 2 -2 

-8 

„ „ 0 6-1-5 

-14 


0 1 -0.25 -0.25 

0.25 

0 4-1-1 

1 

Ri-*R X +Ri 1 0 4 

1 

r 2 —► jR 2 

06 -1 -5 

-14 

V-l 6-2 0 

7/ 

- + Vo 4 -1 1 

9/ 


Vo 4 -1 1 

9/ 


«3 

Ri 


- 6 R 2 + R 3 
-4 R 2 + Ri 


/I 

-2 

1 

1 

2 V 

R 3 —► 2i?3 

/I 

-2 

1 

1 

2 \ 

0 

1 

-0.25 

-0.25 

0.25 


0 

1 

-0.25 

-0.25 

0.25 

0 

0 

0.5 

-3.5 

-15.5 

jr 4 —► |r 4 

0 

0 

1 

-7 

-31 

Vo 

0 

0 

2 

8/ 


Vo 

0 

0 

1 

4/ 


. Use back sub¬ 


stitution to find the solution (2,1/2, —3,4). 


17. 


z 1 

3 


2 1 1 
0 2-2 
0 4-1-1 
\5 0 3 -1 


J' 

1 

-3/ 


As in 

problem 16 


(\ -2 1 1 
0 1 -0.25 -0.25 


0 6 

Vo 10 


-1 

-2 


-5 

-6 


2 \ 

0.25 

-!4 

-13/ 


R:\ —*■ — 6 R 2 + R 3 
Ri —> — IOR 2 4 “ Ri 


/ 1 

-2 

1 

1 

2 ^ 

Ri —* —R 3 + Ri 

n , 0 n 

/I 

-2 

1 

1 

2 \ 

0 

1 

-0.25 

-0.25 

0.25 

0 

1 

-0.25 

-0.25 

0.25 

0 

0 

0.5 

-3.5 

-15.5 I 

/13 —♦ 2 /t 3 

0 

0 

1 

-7 

-31 

Vo 

0 

0.5 

-3.5 

-15.5/ 


Vo 

0 

0 

0 

0 / 


. Let £4 be arbitrary. Use 


back substitution to find the solutions (18 — 4x 4 , —15/2 + 2x 4 , —31 + 7x 4 , x 4 ). 


18. 


Z 1 

-2 

1 1 

2 \ 

As in 

z 1 

-2 

1 

1 

2 \ 

I 3 

0 

2 -2 

-8 

problem 17 

0 

1 

-0.25 

-0.25 

0.25 

° 

4 

-1 -1 

1 

0 

0 

0.5 

-3.5 

-15.5 

\5 

0 

3 -1 

0 / 


Vo 

0 

0 

0 

3/ 


(Just apply the row operations 


above to the changed last column). Since 0^3, the system has no solution. 


19. 


I 1 1 

2 -3 
\3 2 



R 2 —► “ 2R\ -f R 2 

f 1 1 

4 \ 

R 3 —* —3Ri + R 3 | 

f 0 -5 
Vo -1 

V 


R2 R 3 
R2 —i► —R 2 
R 3 —* 5R 2 + R 3 



4 \ 

4 I . Since 0 ^ 19, the system 

19/ 


has no solution. 


( l 1 
20. 2 -3 

\3 -2 



As in 

problem 19 


Z 1 1 

0 -5 
\0 -5 



find the solution (19/5,1/5). 


R3 —R2 4 - R3 
R 2 - \R2 


( 1 1 4 \ 

I 0 1 0.2 j . Use back substitution to 

\0 0 0/ 
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21 . row echelon form 22. neither as the first nonzero in row 1 is not a 1. 

23. reduced row echelon form 

24. reduced row echelon form 

25. neither as the first nonzero in row 2 is too far left. 

26. reduced row echelon form 





37. As in example 10 , we have the following system: 

xi + 3x2 + 2 x 3 = 15,000 

xi + 4x2 + = 10,000 

2xi + 5x 2 + 5x3 = 35,000. 

Writing an augmented matrix for the system and finding the reduced echelon form, we obtain 

/I 3 2 15000\ /1 3 2 15000 \ /1 0 5 30000 \ 

11 4 1 10000 j —*■ I 0 1 -1 -5000 I —► j 0 1 -1 -5000 j . Since xi, x 2 , and x 3 must be 

\2 5 5 35000/ V° - 1 1 5000/ \0 0 0 0/ 

greater than or equal to zero, we must have xi = — 5 x 3 + 30,000 > 0 and X 2 = X 3 — 5000 > 0. 
Hence, the populations that can be supported are 5,000 < X 3 < 6,000, xi = 30,000 - 5x 3 , and 
x 2 = —5,000 -I- x 3 . The solution is not unique. 

38. Let d E d F , and d s denote the number of days spent in the respective countries. The information 
gives the following system of equations: 

30 d E + 20 d F + 20^5 = 340 
20d E + 30 d F + 20ds = 320 
10d£ + 10 df -(- 10ds = 140 
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Upon reducing, we obtain 


/ 30 20 20 
20 30 20 

V10 10 10 


340 \ 

320 

140/ 


/1 1 1 14 \ 

2 3 2 32 
\3 2 2 34/ 


Hence, dp — 6, dp = 4, and d$ = 4. 


/I 1 1 14 \ 

0 10 4 

\0 -1 -1 - 8 / 


/I 0 1 
0 10 
\0 0 -1 



/I 0 0 
0 10 
\0 0 1 



39. Let sp , sp , and sm denote the respective number of shares. The information gives the following sys¬ 
tem of equations: 

—sp — 1.5 sp -f 0.5 sm = —350 
1.5sjj — 0.5sjy + sm — 600 

Writing the system as an augmented matrix and reducing to echelon form gives 


-1 -1.5 0.5 
1.5 -0.5 1 

chosen arbitrari 


-350 

600 


)-( 


1 1.5 -0.5 

0 -2.75 1.75 


350 

75 


\ / 1 0 0.4545 390.9 N 0 . 

/ ~\0 1 -0.6364 -27.27 )' Smce s m can be 


y, the broker does not have enough information. If s M = 200, then sp = 300 and 


sp = 100 . 


40. Let / and b denote the number of fighter planes and bombers, respectively. The information gives the 


following equations: 

/ + b = 60 
6 / + 26 = 250 
/ - 26 = 0 


Then j 

( l 1 

6 2 

60 \ 
250 


Vl -2 

0 / 


system is inconsistent. 


/II 60 \ 
0 -4 -110 
\0 -3 -60/ 


/II 60 \ 
0 1 20 
\0 -4 -110/ 


/I 1 60 \ 

I 0 1 20 1 . Since 0 ^ —30, the 

\0 0 -30/ 


41. 


/ 2 -1 3 

3 1-5 
\-5 -5 21 



OO 

1 

CM 

i-H 

b-a\ 

2-13 

a 

\-5 -5 21 

c / 


/1 2 -8 
0-5 19 
\0 5 -19 


Hence, the system is inconsistent if 36 — 2a + c ^ 0. 


b-a\ 
-2b+3a J 
5b-5a+c / 


JR 3 —J?3 + Ii'2 


( 12-8 
0 -5 19 
\0 0 0 


b-a\ 

-2b+3a . 
3b-2a+c / 


42. 


/ 2 3 -1 
1-13 
\ 3 7 -5 



/1 -1 3 

0 5-7 

\0 10 -14 



fl 3 


be consistent, we must have —2a -f 6 -f c = 0. 


R 3 — 2 R 2 


( 1-1 3 
0 5-7 
\0 0 0 


b \ 

a-2b 


For the system to 
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43. Either an, a 2 i, or 031 is nonzero, otherwise, the system is either inconsistent or has an infinite num¬ 
ber of solutions. Without loss of generality, we may assume an ^ 0. Elementary row operations 

( an ai 2 a 13 6j \ /1 an/an a 13 /an *\ 

a 21 a 22 a 23 &2 I —*■ jo a?22 023 * I where 022 = a 22 ~ a 21 a 12/ a llj O 23 = 

“31 “32 033 &3 / \ 0 032 «33 * / 

023 — 021013 / 011 , 032 = 032 — 031012 / 011 , and 033 = 033 — 031013 / 011 - As before, either 022 

(1 * * *\ (1 * * *\ 

or 032 is nonzero. Assume 022 / 0. Then I 0 022 023 * I —► I 0 1 * * I. Where /? = 

\0 032 033 *) \0 0 /? *) 

032023/022 + 033 . For the system to have a unique solution, we must have (3^0. Simplify (3 to 
conclude 011022033 — 011023032 — 012021033 + 012023031 + 013021032 — 013022031 7 ^ 0 . 
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CALCULATOR SOLUTIONS 1.3 

All solutions to CALCULATOR BOX problems will be given for the TI-85. Each will include a summary of the 
input keystrokes which were used to solve each type of problem, the output from the calculator, and the derivation of 
the answer from the output. Usually the fullest explanation will accompany the first example of each type of prob¬ 
lem. 

Most problems will require calculations to be made on some matrix or vector. Each such input for a problem should 
be entered into a variable before the calculations for that problem are begun. Once it is input, its’ value should be 
checked before the calculation for the problem is begun, since one of the most frequent causes of incorrect solutions 
is faulty input data. (We will not show the data input keystrokes in most cases, except in this first calculator solution 
section.) In order to allow the inputs (or outputs) for any problem to be reused or recalled in later problems, we shall 
tag the variable name(s) with numbers representing the chapter, section, and problem number; i.e. A1345 will be the 
name for the augmented matrix which is the input for chapter 1, section 3, problem 45. 

Each summary of input keystrokes follows the practice of the main text by boxing each input function keystroke 
(except for character or number keys which are displayed in the Courier font, and for which it is assumed that the 
appropriate (ALPHA] or (2nd] (alpha) keystrokes have been entered to allow alphabetic input to start or stop). 
When a keystroke sequence has selected a menu item, the named equivalent of that item will be displayed in 
Courier Bold inside angle brackets. For example the keystrokes to compute the reduced row echelon form of a 
matrix stored in the variable A1345 are displayed as: 

[2nd] [MATRX] @ <ops> (F5) <rref>A1345 (ENTER] . 

We will use the form MATRX ops rref to abbreviate later occurances of such a menu item entry. 

There is an alternative to all menu item function references. Since the name of any function, such as rref, is rec¬ 
ognized by the TI-85(even the all caps version rref), the result above can be produced by the (character) input 
rref A13 45 (ENTER) or even RREF A13 45 (ENTER) . We will ofter use this form of input in presenting solu¬ 
tions. 

44. To solve on the TI-85 enter the augmented matrix for the system by [[2.6, -4.3,9.6,21.62] 
[-8.5,3.6,9.1,14.23] [12.3,-8.4,-.6,12.61]] (STO) A1344 (ENTER) 

Then compute the reduced row echelon form of A1344 by using the RREF command from the MATRX ops 
menu via (2nd) (MATRX) @ <ops> (F5) <RREF> |ALPHA) A1344 |ENTER) , 

to produce: 

[[100 86.1806588556 ] 

[010 122.285821022 ] 

[001 33.6853455595 ]] 

which is the augmented matrix of the euqivalent (solved) system: 
xi = 86.1806588556, x 2 = 122.285821022, x 3 = 33.6853455595. 

45. To solve, input the augmented matrix A1345 by [[0,2,-1,-4,2], [1,-1,5,2,-4], [3,3,-7,-1,4], 

[-1,-2,3,0,-7]] [STO» > ) A1345 (ENTER) , and verify that the matrix has been correctly entered by 
scrolling the display to examine all the entries of the input matrix. (Use the arrow keys: 0 , 0 , ar) 0 0 . 

0 if needed.) Note that the "missing" x t in the first equation is entered as a 0 in the first row. 

Now either use the MATRX ops menu, as described above, or literally enter rref A1345 (which requires 
the keystrokes |ALPHA) (ALPHA) RREF A (ALPHA) 1345 (ENTER) ) to get: 
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[[1000-3 ] 

[0 1 0 0 5 ] 

[0010 2e-14 ] 

[ 0 0 0 1 2 ] ] 

Since elementary row operations produce an augmented matrix of an equivalent system, the solutions to the 
original system can be read off from this equivalent (solved) system: 

xi=-3, x 2 = 5, x 3 = 2e- 14, x 4 = 2. 

(The calculator produced 2E-14, rather than the exact answer 0, due to rounding "errors" in its computation; it’s 
accuracy is limited (internally) to 13 significant figures, and many computations, like division by 3, may result 
in loss of accuracy due to roundoff.) 

46. Input the augmented matrix A1346: [[12.47,-2.583,7.161,8.275,-1.205], 

[3.472,9.283,11.275,3.606,2.374], [-5.216,-12.816,6.298,1.877,21.206], 

[6.812,5.223,-9.725,-2.306,-11.466]] [STOl A1346 and compute its reduced row echelon form R1346 
by entering RREF A1346 (STO) R13 46 [ENTER | . Since we see the equations are consistent, the solu¬ 
tions are obtained from the last (5 th) column: (see problem 47) R1346(l,5,4,5) (ENTER) , 


[ [ 

2.22665461875 ] 

(= -tj) 

[ 

-1.93595628754 ] 

(= x 2 ) 

[ 

3.36239929557 ] 

(= x) 

[ 

-7.01511776944 ]] 

<"*4> 


47. Input the augmented matrix by [[23.42,-16.89,57. 31,82.6,2158.36], 

[-14.77,38.29,92.36, -4.36, -1123.02], [-77.21,71.26, -16.55,43.09,3248.71], 

[91.82,81.43,33.94, -57.22,235.25]] I ENTER) , and store it in A1347 by entering: 

(2nd) (ANS) I STO) A1347 [ENTER ) . 

Then either follow the 1.44 or 1.45 solutions or produce and store the reduced echelon form in R1347 ("R" for 
reduced) via: 

RREF A1347 [STO) R1347 

The reduced echelon form shows the equations are consistent, and the solution is the last (5th) column of 
R1347 which can be printed out by entering R1347(l,5,4,5) [ENTER ) , which yields the submatrix start¬ 
ing at (row=l,col=5) and ending at (row=4,col=5): 


[11.5606292935 

] 

(= *j) 

[27.8933709005 

] 

(= x 2 ) 

[-19.8752502433 

] 

(= x 3 ) 

[42.3460010642 

]] 

(= x 4 ) 


48. From the input: 

[[6.1,-2.4,23.3,-16.4,-8.9,121.7] [-14.2,-31.6,-5.8,9.6,23.1.-87.7] 

[10.5,46.1,-19.6, -8.8, -41.2,10.8] [37.3, -14.2,62, 14.7,-9 6,61.3] 

[. 8,17.7, -47.5, -50.2,29.8, -27.8]] [STO) A1348 (ENTER) compute and store the reduced echelon form 
by RREF A1348 (STO) 01348 (ENTER) . From the equivalent (consistent) system corresponding to this 
new augmented matrix, read off solution from the last (6th) column: 01348(1,6,5,6) (ENTER) 
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[ 

-4.19625216237 

] 

( = * ; ) 

[ 

3.39806581665 

] 

( = x 2 ) 

[ 

5.02950855373 

] 

(= x 3 ) 

[ 

-2.68699108976 

] 

(=V 

[ 

.651877193675 

] ] 

( = x 5 ) 


Problems 49-53 ask for the row echelon form of the augmented matrices from the equations in the previous 5 prob¬ 
lems. This will be computed by: 

(2nd) iMATRXl (F4) <ops> @ <ref> A [ENTER) 
or using only alphabetic and numeric input: 

REF A (ENTER) . 

49. The row echelon form for A1345 (saved in 1.45) is given by REF A1345 (ENTER) : 

[[11 -2.33333333333 -.333333333333 1.33333333333 ] 

[ 0 1 -.5 -2 1 ] 

[001 -.263157894737 -.526315789474 ] 

[000 1 2 ]] 


50. The requested row echelon form is given by REF A13 44 (ENTER) : 

[[ 1 -.682926829268 -.048780487805 1.02520325203 ] 

[ 0 1 -3.85314009662 -7.50853462158 ] 

[00 1 33.6853455595 ]] 

51. REF A13 47 (ENTER ] yields: 

[[ 1 .886843824875 .369636244827 -.623175778697 2.56207797865 ] 

[ 0 1 .085803613297 -.035964262264 24.6650599263 ] 

[00 1 -.125426892275 -25.1865775571 ] 

[00 0 1 42.3460010642 ]] 


52. REF A1346 (ENTER ) yields: 


[[ 1 -.20713712911 .574258219727 .663592622294 
[ 0 1 -.668756846388 -.384149034562 

[00 1 .322120802509 

[ 0 0 0 1 


-.096631916599 ] 
-1.48973311827 ] 
1.10268392998 ] 

-7.01511776944 ]] 


53. REF A1348 [ENTER ) yields: 
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[[ 1 -.380697050938 1.66219839142 .394101876676 -.257372654156 1.64343163539 ] 

[ 0 1 -.739622076066 -.258258724306 -.768456034635 -.128869813714 ] 

[00 1 1.29150456157 -1.23451620607 .754494344443 ] 

[00 0 1 -.245789833397 -2.84721587659 ] 

[00 0 0 1 .651877193675 ]] 

Problems 54-58 ask for all solutions, rounded to three decimal places, to certain systems with more unknowns 
than equations. To solve, first set the displayed precision to three decimal places by 

[2nd] [MODE] 0 0 0 0 0 [ENTER) (EXTp . 

Then compute the reduced echelon form of the augmented matrix via rref A [ENTER) and write down the 
equivalent system for the resulting augmented matrix. If there is a new equation which says 0 = a non-zero num¬ 
ber, then this impossible equation shows the original system is inconsistent, i.e. has no solutions. Other wise, we 
can see that if we assign arbirary values to those variables which are not first in any of the resulting equations, 
then each equation can be solved for its first variable in terms of the arbitray variables by bringing the terms 
involving the arbitrary variables to the right side of the new equations (after changing the signs of those terms). 

This gives all possible solutions. 

54. The augmented matrix A1354 for the system is obtained by input of [[2.1,4.2, -3.5,12.9] 

[-5.9,2.7,9.8 ,-1.6]] [STCH A13 54 [ENTER) . Then the reduced row echelon form RREF A13 54: 

[[10 -1.662 1.365 ] 

[ 0 1 -.002 2.389 ]] 

is the augmented matrix of a consistent system. In this equivalent system, we see that transposing the x 3 
terms to the right side yields the solutions (1.365 + 1.662x 3 , 2.389+. 002x 3 ,x 3 ) with x 3 arbitrary. 

55. Input the augmented matrix A1355 for the system with [[-13.6,71.8,46.3,-19.5] [41.3,-75,-82.9,46.4] 

[41. 8,65.4,-26.9,34.3]] [STO) A1355 (ENTER) . Then the reduced row echelon form RREF A1355: 

[[10 -1.275 .961 ] 

[ 0 1 .403 -.009 ] 

[ 0 0 0 0 ] ] 

is the augmented matrix of the equivalent consistent system: 

X! -1.275x 3 = .961 

x 2 . 403x 3 = -.009' 

From this we see that transposing the x 3 terms to the right side yields the solutions (.961+1.275x 3 , 

-.009-.403x 3 , x 3 ) with x 3 arbitrary. 

56. Since this system differs from the previous system only in two right hand side entries 

19.5 instead of -19.5 and 35.3 instead of 34.3 

the usual input can be omitted and the augmented matrix A1356 can be obtained by copying A1355 and edit¬ 
ing the 4’th column of the copy. (The keystrokes to copy and get to the editing stage are: A13 55 [STO 11 -) 

A1356 [2nd] [MATRX) (F2) <EDIT> .Then at the Name= prompt enter A13 56 [ENTER) (ENTER) 
(ENTER) . Now the 4’th column is displayed; use the arrow keys to position the cursor and make the 
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changes: delete the and change 3 4 to 3 5. Then enter [EXIT] and the new augmented matrix 

[[-13.6,71.8,46.3,19.5] [41.3, -75, -82.9,46.4] [41.8,65.4,-26.9,35.3]] is stored in A1356.) Then the 

reduced row echelon form RREF A13 5 6: 

[[10 -1.275 0 ] 

[ 0 1 .403 0 ] 

[ 0 0 0 1 ] ] 

is the augmented matrix of an inconsistent system as the last row yields the equation 0=1. Thus there are no 
solutions. 


57. Input the augmented matrix A1357 for the system with: [[5,-2,11,-16,12,105] [-6,8,-14,-9,26,-62] 
[7,-18,-12,21,-2,53]] [STO) A1357 [ENTER] . Then the reduced row echelon form RREF A1357: 

[[100 -7.616 11.87 31.348 ] 

[010 -4.876 6.775 11.043 ] 

[001 1.121 -3.072 -2.696 ]] 

shows x 4 and x 5 can be chosen arbitrarily. If we bring the terms involing these variables to the right side we 
get solutions ( 31.348+7.616x 4 -11.87x 5 , 11.043+4.876x 4 -6.775x 5 ,-2.696-1.121x 4 +3.072x 5 , x 4 , x 5 ). 


58. (To illustrate an alternative way to reuse data, we present a solution based on the prior entry of A1359. See 
problem 59 for a way to enter A1359.) Just copy A1359 into A1358 and change the [4,6] element by -63 
[STO] A1358 (4,6). Then RREF A1358 yields: 

[ [ 1 0 0 0 11.87 31.348 ] 

[0100 6.775 11.043 ] 

[0010 -3.072 -2.696 ] 

[00010 0 ]] 

from which we read off the solutions (31.348-11.87x s , 11.043-6.775x 5 , -2.696+3.072x 5 , 0, x 5 ) with x 5 arbi¬ 
trary. 

59. An alternative to the usual input of A1359 is to add a new row to A1357. This is done by A13 57 [STO) 
A1359 and then adding a new row (of zeros) by [2nd] (LIST] <{>4,6<}> (STO) [2nd] [MATRX] 
copsxdinoAl3 59 . Now use the MATRX<EDIT> function to change the fourth row elements to -15 , 
42, 21, -17, 42, 63. Then the reduced row echelon form RREF A13 59 is 

[[ 1 0 0 0 11.87 50.54 ] 

[0100 6.775 23.33 ] 

[0010 -3.072 -5.52 ] 

[00010 2.52 ]] 

from which we read off the solutions (50.54-11.87x 5 , 23.33-6.775x 5 , -5.52+3.072x s , 2.52, x 5 ) with x 5 arbi¬ 
trary. 
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MATLAB Tutorial 

The MATLAB input and output for these problems will be printed in this typewriter font. The 
symbol » is the MATLAB prompt. We will often suppress output by use of although you should al¬ 
ways check your input. 

1. They can be entered as 

» A = [22345; -6-1207; 12-134], b = [-1; 2; 5]; 
or as 

» A = [ 2 2345 

-6-1207 
12 - 134 ]; 

» b = [ -1 
2 

5 ]; 


2. The augmented matrix is: 


» C = [ A b] 

C = 

2 2 3 

-6 -1 2 

12-1 


4 5-1 
0 7 2 
3 4 5 


3. 


Notice that since this problem uses rand, you will get different numbers than those printed here. This 
generates a random 3x4 matrix with values between -1 and 1, and then multiplies that by 2. 


» D = 2*( 2*rand(3,4) - 1 ) 
D = 


-1.1242 0.7172 0.0777 

-1.8118 1.7388 1.3239 

0.7155 -0.4660 -1.8617 


-1.7862 
0.1188 
0.6846 


4. This generates a random 4x4 matrix with entries between -10 and 10, and then rounds off to the near¬ 
est integer. 

» B = roundf 10*( 2*rand(4,4) - 1) ) 

B = 

-10 4 1 4 

-2 2-8 8 
-9 9 3 5 

-2 7 -2 -5 
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5. This first copies B into K, and then reverses the two rows in K. 


» K = B; 
K = 

K([ 1 4], 

:) = K( [4 1],:) 

-2 

7 -2 

-5 

-2 

2 -8 

8 

-9 

9 3 

5 

-10 

4 1 

4 


» C(3,: ) = 
c = 

C(3,:) + 

(~1/2)*C(1, 

:) 



u — 

2.0000 

2.0000 

3.0000 

4.0000 

5.0000 

-1.0000 

-6.0000 

-1.0000 

2.0000 

0 

7.0000 

2.0000 

0 

1.0000 

-2.5000 

1.0000 

1.5000 

5.5000 


» B( [2 

4] , [1 3]) 

'/, This is the 2x2 submatrix of B 

» 


V, made from the second and fourth rows 

» 


*/. and the first and third columns. 

ans = 



-2 

-8 


-2 

-2 



>. Recall that D from problem 3 was a random matrix, so your values will be different. 


» U = D(: , [3 4]) 

U = 

0.0777 -1.7862 

1.3239 0.1188 

-1.8617 0.6846 


» C(2,:) = C(2,:) + 3*C(1,:) 


2.0000 

2.0000 

3.0000 

4.0000 

5.0000 

- 1.0000 

0 

5.0000 

11.0000 

12.0000 

22.0000 

-1.0000 

0 

1.0000 

-2.5000 

1.0000 

1.5000 

5.5000 
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10. This will generate a random matrix: 
» T = rand(8,7) 


Notice that if you type 

» help : '/, Use this in raatlab version 3.5 


or 


» help colon '/, Use this in matlab version 4.0 
that 3:8 is the same as [34567 8], so 


» S = T( 3:8 ,:) 

will generate rows 3 through 8 of T. 

11. The reduced row echelon form of C will be: 


» rref(C) 

ans = 

1.0000 

0 

0 

-0.1915 

-1.4681 

-1.1489 

0 

1.0000 

0 

1.7447 

3.0426 

2.4681 

0 

0 

1.0000 

0.2979 

0.6170 

-1.2128 


So that an equivalent system of equations would be: 


xi -0.1915x4 -1.4681x5 = -1.1489 
x 2 +1.7447x4 +3.0426x 5 = 2.4681 

x 3 +0.2979x4 +0.6170x5 = -1.2128 
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MATLAB 1.3 

1. For each problem, first A is entered as the augmented matrix representing the system of equations. 

Next R is set to be the reduced row-echelon form of A. R represents a system whose solution, x, is 
just the last column of R. Since in each case, the system reduces to one where no variables may be 
chosen arbitrarily, there is a unique solution. 

For problem 1: 

» A = [ 1 -2 3 11; 4 1 -1 4; 2 -1 3 10]; 

» R = rref(A) 

R = 

10 0 2 
0 10-3 

0 0 11 

» x = R(:,4) '/, Equivalent system says jth variable 

x = '/. Equal to the jth entry in the last column. 

2 

-3 

1 

For problem 2: 

» A = [-2 1 6 18; 5 0 8 -16; 3 2 -10 -3]; 

» R = rref(A) 

R = 

1.0000 0 0 -4.0000 

0 1.0000 0 7.0000 

0 0 1.0000 0.5000 

» x = R(:,4) 
x = 

-4.0000 

7.0000 

0.5000 

For problem 5: 

» A = [1 1 -1 7; 4 -1 5 4; 2 2 -3 0]; 

» R = rrei(A) 

R = 

10 0-9 

0 1 0 30 

0 0 1 14 

» x = R(:,4) 
x = 

-9 

30 

14 
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For problem 8: 


» A = [1 -2 3 0; 4 1 -1 0; 2-130]; 
» R = rref(A) 

R = 

10 0 0 
0 10 0 

0 0 10 

» x = R(:,4) 
x = 

0 

0 

0 


For problem 16: 


» A = [1 -2 1 1 2; 3 0 2 -2 -8; 


»R = rref(A) 

R = 


1.0000 0 

0 

0 1.0000 

0 

0 0 

1.0000 

0 0 

0 

» x = R(:,5) 



04-1-11; -1 6 -2 0 7]; 


0 2.0000 

0 0.5000 

0 -3.0000 

1.0000 4.0000 


2.0000 

0.5000 

-3.0000 

4.0000 


2. For each problem, first A is entered as the augmented matrix representing the system of equations. 
Next R is set to be the reduced row-echelon form of A. Since the bottom row of R represents an 
equation 0=1, there can be no solutions to this system. 

For problem 4: 


» A = [3 6 -6 9; 2 -5 4 6; 5 28 -26 -8]; 
» R = rref(A) 

R = 


1.0000 0 - 0.2222 

0 1.0000 -0.8889 

0 0 0 


0 

0 

1.0000 


For problem 7: 

» A = [1 1 -1 7; 4 -1 5 4; 6 1 3 20]; 

» R = rref(A) 

R = 

1.0000 0 0.8000 0 

0 1.0000 -1.8000 0 

000 1.0000 
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For problem 13: 

» A = [12-44; -2 -4 8 -9]; 

» R = rref(A) 

R = 

12-40 
0 0 0 1 

For problem 18: 

» A = [1 -2 1 1 2; 3 0 2 -2 -8; 0 4 -1 -1 1; 5 0 3 -1 0]; 

» R = rref(A) 

R = 

1 0 0 4 0 

010-20 
001-70 
0 0 0 0 1 


3. (i) (a) For the matrix we have 

» A = [ 3 5 1 0; 4 2 -8 0; 8 3 -18 0]; 

» R = rref(A) 

R = 

10-30 
0 12 0 
0 0 0 0 

(b) The pivots have been underlined, (c) An equivalent system of equations would be 

- 3®3 = 0 
X 2 + 2 x 3 = o 

(d) No pivot in column 3, so the solution of this system has: x 3 arbitrary, xi = 3 x 3 , X 2 = — 2 x 3 . 
(ii) (a) 

» A = [ 9 27 3 3 12; 9 27 10 1 19; 13596]; 

» R = rref(A) 

R = 

1 3 0 0 1 

0 0 10 1 
0 0 0 1 0 


(c) An equivalent system of equations would be 

Xi +3X2 = 1 

x 3 = 1 
x 4 = 1 
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(d) No pivot in column 2 so the solution of this system is: *2 arbitrary, *i = 1 — 3 * 2 , *3 = 1, 

*4 = 0. 

(™) ( a ) 


» A = [101-27-4; 1 4 21 -2 2 5; 3 0 3 -6 7 2]; 
» R = rref(A) 

R = 

10 1-203 


0 15 0 

0 0 0 0 


0 1 
1 -1 


(c) An equivalent system of equations would be 


*1 +*3 —2*4 = 3 

*2 +5*3 = 1 

*5 = -1 

(d) No pivots in columns 3 and 4 so the solution of this system is: *3 and *4 arbitrary, *1 = 
3 - *3 + 2 * 4 , *2 = 1 — 5 * 3 , *5 = —1. 

(iv) (a) 


» A = [6 

4 7 5 15 

9 




8 

59 10 10 

8 




4 

5 7 7 -1 

7 




8 

3 7 6 22 

8 




3 

2 7/2 9 -12 

-2]; 




» R = rref(A) 





R = 






1.0000 

0 

0.5000 

0 

5.0000 

1.0000 

0 

1.0000 

1.0000 

0 

0 

2.0000 

0 

0 

0 

1.0000 

-3.0000 

- 1.0000 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

(c) An equivalent system of equations would be 




*1 +.5*3 + 5*5 = 1 

*2 +1*3 = 2 

*4 — 3*5 = — 1 


(d) No pivots in columns 3 and 5 so the solution of this system is: *3 and *5 arbitrary, *1 = 
1 - . 5*3 - 5 * 5 , *2 = 2- * 3 , and *4 = -1 + 3 * 5 . 
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4. (i) Reduce the augmented matrix representing the equations: 

» rref( [ 1 2 3 -1; 0 -3 1 4; 4 1 -2 0] ) 


1.0000 

0 

0 

0.4694 

0 

1.0000 

0 

-1.2245 

0 

0 

1.0000 

0.3265 


From this, the solution is x\ = 0.4694, x 2 = —1.2245 and X 3 = 0.3265. Since there is only one 
solution, these three planes intersect in exactly one point. 

(ii) Reduce the matrix as in (i): 

» rref( [2-145; 1 2 -3 6; 4 3 -2 9] ) 
ans = 

10 10 
0 1-20 
0 0 0 1 

There are no solutions, i.e. the system is inconsistent. This means the three planes do not inter¬ 
sect. 

(iii) 

» rref ( [ 2 -1 4 5; 1 2 -3 6; 4 3 -2 17] ) 


ans = 




1.0000 

0 

1.0000 

3.2000 

0 

1.0000 

-2.0000 

1.4000 

0 

0 

0 

0 


The solution has X3 arbitrary, X2 = 1.4 + 2x3, and X\ = 3.2 — X3. The planes intersect in a line, 

(iv) 

» rref( [2-424; 3-636; -12-1 -2] ) 
ans = 

1-212 
0 0 0 0 

0 0 0 0 

The solution has X3 and X2 arbitrary, and x\ = 2 + 2*2 — x z- The three planes are identical. 

5 . (i) 

» A = [1 2 -1 2; 2 4 2 8; 3 4 -7 0]; 

» D=A; 

» A(2,:) = A(2,:> - 2*A(1,:); '/, Subtract 2*R1 from R2. 

» A(3, :) = A(3,:) - 3*A(1,:) */. Subtract 3*R1 from R3. 

A = 

12-12 
0 0 4 4 

0 -2 -4 -6 

» A([2 3],:) = A([3 2], :) */, Interchange R2 and R3. 

A = 

12-12 
0 -2 -4 -6 

0 0 4 4 
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» A(2,:) = A(2,:) / (-2); */. Normalize R2. 

» A (1,: ) = A (1,: ) - 2*A(2,:) */. Subtract 2*R2 from Rl. 

A = 

1 0-5-4 

0 12 3 

0 0 4 4 


» A(3,: ) = A(3,:) / 4; '/. Normalize R3 

» A(2,:) = A(2,:) - 2*A(3,:); '/, Subtract 2*R3 from R2. 

» A(l,:) = A(1,:) + 5*A(3,:) '/. Subtract -5*R3 from Rl. 

A = 

10 0 1 
0 10 1 

0 0 11 

Compare this with: 

» rref(D) 
ans = 

10 0 1 
0 10 1 

0 0 11 

(ii) 

» A = Cl 2 3 2; 34-1-3; -2104]; 


» D = A; 

» A(2,:) = A(2,:) - 

3*A(1,:); 

*/, Subtract 3*R1 from R2. 

» A(3,:) = A(3,:) + 

2*A(1,:) 

•/. Subtract -2*R1 from R3 

A = 

12 3 

2 


0 -2 -10 

-9 


0 5 6 

8 


» A(2,:) = A(2,:> / 

(-2); 

•/. Normalize R2. 

» A(l,:) = A(1,:) - 

2*A(2,:); 

*/, Subtract 2*R2 from Rl. 

» A(3,:) = A(3,:) - 

5*A(2,:) 

'/, Subtract 5*R2 from R3. 

A = 

1.0000 0 

-7.0000 

-7.0000 

0 1.0000 

5.0000 

4.5000 

0 0 

-19.0000 

-14.5000 

» A(3,:) = A(3,:) / 

(-19); 

*/, Normalize R3. 

» A(2,:) = A(2,:) - 

5*A(3,:); 

'/. Subtract 5*R3 from R2. 

» A(1,:) = A(1,:) + 

7*A(3,:) 

'/. Subtract -7*R3 from Rl 

A = 

1.0000 0 

0 

-1.6579 

0 1.0000 

0 

0.6842 

0 0 

1.0000 

0.7632 
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Compare this with: 

» rref(D) 
arts = 

1.0000 
0 
0 

(iii) 

» A = [1 2 -2 0 1-2 

24-10-4 -19 
-3 -6 12 2 -12 -8 

1 2-2-4 -5 -34]; 

» D = A; 

» A(2,:) = A(2,:> - 2*A(1,:); ’/, Subtract 2*R1 from R2. 

» A(3,:) = A(3,:) + 3*A(1,:); '/, Subtract -3*R1 from R3. 

» A(4,:) = A(4,:) - 1*A(1,:) '/. Subtract R1 from R4. 

A = 

1 2-2 0 1-2 
0 0 3 0 -6 -15 

0 0 6 2 -9 -14 

0 0 0 -4 -6 -32 

» A(2,:) = A(2,:) / (3); */, Normalize R2. 

» A(l,:) = A(l,:) + 2*A(2,:); '/. Subtract -2*R2 from R1. 

» A(3,:) = A(3,:) - 6*A(2,:) '/, Subtract 6*R2 from R3. 

A = 

1 2 0 0 -3 -12 

0 0 1 0-2-5 

0 0 0 2 3 16 

0 0 0 -4 -6 -32 

» A(3,: ) = A(3,:) / (2); */, Normalize R3. 

» A(4,:) = A(4,:) + 4*A(3,:) */. Subtract -4*R3 from R4. 

A = 


1.0000 

2.0000 

0 

0 

-3.0000 

-12.0000 

0 

0 

1.0000 

0 

-2.0000 

-5.0000 

0 

0 

0 

1.0000 

1.5000 

8.0000 

0 

0 

0 

0 

0 

0 


Compare this with: 


ref(D) 






1.0000 

2.0000 

0 

0 

-3.0000 

-12.0000 

0 

0 

1.0000 

0 

-2.0000 

-5.0000 

0 

0 

0 

1.0000 

1.5000 

8.0000 

0 

0 

0 

0 

0 

0 


0 0 -1.6579 

1.0000 0 0.6842 

0 1.0000 0.7632 
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6. (a) First enter A and b and then let C be the augmented matrix. 

» A = [ 1 2 -2 0; 2 4 -1 0; -3 -6 12 2; 12 -2 -4]; 

» b = [1; -4; -12; 3]; 

» C = [A b] 

C = 

1 2-2 0 1 

2 4-1 0-4 

-3 -6 12 2 -12 

1 2-2-4 3 

» rref(C) '/, Reduce the augmented matrix, 

ans = 

1 2 0 0 0 

0 0 10 0 

0 0 0 1 0 

0 0 0 0 1 

Since the bottom row represents the equation Oxi + 0 x 2 + OX 3 + OX 4 = 1, which has no solution, 
the system has no solutions. 

(b) 

» b = 2*A(: , 1) + A(:,2) + 3*A(:,3) - 4*A(:,4) 
b = 

-2 

5 

16 

14 

» rref([A b]) 
ans = 

1 2 0 0 4 

0 0 10 3 

0 0 0 1 -4 

0 0 0 0 0 

The solution is x 4 = -4, X 3 = 3, x 2 is arbitrary, and xi = 4 - 2x 2 . 

(c) For any choice of coefficients, there will be a solution. 

(d) No, it is not possible. The conjecture is true. For any choice of a; if 

b = aiA(:, 1) + a 2 .<4(:, 2) + asA(:, 3) + a 4 yl(:, 4), 

then Ax = b will have at least the one solution x,- = a,-. 

(e) Repeating the experiment will generate a random singular matrix A. In each case, if b is a sum 
of multiples of columns of A, the system [A b] will have a solution. 

7. (a) 

» A = [ 1 1 1 ; 234; -20 3 3; 

» b= [4; 9; -7 ]; 

» c = [4; 16; 11 ]; 

» Aug = [Abe] 

Aug = 

1114 4 

2 3 4 9 16 

-2 0 3 -7 11 

» rref(Aug) 
ans = 

1 0 0 2 -1 

0 10 3 2 

001-13 
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(b) 


The solution to the first system is x = (2, 3, —1) and to the second is x = (—1,2, 3). 


» A = [ 2 3 -4; 1 2 -3; -1 5 -11]; 

» b = [ 1; 0; -7]; 

» c = [-1; -1; -63; 

» d = [1; 2; -7]; 

» Aug = [Abed] 

Aug = 

2 3-4 1-1 1 

1 2-3 0-1 2 

-1 5 -11 -7 -6 -7 

» rref(Aug) 
ans = 

10 12 10 
0 1 -2 -1 -1 0 

0 0 0 0 0 1 


For the first system, X 3 may be chosen arbitrarily, xi = 2 — X 3 , ® 2 = — 1 + 2 ^ 3 . For the second system, 
*3 may be chosen arbitrarily, x\ — 1 — £ 3 , x 2 = —1 + 2 x 3 . The third system is inconsistent, and has 
no solutions. 

(c) Any columns will generate solutions using the same method as above. 

(d) (i) No. Since the number of variables that may be chosen arbitrarily is not determined by the 

right hand side, a system cannot have a unique solution with one right hand side and in¬ 
finitely many solutions with another. 

(ii) No. A system will have no solutions only when it reduces to a system with zeros on the left 
hand side, and nonzeros on the right hand side, so one of the columns on the left will not 
have a pivot. However, if a system will have a unique solution if every column on the left has 
a pivot. Both cases cannot happen for the same left hand side. 

(iii) Yes. In (b) above, there were infinitely many solutions for the first two systems, but no solu¬ 
tion for the third. This happened because there was a column on the left hand side without 
a pivot. This missing pivot may or may not appear on the right hand side, causing the sys¬ 
tem to be inconsistent or consistent. 

8 . (a) If we consider each node in numerical order we find the equations: 


7i =(100 + T 2 + T 4 + 50)/4, or 
T 2 =(100 + T s + T 8 +Ti)/ 4, or 
T 3 =(100 + 50 + Tg + T 2 )/4, or 
T 4 = (Ti + T 5 + TV + 50)/4, or 
T 5 = (T 2 +T 6 + T 8 + T 4 )/4, or 
Tg = (T 3 + 50 + T 9 + T 5 )/4, or 
T 7 = (T 4 + T 8 + 0 + 50)/4, or 

T 8 = (T 4 + X 9 + 0 + TV)/ 4, or 

T 9 = (Tg + 50 + 0 + T 8 )/4, or 


4T\ - T 2 - T 4 =150 
—TV + 4T 2 -T 3 -T 3 =100 
-T 2 + 4T 3 - Tg =150 
-T\ + 4T 4 - T 5 - T> = 50 
-TV +4T 5 -Tg -T 8 = 0. 
-TV - TV + 4Tg -TV = 50 
-T 4 + 4TV - T s = 50 
-TV - TV + 4TV - TV = 0 
-Tg - Tg + 4T 9 = 0 
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To express the equations on the right as AT = bwe see that we can form the coefficient matrix 
A and the righthand side b as follows: 

» A = 4*eye(9); '/, The diagonal terms axe all 4 and the non-zero 

» A(1, [2 4]) = -Cl 1]; A(2, [1 3 5]) = -[1 1 1] ; */. off diagonals are -1 

» A(3, [2 6]) = -Cl 1]; A(4,Cl 5 7]) = -Cl 1 1]; 

» A(5, C2 6 8]) = -Cl 1 1]; A(6,C3 5 9]) = -Cl 1 1] ; 

» A(7,C4 8]) = -Cl 1]; A(8,C5 7 9]) = -Cl 1 1]; 

» A(9,C6 8]) = -Cl 1]; 

» b=C 150; 100; 150; 50; 0; 50; 50; 0; 50]; 

» CA b] '/. Here is the augmented matrix for the system, 
ans = 


4 

-1 

0 

-1 

0 

0 

0 

0 

0 

150 

-1 

4 

-1 

0 

-1 

0 

0 

0 

0 

100 

0 

-1 

4 

0 

0 

-1 

0 

0 

0 

150 

-1 

0 

0 

4 

-1 

0 

-1 

0 

0 

50 

0 

-1 

0 

0 

4 

-1 

0 

-1 

0 

0 

0 

0 

-1 

0 

-1 

4 

0 

0 

-1 

50 

0 

0 

0 

-1 

0 

0 

4 

-1 

0 

50 

0 

0 

0 

0 

-1 

0 

-1 

4 

-1 

0 

0 

0 

0 

0 

0 

-1 

0 

-1 

4 

50 


Notice that the non-zero terms are (relatively) near the diagonal; specifically there is a diagonal 
band about the main diagonal containing all non-zero entries. 

» R = rref(CA b]); 

» R(:,10)’ 
ans = 

Columns 1 through 7 
65.0794 65.8730 65.0794 

Columns 8 through 9 
23.0159 29.3651 

i.e. Tj = 65.0794, T 2 = 65.8730, T 3 = 65.0794, T 4 = 44.4444, T 5 = 33.3333, T 6 = 44.4444, T r = 
29.3651, T s = 23.0159, T 9 = 29.3651. 


» 

» y = (A\b); y’ 
ans = 

Columns 1 through 7 

65.0794 65.8730 65.0794 44.4444 33.3333 44.4444 29.3651 

Columns 8 through 9 
23.0159 29.3651 


V, The initial 9x9 in rref(CA b]) is I so 
'/, The solution is just the 10’th column 

44.4444 33.3333 44.4444 29.3651 
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9. (a) First set A to be the matrix, and b to be the right hand side: 


» A = [ 1-.2 -.5 -.15; -.4 l-.l -.3; -.25 -.5 1-.15; ] 

A = 

0.8000 -0.5000 -0.1500 

-0.4000 0.9000 -0.3000 

-0.2500 -0.5000 0.8500 

» b = [10; 25; 20] 

b = 

10 

25 

20 

» A\b 


ans = 

110.3058 

118.7429 

125.8211 


(b) (i) The value 032 = .05 tells us that industry 2 needs .05 units of output from industry 3 in order 
to manufacture one unit. The value <133 = 0 tells us that industry 3 needs none of its own 
output. 

(ii) The augmented matrix will be: 


» A = [ 1-.2 
-.15 
-.1 

A = 

1.0e+05 * 
0.0000 0 
0.0000 0 
0.0000 0 


-.1 -.3 

1-.25 -.25 

-.05 1-0 


0000 0.0000 

0000 0.0000 

0000 0.0000 


300000 

200000 

200000] 


3.0000 

2.0000 

2.0000 


MATLAB has printed only the most significant digits, .8 is very small compared to 300,000 
so it is rounded off to 0. It does, however, keep the smaller numbers in memory: 


» A(: , 1:3) 
ans = 

0.8000 -0.1000 -0.3000 
-0.1500 0.7500 -0.2500 
-0.1000 -0.0500 1.0000 


Also, A is printed using “scientific notation”. The “1.0e+05 *” tells us that we must multi¬ 
ply every number in A by 100,000. 
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(iii) 


» R = rref(A) */. This reduces A to row echelon form. 
R = 


1.0e+05 * 

0.0000 0 

0 0.0000 

0 0 


0 5.3720 

0 4.6645 

0.0000 2.7704 


» R(:,l:3) */, This is the reduced echelon form of the coefficient part: 


ans = 

1 0 

0 1 

0 0 

» x = R(:,4) 


0 

0 

1 

'/, The solution vector. 


x = 

1.0e+05 * 
5.3720 
4.6645 
2.7704 


In order to balance supply and demand, industry 1 should make 537,200 units, industry 2 
should make 466,450 units, and industry 3 should make 277,040 units, to 5 significant digits. 


» format long 
» x 

X = 

1.0e+05 * 
5.37197626654496 
4.66453674121406 
2.77042446371520 
» format 


10. (a) The equation for each intersection will be: 


(The negation of each is also a valid equation). 


at [1] xi —x 3 
at [2] — x\ +x 2 
at [3] -x 2 +»3 


(b) 

» A = [1 0 

-1 1 
0 -1 
0 0 

» rref(A) 
ans = 

1 0 
0 1 
0 0 
0 0 


at [4] 


-10 1 200 

0 0 0 0 

1-10 -100 
01-1 -100 ]; 


-10 1 

-10 1 

0 1-1 

0 0 0 


+x 5 = 200 

- 0 
x 4 = —100 
x 4 —x 5 = —100 


200 

200 

-100 

0 


We may choose x 3 and x 5 arbitrarily, then n = x 3 — x 5 +200, x 2 = x 3 — ar 5 +200 and x 4 = x 5 — 100. 
(c) If we set x 5 = 0, then x 4 = —100, i.e. the traffic from [3] to [4] would have to be reversed. The 
smallest x$ can be chosen is 100, in order to keep all of the other numbers nonnegative. 
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11. (a) As in the example, the equations to solve will be Ax = b, with: 

» A = [ 1“2 1 1; 3‘2 3 1; 4~2 4 1] 

A = 

1 1 1 

9 3 1 

16 4 1 

» b = [-1; 3; -2]; 

» x = A\b 
x = 

-2.3333 

11.3333 

- 10.0000 


The parabola will be y = —2.3333a: 2 + 11.3333* — 10. 

» x = [1; 3; 4]; 

» V = vander(x) 

V = 

1 1 1 

9 3 1 

16 4 1 


V is the same matrix as A. 

(b) This is similar to (a), except we now need a third degree polynomial to fit four points: 


» A = C 0'3 0'2 0 1; 

A = 

0 0 0 

111 
27 9 3 

64 16 4 

» b = [5; -2; 3; -2]; 
» x = A\b 


1*3 1-2 1 1; 3“3 3-2 3 1; 4*3 4~2 4 1] 

1 

1 

1 

1 


-1.4167 

8.8333 

-14.4167 

5.0000 


The cubic polynomial will be y = — 1.4167a; 3 + 8.8333a: 2 — 14.4167a: + 5. 


» x = [0; 1; 3; 4]; 
» V = vander(x) 

V = 


0 0 0 

1 1 1 

27 9 3 

64 16 4 


1 

1 

1 

1 


V is the same matrix as A. 
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(c) For part (a): 


» x = Cl; 3; 4]; 

» y = [-1; 3; -2]; 

» V = vander(x); 

» c— V\y 
c = 

-2.3333 

11.3333 

- 10.0000 

» s= ntin(x): .01:max(x); 
» yy = polyval(c,s); 

» plot(x,y,,s,yy) 


For part (b): 


» x = [0; 1; 3; 4] ; 

» y = [5; -2; 3; -2] 

» V = vander(x); 

» c= V\y 
c = 

-1.4167 
8.8333 
-14.4167 
5.0000 

» s= min(x):.01:max(x); 

» yy = polyval(c.s); 

» plot(x,y,,s,yy) 

(d) This will generate a 7th degree polynomial, passing through each of the seven points. 

» x = rand(7,l) 
x = 

0.0668 

0.4175 

0.6868 

0.5890 

0.9304 

0.8462 

0.5269 

» y = rand(7,1) 

y = 

0.0920 

0.6539 

0.4160 

0.7012 

0.9103 

0.7622 

0.2625 






m Equations in n unknowns: Gauss-Jordan and Gaussian Elimination MATLAB 1.3 


» V = vander(x); 

» c= V\y 
c = 

1.0e+04 * 

-0.9529 

3.3259 

-4.6043 

3.1855 

-1.1279 

0.1808 

-0.0079 

» s= min(x):.01:max(x); 
» yy = polyval(c,s); 

» plot(x,y,,s,yy) 



Notice that even though the y coordinates of the original points were all between 0 and 1, the result¬ 
ing polynomial can oscillate dramatically. 
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Note: Any variables appearing in a solution can take arbitrary values. 

L (3 1 | 0 ) (0 11/2 |o) (0 1 |2)- Soluti ° n: 


2 . 




Solution: (5x2, * 2 )- 


3. 


/I 1-1 
2-4 3 
\ 3 7 -1 



1 1 -1 
0-6 5 
0 4 2 



1 0 1/6 
0 1 -5/6 
0 0 16/3 



1 0 0 
0 1 0 
0 0 1 



Solution: (0, 0, 0). 


/1 

1 

-1 

°\ 

2 

-4 

3 

0 

V-1 

-7 

6 

0 / 


1 1 -1 
0-6 5 
0-6 5 



1 0 - 1/6 
0 1 -5/6 
0 0 0 


°\ 

0 I. Solution: (xa/6, 5 x 3 / 6 , X3). 

0/ 



/ 1 

1 

-1 

o\ 

5. 

2 

-4 

3 

0 


V-5 

13 

-10 

0/ 


1 1 -1 
0-6 5 

0 18 -15 



1 0 - 1/6 
0 1 -5/6 
0 0 0 


0 I. Solution: (X3/6, 5x 3 /6, X3). 

0 ) 


6 . 



3 -1 

0\ (l 3/2 -1/2 

O 

1 0 4/7 

5 7 

0 ) V0 -14 10 

r 

0 

0 1 - 5/7 


Solution: (-4x 3 /7,5x 3 /7, x 3 ). 


7. 




1 -1/4 
0 19/4 
0 4 



1 0 
0 1 
0 0 


°\ 

0 I. Solution: (0,0). 

0 / 


1 7 -1 

°) 

I 

(l -1 7 -1 



(1 0 13/5 -2/5 

3 -8 1 

0 ) 


^2 5 -22 3 

0 ) 


\0 1 -22/5 3/5 


Solution: ((—13x3 + 2x,{)/5, (22x 3 — 3x4)/5, x 3 , X4). 


/I 

-2 

1 1 

°\ 

/I 

-2 1 1 

°\ 

1 3 

0 

2 -2 

0 j _ 

0 

6 -1 -5 

0 1 

0 

4 

-1 -1 

0 

0 

4 -1 -1 

0 

V 5 

0 

3 -1 

0/ 

\0 

10 -2 -6 

0/ 


Solution: (—4x 4 , 2 x 4 , 7 x 4 , X4). 


/I 0 2/3 -2/3 

°V 


/I 0 0 4 

°\ 

I 0 1 -1/6 -5/6 

0 


0 10-2 

0 

1 0 0 -1/3 7/3 

0 


0 0 1-7 

° 

Vo 0 -1/3 7/3 

0/ 


Vo 0 0 0 

0/ 


10 . 


1 

to 

0 

0 

°\ 

12-14 

0 

3 0-15 

0 

V 4 2 3 0 

0/ 


/I 0 0 -7/2 

0 -2 1 -15/2 
00-1 31/2 
\0 2 3 28/2 


/I 0 0 -7/2 



/I 0 0 0 

°\ 

0 10 -4 

0 


0 10 0 

0 

0 0 1 -31/2 

0 

—► 

0 0 10 

0 

Vo 0 0 155/2 

0/ 


Vo 0 0 1 

0/ 



0 -7/2 
-1/2 15/4 
-1 31/2 
4 13/2 


. Solution (0,0,0,0). 


°\ 

0 

0 

0 / 
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/ 2 -1 0\ /I -1/2 0\ 

„ | 3 5 0 1 | 0 13/2 0 1 

1L 7 -3 0 P 0 1/2 0 

V -2 3 0/ \0 2 0/ 


/I -3 0\ /I -3 0\ 

12. I -2 6 0 1 —+ I 0 0 0 J . Solution: (3x2) * 2 )- 

\ 4 -12 0/ \0 0 0/ 


/ 1 1 -1 0 \ /I 1-1 0 \ /I 1 -1 0 \ 

„ 4 -1 5 0 [ 0 -5 9 0 [0-1-30 

-2 1-2 0 "" 0 3 -4 0 03-40 

V 3 2 -6 0/ Vo -1 -3 0/ Vo -5 9 0/ 

Solution: (0,0,0). 

14. If an = a 2 i = 0, then xi is arbitrary and therefore infinitely many solutions and 011022 — 012021 = 0. 
If either an or a 2 i is non-zero, (say an ^ 0), then 

/an an 0 \ ^ / 1 a 12 /a n 0 \ 

V°21 a 22 0/ Vo ( a ll a 22 — a 12«2l)/ail 0/ 

There will be an infinite number of solutions when an ^ 0 if and only if (011022 — ai 2 a 2 i/)/an = 0. 
This is true if and only if ana 2 2 ~ «i 2 « 2 i = 0. Similarly o 2 2 / 0, get infinite solutions if and only if 
On 022 — U 12 O 21 = 0 . 

/ 2 -3 5 0\ /I -3/2 5/2 0\ /l 0 32/11 0\ 

15. I -1 7-1 0 I —»- J 0 11/2 3/2 0 J —*■ I 0 1 3/11 0 ]. In order to have a non-trivial 

\4 -11 k 0/ V° - 5 k ' 10 0/ \° 0 k-95/11 0/ 

solution, we need k — 95/11 = 0. Therefore, k = 95/11. 

16. Repeat the solution to Problem 43 in Section 1.3 to see that for a unique solution we need 011022033 — 
011023032 — 012021033 + 012023031 + 013021032 — 013022031 ^ 0. 


( 10 -4 0\ 
0 1 3 0 

0 0 -13 0 
0 0 24 0/ 


/I 0 0 0\ 

0 10 0 
0 0 10 ' 
Vo 0 0 0/ 
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CALCULATOR SOLUTIONS 1.4 

Refer to the CALCULATOR SOLUTIONS 1.3 to review the conventions followed in presenting TI-85 solutions. If 
the input for one of these homogeneous systems can be obtained by simple modifications to the (saved) input for a 
previous problem, the solution will outline how to do that. Sometimes the appropriate augmented matrix can be 
formed by extracting the coefficient submatrix (of a previous augmented matrix) and augmenting with a new right 
hand side, consisting of all zeros. At other times an entire new row will be added to an existing (augmented) matrix 
by first copying the previous matrix to a new variable and then editing the new matrix using the [2nd] [MATRX1 
<EDIT> menu entry, which allows changing dimensions and specifying specific elements of the matrix being edited. 
Also recall that the TI-85 recognizes both rref and RREF as a name for the HATRX ops rref reduced row 
echelon form function. (It is slightly easier to key in the all upper case version of most function names.) 

17. This is the homogeneous system associated to Section 1.3, Problem 54. To solve it we form A1417 by (2nd] 

(MATRX 1 <ops> (MOREl (fT) <aug>A13 54 ( 1, 1, 2,3 ) ,[0,0]) [STO ] A1417. Then from the equiv¬ 
alent system derived from RREF A1417 : 

[[10 -1.66206896552 0 ] 

[ 0 1 -.002298850575 0 ]] 

we find that the solutions are (1.66206896552x 3 , 2.29885057472e-3x 3 , x 3 ) with x 3 arbitrary. 

18. This is the homogeneous system associated to Problem 55 in Section 1.3. We use 

RREF (AUG (A1 3 55 (1,1, 3,4), [0,0,0])) (ENTER) to produce the reduced echelon form: 

[[10 -1.27469748219 0 ] 

[ 0 1 .403399919808 0 ] 

[ 0 0 0 0 ] ] 

from which we find the solutions are (1.27469748219x 3 , ,403399919808x 3 , x 3 ) with x 3 arbitrary. 

19. We input the augmented matrix A1419 by [[25, -16,13,33, -57,0] [-16,3,1,0,12,0] [0, -8,0,16, -26,0]] 

[STO 1 A1419, being careful to get the zero’s in the correct places to represent the missing variables. Then 
from RREF A1419: 

[[100 -.330472103004 -.146995708155 0 ] 

[010-2 3.25 0 ] 

[001 .712446351931 -.101931330472 0 ]] 

we find both x 4 and x 5 arbitrary and the solutions are (.330472103004x 4 +.146995708155x 5 , 2x 4 -3.25x 5 , 
-,712446351931x 4 +.101931330472x5, x 4 , x 5 ). 

20. The first three equations have the same coefficients as Section 53, Problem 57, so A1420 can be formed by 
A1357 (STO* 1 A1420, and using (MATRX| <EDIT>A1420 (ENTER] to edit this new augmented matrix. 
First we change the number of rows to 4 and leave the number of columns at 6 by 4 (ENTER) (ENTER) and 
then we use the arrow keys and <col>> to edit the bottom row to contain -1, 11, -9,13, -20 and 0. Finally we 
make the last (6’th) column all zeros. Now from RREF A1420: 
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[[1000 -.288096195186 0 ] 
[0100 -1.00777740881 0 ] 
[0010 -1.28332488596 0 ] 
[0001 -1.59634374399 0 ]] 


we see the solutions are (,288096195186x 5> 1.00777740881x s , 1.28332488596x s , 1.59634374399x s , x s ) with 
x 5 arbitrary. 
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MATLAB 1.4 

1. (a) One example: (your answer will differ). 


» A = rand(3,4) 

A = 


0.0331 0.9554 0.8907 

0.1598 

0.5344 0.7483 0.6248 

0.2128 

0.4985 0.5546 0.8420 

0.7147 

0>) 


» rref(A) 


ans = 


1.0000 0 

0 0.3685 

0 1.0000 

0 -1.1232 


0 0 1.0000 1.3704 

(c) The solution of this system has x\ arbitrary, xi = — .3685x4, X 2 = 1.1232x4, and X 3 = —1.3704, 
since Ax = 0 is equilvalent to ans*x=0. The associated homogeneous equation has more un¬ 
knowns than equations, which gives a non-pivot column. Since a variable can be chosen arbitrar¬ 
ily, there are an infinite number of solutions, as predicted in Theorem 1. 

2. Most matrices with more rows than columns will have only one solution to the homogeneous system. 
However, it is not true that all of them do. The matrix in (ii), for example, does not. 

(i) 

» A = [ 1 2 3 0; -1 4 5 -1; 0 2 -6 2; 1 1 1 3; 0 2 0 1] 

A = 

12 3 0 

-1 4 5-1 

0 2-62 

1113 
0 2 0 1 
» rref(A) 
ans = 

10 0 0 

0 10 0 

0 0 10 

0 0 0 1 

0 0 0 0 

There is a unique solution, x = 0, to Ax = 0. 

(ii) 

» A =[ 1 -1 3; 2 1 3; 0 2 -2; 4 4 4] 

A = 

1-13 
2 13 

0 2 -2 

4 4 4 

» rrei(A) 
axis = 

10 2 

0 1 -1 

0 0 0 

0 0 0 

Since column 3 has no pivot, the solution will have x 3 arbitrary, xi = — 2 * 3 , and x 3 = 1 x 3 . There 
are an infinite number of solutions to the homogeneous equation. 
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3. ’’Balancing” will lead to a homogeneous system because any solution, x will lead to another solution 
by scaling rx. In order to get a unique solution, we must require that x is made of positive integers 
with no common divisor. 

(a) The solution for the example will be: 

» A = [ 1 0 -6 0 

21 - 6-2 
0 2 -12 0 ]; 

» R = rref(A) 

R = 

1.0000 0 0 -1.0000 

0 1.0000 0 -1.0000 

0 0 1.0000 -0.1667 

» format rat '/, Use this in version 4.0 in order to view 
'/, output as rational numbers. 

» z = R(:,4) 

2 = 

-1 

-1 

- 1/6 

» format '/, This returns to the standard output format. 

From this, we can see that if £4 is chosen to be 6 , then £3 = 1, £2 = 6 and xi = 6 . With this 
choice, there will be no common divisors, and all of the variables are positive integers. 

(b) First we set up the equations, £1 and £2 will correspond to the compounds on the left and £3 
through xe for those on the right. Once we subtract the right from the left, all of the coefficients 
from the right will be negative: 

» format rat '/, as above, use rational numbers in the output. 


» A = [ 

1 

0 

-0 

-0 

-3 

0 


'/, Those nith 

Pb. 

3*2 

0 

-0 

-0 

-0 

-1 


'/, Those with 

N. 


0 

1 

-2 

-0 

-0 

-0 


/, Those with 

Cr. 


0 

2 

-0 

-1 

-0 

-0 


'/, Those with Mn. 


0 

4*2 

-3 

-2 

-4 

-1 

] 

V, Those with 

0 . 

A = 










1 


0 



0 


0 

-3 

0 

6 


0 



0 


0 

0 

-1 

0 


1 


- 

-2 


0 

0 

0 

0 


2 



0 


-1 

0 

0 

0 


8 


- 

-3 


-2 

-4 

-1 

» rref(A) 










ans = 










1 


0 



0 


0 

0 

-1/6 

0 


1 



0 


0 

0 

-22/45 

0 


0 



1 


0 

0 

-11/45 

0 


0 



0 


1 

0 

-44/45 

0 


0 



0 


0 

1 

-1/18 


» format */, As above, it is a good idea to return to the default format. 

From the reduced echelon form of A, we can see that in order to make all of the variables inte¬ 
gers, xe must be chosen to be the least common multiple of 45, 6 , and 18, which is 90. With this 
we get the answer: £1 = 15, £2 = 44, £3 = 22, £4 = 88 , £5 = 5, £5 == 90. 
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11. (3, — 1,4,2) + (—2,3,1,5)= (1,2,5,7) 12. (6,0,-1,4) - (3,-1,4,2) = (3,1,-5,2) 

13. 4(—2,3,1,5)= (-8,12,4,20) 14. (-12,0,2,-8) 15. (6, —2,8,4)—(—2,3,1,5) = (8, —5,7, —1) 

16. (24,0, -4,16) - (21, -7,28,14) = (3,7, -32,2) 

17. (7,2,4,11) 18. (-2,1,10,5) 19. (-11,9,18,18) 

20. (3a + 6 /? — 27 , —a + 37 ,4a — p + 7 , 2a + 4/3 + 57 ) 



/—2 0 \ / 00 \ 

25. 0 14 = 00 

\ —7 5/ \00/ 
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/ 13\ / —2 0\ / —7 —21 \ { -6 0\ / —13 —21 \ 

26.-7 2 5 + 3 14 = -14-35 + 3 12 = -11-23 

V— 1 2 / V- 75 / \ 7-14/ \—21 15/ V—14 1/ 


27. 



-2 4\ 
7 15 

-15 10 / 


28. 



-2 

-3 

-4 


29. 2 




+ 4 



2 6\ / -6 0\ / -4 4\ 

4 10 - 3 12 + 16 24 

-2 4/ \ —21 15/ \ —28 12/ 


4 10\ 
17 22 
-9 1/ 


30. 7 


( 


-1 1 
4 6 
-7 3 


-2 0 
1 4 
-7 5 


/ 13 
+ 2 2 5 

12 


l ~ 7 /" 2 °\ ( 2 ^ 

= 28 42 - 1 4 + 4 10 

V —49 21 / \—7 5/ \ —2 4/ 


31. 2A + B — D = O, says D = 2A + B = 


0 6 \ 
5 14 
-9 9/ 


/ 0 0\ 

32. A + 2B - 3C + E = O says £ = 367-25- 4= 8 5 

V —6 -3/ 


/1 -1 2\ (0 2 1\ /1 -1 2\ / 0 4 2\ / 1-5 0\ 

33. 3 4 5 -2 3 05 = 3 4 5 - 6 0 10 = -3 4 -5 

\0 1—1/ \7 —6 0/ \0 1-1/ \ 14 -12 0/ \—14 13 —1 / 


/1 —1 2\ / 0 0 2\ / 3 -3 6\ /0 0 2\ /3-3 4\ 

34.3 3 4 5 - 3 10 = 9 12 15 - 3 1 0 = 6 11 15 

\0 1-1/ \0-2 4 / \° 3-3/ \0-24/ \° 5 " 7 / 


/I -1 2\ /0 2 1 \ /0 0 2\ /1 1 5\ 

3 4 5 + 3 05 + 3 10 = 9 5 10 

\0 l-l/ \7-60j \0 —2 4 / \ 7 —7 3/ 


35 . 
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/0 0 2 \ 

+ 2 3 10 

\0-2 4/ 

0 2 l\ /0 0 4\ l 2—47\ 
3 05 + 6 20 = 9 10 5 

7-60/ \0-44/ \ —7 4 2/ 



- 1-1 - 1 \ 
-3 -3 -10 
-7 3 5/ 


/0 0 2\ /0 2 l\ /1 —1 2\ 

38. 4 3 10 -2 3 05 +3 3 4 5 

\0-24 / V 7 —6 0/ \0 1-1/ 


/ 0 0 8\ / 0 4 2\ / 3 —3 6 

12 4 0 1- 6 0 10 + 9 12 15 

\ 0 -8 16/ \ 14 -12 0/ V° 3 ~ 3 


3 -7 12 \ 
15 16 5 
-14 7 13/ 


39. D — —A — B — C 



40. A + 25 - 3C - 4E 1 = O says 417 = 3(7 - 2J3 + 8A Divide by 4 to get 17 = | [3(7 - 2B + 8A] 



0 4 2\ / 8-8 16\ 

6 0 10 + 24 32 40 

14 -12 0/ V 0 8 -8/ 


/ 2-3 5\ 

27/4 35/4 15/2 
\ -7/2 7/2 1 / 


an a i2 • • ■ ajn 


41. 0 



O an O-an 0-a ln \ /0 O' 


= O 


s a m i a m 2 • • • a mn / \ 0 • a m i 0 • a m 2 • • ■ 0 • a mn / \ 0 • • • 0 / 

'0 ••• 0\ / an a i 2 ••• ai„\ / 0 + an 0 + ai 2 0 + ai„' 

v 0 • ■ • 0 / \ a m i a m 2 • • • a m „ / V 0 + a m i 0 + a m2 • • • 0 + a„ 

an ai2 ■ • • ai„ \ 

a '/ 

^ml ^m2 ' ‘ ’ Q-mn ' 

1 • an 1 • ai2 ■ • • l-ai„\ / an ai2 • • • ai„ ' 


an ai2 • • • ain 


< a m 1 a m2 * * * a mn 



1 * ^ml 1 ‘ ^m2 * 1 



= A 


a ml a m2 ’ ‘ ‘ a mn > 
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42. ( A + B) + C = 


an a 12 ••• a i„\ / bn 612 ■■■ b i„' 

= ) + = 

y. a m i dm2 ‘ * ‘ a mn / V ^ml ^m2 * * * ^mn - 


+ 


C 11 C 12 • • • Ci n ' 


^ c ml c m2 ' ' ' c n 


( (an + 6n) + cn (ai2 + 612) + C12 • • • (ain + bi n ) + ci„ ^ 

\ ( a ml. + b m 1 ) -f“ C m l (®m2 4" ^mT.) 4" Cm2 * * * (®mn 4“ ^mn) 4* C m n / 
( an 4- (611 4- Cn) ai 2 4- (612 4- C 12 ) • • ■ a\ n + ( 6 i„ -f ci„) \ 

\ a m i 4- (6mi 4- Cmi) «m 2 4- ( 6 m 2 4" Cm 2 ) • ■ • a m « 4- (6 mn ~f" C mn ) y 
= A + (B + C) 


43. If A = ( aij ) and B = ( 6 <y), then a(A + B) = a((a,y) + ( 6 fj -)) = a(a,j 4- 6 ,y) = (a(a ij - + 6 ,y)). 
a/1 + aB = a (aij) + a( 6 , ; ) = (aa i; ) + (a 6 ,j) = (aa,j + a 6 ,j) = (a(a ij - + &;_,)), and 
Therefore a(.A + B) — aA + aB. Similarly, 

(a + p)A = (a 4- /?)(a,j) = ((a + /?)a ti ) = (aa.y + /?a (j ). 
ayl + /?T = a(aij) + /?(a tJ ) = (aa.y) + (/?a<j) = (qa,,) + /?a, ; ) 

Therefore (a + /3)A = a A 4- PA. 


/0 1 1 0 \ 
110 10 
110 1 
\0 0 1 0 / 


45. 


/0 1 0 1 0 \ 
10 110 
0 10 0 1 
110 0 0 
\0 0 1 0 0 / 


46. The entries of d 4 - e represent the demand for all four raw materials if each factory is to produce 1 
unit. 2d gives the total raw material needs for factory 1 to produce 2 units. 
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1. (a) 

» A = [ 1 2-2 0 1 

24-10-4 
-3 -6 12 2 -12 

1 2-2-4 -5 ] 

A = 

1 2-20 1 

2 4-1 0-4 

-3 -6 12 2 -12 

1 2-2-4 -5 

» '/, Choose A(1,1) as the first pivot. 

» c = -A(2,1)/A(1,1); A(2,:) = A(2,:) + c*A(l,:); 

» c = -A(3,1)/A(1,1); A(3,:) = A(3,:) + c*A(l,:); 

» c = -A(4,l)/A(l,l); A(4,:) = A(4,:) + c*A(l,:) 

A = 

1 2-20 1 

0 0 3 0 -6 

0 0 6 2 -9 

0 0 0 -4 -6 

» */. How let A(2,3) be the pivot. 

» c = -A(3,3)/A(2,3); A(3,:) = A(3,:) + c*A(2,:) 

A = 

1 2-2 0 1 
0 0 3 0 -6 

0 0 0 2 3 

0 0 0 -4 -6 

» */, Now let A(3,4) be the pivot. 

» c = -A(4,4)/A(3,4); A(4,:) = A(4,:) + c*A(3,:) 

A = 

1 2-20 1 

0 0 3 0 -6 

0 0 0 2 3 

0 0 0 0 0 

This matrix is now in echelon form. 

(b) Recall that rand generates a random matrix, so your answer will be different. 

» A = rand(4,5); 

» A(:,3) = 2*A(:,1) + 4*A(:,2) 

A = 

0.5269 0.7012 3.8586 0.7564 0.9826 

0.0920 0.9103 3.8252 0.9910 0.7227 

0.6539 0.7622 4.3566 0.3653 0.7534 

0.4160 0.2625 1.8818 0.2470 0.6515 

» !, Choose A(1,1) as the first pivot. 

» c = -A(2,1)/A(1,1); A(2,:) = A(2,:) + c*A(l,:); 

» c = -A(3,1)/A(1,1); A(3,:) = A(3,:) + c*A(l,:); 

» c = -A(4,l)/A(l,l); A(4,:) = A(4,:) + c*A(i,:) 
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A = 


0.5269 

0.7012 

3.8586 

0.7564 

0.9826 

0.0000 

0.7879 

3.1518 

0.8590 

0.5512 

0 

-0.1080 

-0.4319 

-0.5734 

-0.4660 

0 

-0.2911 

-1.1645 

-0.3501 

-0.1242 

i Now let A(2,2) be 

the pivot 



; = -A(3,2)/A(2,2); 

A(3,:) = 

A ( 3,:) + 

c*A(2,:); 

; = -A(4,2)/A(2,2); 

A(4,:) = 

A(4,:) + 

c*A(2,:) 

0.5269 

0.7012 

3.8586 

0.7564 

0.9826 

0.0000 

0.7879 

3.1518 

0.8590 

0.5512 

0.0000 

0 

0.0000 

-0.4556 

-0.3905 

0.0000 

0 

0 

-0.0327 

0.0795 

1 Now choose A(3,4) 

as the pivot. 


= -A(4,4)/A(3,4); 

A(4,:) = 

A(4,:) + 

c*A(3,:) 

0.5269 

0.7012 

3.8586 

0.7564 

0.9826 

0.0000 

0.7879 

3.1518 

0.8590 

0.5512 

0.0000 

0 

0.0000 

-0.4556 

-0.3905 

0.0000 

0 

0.0000 

0 

0.1075 


It is worth noticing that we have introduced some small round-off error. For example: 

» A(2,1) 
ans = 

1.3878e-17 


This is not exactly zero. However, up to the 14 significant digits that MATLAB can print out, 
the matrix we have above is in row echelon form. 


2. (a) 


» a = zeros(5); 

» a(l, [2 4]) = [1 1]; 

» a(2, [1 3 4]) = [1 1 1]; 
» a(3, [2 5]) = [1 1]; 

» a(4,[l 2]) = [1 1]; 

» a(5,3) = 1 


0 10 1 
10 11 
0 10 0 
110 0 
0 0 10 


0 

0 

1 

0 

0 


(b) A will have 5 rows, since there are 5 nodes, and 8 columns, since there are 8 edges. 


» A = zeros(5,8); 

» A ([1 2], 1) = [-1; 1] 

» A([2 4], 2) = [-1; 1] 

» A( [4 1], 3) = [-1; 1] 

» A([1 3], 4) = [-1; 1] 

» A([3 5], 5) = [-1; 1] 

» A ([5 1], 6) = [-1; 1] 

» A([3 4], 7) = [-1; 1] 

» A( [5 4], 8) = [-1; 1] 
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-l o l-l 

l-ioo 

0 0 0 1 

0 1-10 

oooo 

3. (a) 

» A = [ 1 2 3; 4 5 6]; */.2 x 3 
» B = [ 1 2; 3 4; 5 6] ; */.3 x 2 
» A + B 

??? Error using ==> + 

Matrix dimensions must agree. 

(b) In general, if A and B are the same size, 

sA + sB = s(yl + B ). 

We can check this on random matrices as follows: 


» A = rand(3) 


A = 

0.9866 0.0907 

0.5007 

0.4940 0.9478 

0.3841 

0.2661 0.0737 

» B = rand(3) 

0.2771 

B = 

0.9138 0.9410 

0.7702 

0.5297 0.0501 

0.8278 

0.4644 0.7615 

» s = rand(l) 

0.1254 

s = 

0.0159 

» C = s*A + s*B 


C = 

0.0302 0.0164 

0.0202 

0.0162 0.0158 

0.0192 

0.0116 0.0133 

» D = s* (A+B) 

0.0064 

D = 

0.0302 0.0164 

0.0202 

0.0162 0.0158 

0.0192 

0.0116 0.0133 

0.0064 

» C - D 

ans = 

1.0e-17 * 


0.3469 0 

0 

0 0 

0 

0 0 

0 


We see that C — D is not exactly zero, but the difference between C and D can be accounted for 
by round off error in the computer. This process can be repeated with any matrices A and B, 
and the same results will occur. 


0 10 0 

0 0 0 0 
-1 0-1 0 

0 0 11 

1-1 0-1 
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Section 1.6 

1. 2-3 + 3-0 + (—5)-4 = —14 2. 1 • 3 + 2• (-7) + (-1)-4 + 0• (-2) = -15 

3. 5• 3 + 7• (—2) = 1 4. 8-7+3-(-4) + 1-3 = 47 5. ac+bd 

6. xy + yz+zx 7. (—l) 2 + (—3) 2 + 4 2 + 5 2 = 51 

8. Since a 2 > 0 then a • a = a 2 + a§ +-1- a 2 > 0 

9. If a = 0, then a • a = 0. Conversely, if a ^ 0, then a 2 > 0 for some i, and hence a • a > 0. Thus, a = 0 
if and only if a • a = 0. 



( 8 + 0 2+ 18 \ _ / 8 20 \ 
V—4 + 0 -1+ 12 ) ~ 11 ) 


f —lb — 2 18 — 6 \ _ / —17 12 \ 
V -5 + 4 6 + 12; _ V -1 18y 


17. 


f-1 -2 0-3\ _ f-3 —3\ 
\—1 + 2 0 + 3/ _ V 1 3/ 


{ —15 + 6 10 + 24\ _ (-9 34 \ 
V 3 + 3—2+12/ ~~ ^ 6 10y 


f-12 + 25 + 0 4 + 30 + 1 -4 + 20 + 2\ _ /13 35 18N 
V 0 + 20 + 0 0 + 24 + 2 0+16 + 4,/ ~ ^20 26 20/ 


f 7+ 0-8 42+4+ 12\ _ /-I 58N 
^2 + 0-10 12 -12 + 15 J ~ V-8 15 ) 


( 7 + 12 1- 18 4 + 30\ / 19 —17 34 \ 

21. 0 + 8 0- 12 0 + 20 = 8 -12 20 22. not defined 

\ —14 + 6 —2 — 9 —8+15/ \ —8 —11 7/ 


/ 2 + 4+ 12 -3 + 0 + 18 5 + 24 + 6 \ /18 15 35 \ 

23. -4 + 3+ 10 6 + 0 + 15 -10 + 18 + 5 = 9 21 13 

\ 2 + 0 + 8-3 + 0 + 12 5 + 0 + 4/ \10 9 9/ 


49 
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2 + 6 + 5 8-9 + 0 12-15 + 20 
1 + 0 + 64 + 0 + 0 6 + 0 + 24 

2-6 + 18 + 9 + 0 12 + 15 + 4 


13 -1 17 
7 4 30 
-3 17 31 


25. (3 + 8 + 0 - 4 


-6 + 16 + 0 + 6 ) = (7 16) 


3 + 8 + 0 — 4 
-6 + 16 + 0 + 6 


)-U) 


3 -2 1 

4 0 6 

5 1 9 


/ 3 -2 1 
28. 4 0 6 

\ 5 19 


( a*l-f6*0 + c*0 fl*04"6’l*4*C"0 ct • 0 -f - • 0 —}~ c • 1 
d • 1 -{■ c • 0 -f- / •Od’O'fC’l'f 
^•l + A'O + i- O.flfO + A'l + i’O flfO + A'O + i*! 


orj Txr / 2a 4* 6 3a - 1 - 26 

30. We want 2e + d3c + 2J 

2a -}- 6 — 1 2c -f* d — 0 
3a -j" 26 = 0 3c 2d — 1 


j r ^ o j ) — ( n ? ) • This gives two systems of equations: 
a 6c 2d J yuly 

+ 2d = r SoIvingforaand6wefind (3 2 |o) _+ (o 1/2 |-3/2) 

Hence, a = 2 and 6 = —3. Similarly, one can show c = — 1 and d = 2 


1 0 2 
0 1 -3 


31. We want | 
equations: 


A Oll&ll 
\ 021&11 


+ 012^12 au &12 + 012^22 

+ Ct 22^21 <*21^12 + 022^22 


- (”)■ 


ail&ll + <112^21 = 1 
021 ill + a 22^21 = 0 


. As in problem 30, this gives two systems of 

«11^12 + “12^22 = 0 
021&12 + U22&22 = 1 


Since 011022 —ai 2 « 2 i i 1 0, then either an or a 2 i is nonzero. Without loss of generality, we may assume 


an 0. Solving for in and 621 we obtain 


/ an 

012 


\ o 2 i 

022 

0 / 


0 022 — a 2 iai 2 /an — 021/011 


Solving for fe 2 i gives 621 = — 021/(^11022 — 021012 )- Use back substitution to find in = 
022/(011022 — 021012 ). Similarly, solving the second set of equations for 612 , 622 , gives 
612 = — 012/(011022 — 021012 ), and 622 = on/(ana 2 2 ~ 021012 ). 


33. (a) There are 3 people in group 1, 4 in group 2, and 5 in group 3. 

/2 1 1 0 0\ 

(b) AB =(ll010J 

V 1 0 2 0 1 / 
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34. (a) There are 2 people in group 1, 5 in group 2, and 7 in group 3. 


(b) 


AB = 


/2 1 0 1 2 1 3\ 
V0202101/ 


35. a • b = 2 • 3 + (-3) -2 = 0 orthogonal 

36. a • b = 2 • (-3) + (-3) • 2 = -12 ^ 0 not orthogonal. 

37. a* b = 1 • 2 + 4 • 3 + (-7) -2 = 0 orthogonal. 

38. a-b=l-0 + 0- l+ l*0 + 0- l = 0 orthogonal. 

39. a-b = a- 0 + 0- d+ 6*0 + 0- e + c- 0 = 0 orthogonal. 

40. We want (1, -2,3,5) • (-4, a, 6, -1) = -4 - 2a + 18 - 5 = 0. Hence, a = 9/2. 


41. We want 



= 4 — 5a — 4/? + 21 = 0. Let /? be arbitrary. Then a = 5 — |/?. 


42. (i) a • 0 = ai • 0 + a 2 • 0 H - |-a„-0 = 0 (ii) in text 

(iii) a • (b + c) = a • (&i + c\ , b 2 + c 2 , • • •, b n + c„) 

= ai(5i + ci) + a 2 (6 2 + c 2 ) + • • • + a n (b n + c n) 

= aifei + a 2 b 2 + • • • + o, n b n + a i c i + a ic 2 + ■ • • + a n c n 
= a-b + a-c 


(iv) (aa)• b = (aai, aa 2 , • ■ •, aa„) • b 

= aaibi + aa 2 b 2 +-h aa„6 n 

= a(ai6i + a 2 6 2 + • ■ • + a n 5n) 
= a(a• b) 


43. (a) (2,3, 5,1) 



(c) total hours = 2 + 4.5 + 2.5 + 2 = 11 


/ 0.055 \ 
1.80 
0.20 
0.001 
V 0.40/ 


44. (a) (1000,20,100,5000,50) (b) 


(c) $136.00 
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45. 


f 80,000 45,000 40,00(A 
V 50 20 10 ) 




255,000 \ 
120 ) 


46. Express the sales of each item in each month as the 4x3 matrix A — 


/4 2 20' 

5 3 12 | ' E x P ress the unit 

\8 2.5 20 > 


3.5 1.5' 

profit and unit taxes as the 3x2 matrix B — I 2.75 2 I . Then AB = 


1.5 0.6, 


/ 49.5 22 \ 

37.25 16.4 
43.75 20.7 
V 64.875 29/ 


shows the 


total profits and taxes in each of the four months. 


47. 


( 4-4 -2-6 
y 8 + 24 -4 + 36 



49. A 2 




f 11 38 \ 
V57 106 J 


50. A 2 = 


( 0 0 1 0 \ 
0 0 0 1 
0 0 0 0 
0 0 0 0 / 


( 0 0 0 1 \ 
0 0 0 0 
0 0 0 0 
0 0 0 0 / 


A 4 = A 5 = 0 


/° 

0 

1 

0 



/° 

0 

0 

1 



(° 

0 

0 

0 

!\ 

0 

0 

0 

1 

0 


0 

0 

0 

0 

1 


0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

yl 3 = 

0 

0 

0 

0 

0 

A 4 = 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 


0 

0 

0 

0 

0 

Vo 

0 

0 

0 

0 / 


Vo 

0 

0 

0 

0 / 


Vo 

0 

0 

0 

0 / 


52. Let a,ij be an element of A. 
AB — C. C — 0 implies c,i 


Let B be an n x n matrix with bj\ = 1 and 0’s everywhere else. Let 
= a.ij = 0. Since a,j was arbitrary, then + is the zero matrix. 


53. PQ = 


/ ii 

' 90 
11 


120 120 60 


V I 



Each component is > 0 and the sum of the elements in each row is 1. 


54. Clearly, the elements of P 2 are positive. If P is n x n, let v be a column n-vector with 1 as its ele¬ 
ments. Note that if A is an n x n matrix, then the sum of the elements in each row of A is 1 if and 
only if Av = v. We have P 2 v = P(Pv) = P\ = v. Hence, P 2 is a probability matrix. 


55. Since every entry of P and of Q is positive, the entries of PQ are all positive. If p and Q are n x n 
matrices, let v be the column n-vector with every element 1; note that if A is an n x n matrix, the 
sum of its entries along any row is 1 if and only if j4v = v. Since ( PQ)v = P(Qv) = Pv = v, we see 
that PQ is a probability matrix. 
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56. ABCD = AB(CD) = A(B(CD)) = A{BC)D = (AB)CD = ((. AB)C)D = ( AB)(CD ) 


57. R 2 = 


0 0 11 


2 0 1 0 Si = 1 + i(l + 1) = 2 S 2 = 1 + 1 + |(2 + 1) = 3.5 


110 0 


0 100 S 3 = 1 + |(1)= 1.5 5 4 = 1 + 1 +|(1 + 1) = 3 


(a) S2 > S4 > Si > S3 (b) The score is the number of games won by player i plus half the 
number of games won by players who player i beat. 

n 

58. OA = 0\. The ij th component of OA, c,j, can be written Cij — ^ onaij. Since each element of O is 

k =1 

0, then Cij — 0. Hence, 0 1 is the m x p zero matrix. 


5,.( S + C , = W -(«“)=^C=(«») + (3») 
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65. AB = 


( I 0\ ( I 0\ _ (I 2 + OD I-0 + 0-l\ _ ( I 2 0\ 
\C I) \D IJ ~ \CI + ID C-O + I 2 J ~ \C + D I 2 J 


( I 0\ ( I 0\ _ f I 2 + OC i-o + o-i\ 
\D IJ \C IJ ~ \DI + IC D-O + I 2 ) 


1 2 O 
D + C I 2 


I 2 0 
C + D I 2 


= AB. 
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74. 2° + 2 1 + 2 2 + 2 3 + 2 4 = ^2* 

k=zO 


5 

75. (-3)° + (—3) 1 + (—3) 2 + (—3) 3 + (—3) 4 + (-3) 5 = ^(-3)*' 

1=0 


n n 7 9 4 

76. ^T^fc/(fc + l) 77. 78. 79. ^(-l) i+1 o-*' as = 8 + 27 + 

ifc = 2 1 = 1 *=0 i =0 7 = 2 

64 = 99. 

8 

80. (2 • 1 - 1)(2 • 1 + 1) + • • • + (2 • 8 - 1)(2 • 8 + 1) = ]£(2i - l)(2Jb + 1) 

k = l 


7 7 

81. 2 2 (2 • 2) + 3 2 (2 • 3) + • • • + 7 2 (2 • 7) = X> 2 ( 2 *) = X> 3 

Jfc = 2 i = 2 


3 7 3 2 3 2 

82. + a 2 j) = 83. ^(aij + a 2 j + a 3j ) = ^ ^ajj 

j —l T=l j=l i=i i=ij=i 


4 4 4 5 

84. ^(a 2 j + a 3j + a 4j ) = ^ ]jPa f j- 85 ‘ Xl a3 * 6 * 2 

7=1 1=2 7=1 i=l 


4 3 4 

86. ^(t^l^ljCjS + a22&27 c 7'5 + <*23637 C75) = 

7 = 1 1 = 1 7 = 1 

TV 

87. £(a* + 6*) = ajv/ + 6 at + aM+i + 6 m+i + ■ ■ • + ajv + 6w 
k=M 


— “M + “M+l + • • ' + + 6 m + 6 m + 1 + • • • + 677 


TV AT 


= Yl ak ~ ^ 2 bk 

k=M k=M 


TV 

£ 

i=M 


IV 

£ 

k=M 


88. ^ (a* — bk) — ^2 (a* + (-1)6*) ^ ^ ^ (-1)6* (=) ak ~ X] ^ 


iv 


TV 


(13) 


TV 


TV 


k=M k=M 


k=M k=M 
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N 

89. ^ ak = a\f + a.M + i + • • • + 

t=JU 

= a\f + a,M + 1 -f • • • + cim-i + d m + a m +i +-1- a;v 

m N 

= J2 ak+ J2 ak 

k—M k=m + l 
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CALCULATOR SOLUTIONS 1.6 

In this section many of the problems have two input matrices, and we append the problem number to the matrix 
name; for instance we use A16nn and B16nn to refer to the left and right factors in the products in problem nn, 
nn=90,91,92. We assume that the matrices have been entered and we will only show how to obtain the solutions 
from these input matrices. 


[ [ -12.0704 -26.8412 ] 
90. A1690 (x) B1690 (ENTER) gives the product: [ 44.4207 -45.0695 ] 

[ 91.7485 4.2242 ]] 


91. A1691 (x) B1691 | ENTER) gives the product: 


t 34192 38621 ] 

[ 50408 44115 ] 

[ 62661 71731 ] 

[ 59190 55046 J] 


[f -.6557 -3.3655 ] 

92. A1692 (x) B1692 (ENTER) gives the product: [ .6907 3.4072 ] 

[ -1.4255 5.5459 ]] 


93. (a) To see PI 69 3 and Q1693 are probability matrices compute their row sums by computing their products 
with 

the column of all ones: [[1][1][1][1]] (STO) ONES 

[[ 1 ] [[ 1 ] 

P1693 (x) ONES (ENTER) : and Q1693 (x) ONES (ENTER) : . 

[ 1 ]] [ 1 ]] 


The product P1693 (x) Q1693 (ENTER) : ^ 

_[ 

can be saved as PQ1693 via (2nd) (ANS) (STO) 


by showing its row sums are all 1 by PQ1693 (x) 


.31118 .18444 .14174 .36264 ] 

.32625 .27585 .08454 .31336 ] 

.17955 .22651 .19619 .39775 ] 

.30047 .15251 .33558 .21144 ]] 

PQ1693. Then you see the product is a probability matrix 

[[ 1 ] 

ONES (ENTER] which yields: j . 

[1] ] 


94. Entering A1 694 Q n, n = 2,5,10,50,100 gives: 


A1694 2 

is 


A1694 5 

is 


A1694 10 

is 


[[1 93] [[1 3069] 

[0 32]] [0 1024]] 



A1694 50 


A1694 100 


is 


is 

[ [1 

3.378e15] 

t [1 

3 . 803e30] 

[0 

1. 126e15]] 

to 

1. 268e30]] 


[ [1 9] 

[0 4] ] 
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95. From the A 2 , A 5 , A 10 results in Problem 94, where the diagonal components are {l 2 , 2 2 }, {l 5 , 2 5 } and 
{1 10 , 2 10 }, it appears that the diagonal components of A n are just a n , b n , c n . 
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MATLAB 1.6 


» A = rand(3,4) 

A = 

0.6885 0.7362 0.8886 0.3510 

0.8682 0.7254 0.2332 0.5133 

0.6295 0.9995 0.3063 0.5911 

» B = rand(4,2) 

B = 

0.8460 0.4154 

0.4121 0.5373 

0.8415 0.4679 

0.2693 0.2872 

» A*B 
ans = 

1.7281 1.1982 

1.3679 1.0070 

1.3614 1.1116 

» B*A 

??? Error using ==> * 

Inner matrix dimensions must agree. 

The product of a 3 x 4 with a 4 x 2 will be a 3 x 2 matrix, so AB is a 3 x 2 matrix. However, the 
product of a 4 x 2 with a 3 x 4 is not defined since 2, the number of columns of left factor, is not 3, 
the number of rows of the right factor. 


» A = round(10*(2*rand(3)-l)) 

A = 

-9 -10 -2 

1-2 4 

3-9 2 

» B = round(10*(2*rand(3)-l)) 

B = 

9-8 4 

7 3 8 

1-2 5 

» A*B 
ans = 

-153 46 -126 

-1 -22 8 

-34 -55 -50 

» B*A 
ans = 

-77 -110 -42 

-36 -148 14 

4 -51 0 

The probability that for two random matrices, AB = BA is very small. 
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3. (a) 


» A = [ 2 9 -23 0 
0 4 -12 4 
7 5-11 
7 8 -10 4 ]; 


» b = [ 34; 24; 15; 33 ]; 

» z = C -2; 3; 1; 0]; 

» x = [ -5; 10; 2; 2]; 

» A*x '/. This will be b. 
ans = 

34 

24 

15 

33 

» A*z '/, This will be zero, 
ans = 

0 

0 

0 

0 


(b) For any scalar s, 


yl(x + sz) = .Ax + sAz = Ax. + 0 = Ax. 


This can be tested by computing the following: 


»s = rand(l) 
s = 

0.7529 

» A * (x+s*z) */, This will be b 

ans = 

34.0000 

24.0000 

15.0000 

33.0000 


4. 


»'/, Generate Random matrices: 

» A = round( 10*( 2*rand(2,4)-l) ) 
A = 

-3 3 0 4 

-5 4 5 9 


» B = round( 10*( 
B = 

-1 0 10 

9 3-7 

-4 -2 3 

-1 2 -3 


2*rand(4,5)-l) ) 

1 -5 

0 3 

7 1 

-10 8 
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» B(:,2) 

= B( 

:,3) 



B = 

-1 

10 

10 

1 

-5 

9 

-7 

-7 

0 

3 

-4 

3 

3 

7 

1 

-1 

» '/, part 

-3 

(b): 

-3 

-10 

8 

» A*B 

ans = 

26 

-63 

-63 

-43 

56 

12 

-90 

-90 

-60 

114 


Since columns 2 and 3 were the same in B, they will also be the same in AB. 

(c) The above can be repeated several times. 

(d) Proof: Assume that the columns m and n are the same in B. This implies that 6,- m = for 
any i. If C = AB, what we wish to show is that c jm = cj n for any j, i.e., that the m and nth 
columns of C are the same. To do this, we will write cj m using J2 notation. Assume that the 
width of A is p, then: 

p p 

Cjm = ^ ] Qjjbjm = 'y ] Cljjbjn = Cj n . 
i =1 i=l 

Which concludes the proof. 


» A = 

A = 

round( 

10*( 

2*rand(5, 

6) - 

- 1) ) 

-5 

-1 

4 

4 

0 

5 

9 

6 

-1 

-4 

-8 

-1 

-5 

-10 

2 

5 

-7 

-10 

7 

-7 

5 

-7 

8 

2 

4 

4 

10 

-10 

6 

0 

II 

X 

A 

A 

round( 

10*( 

2*rand(6 

,D 

- 1) ) 


x = 

-9 

1 

-2 

-6 

-2 

3 

» A*x - ( x(l)*A(:,l) + x(2)*A(:,2) + x(3)*A(:,3) + ... 
x(4)*A(:,4) + x(5)*A(:,5) + x(6)*A(:,6) ) 

ans = 

0 

0 

0 

0 

0 

This is essentially the same as expression (10) in the text. The expression inside the parentheses is 
the definition of matrix multiplication. 
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6 . (a) We can write AB = BA as AB — BA = 0. Then, with this choice of A and B, 


0 = AB-BA 

_ f axi + bx 3 ax 2 + bx 4 
y cx 1 + dx 3 cx 2 + dx 4 


^ ^ aari + cx 2 + dx 2 






0 x 3 + CX 4 6 x 3 + dx 4 ) 
cx 2 + bx 3 — 6 xj + (a — d)x 2 + 6 x 4 \ 


If we use each of the 4 entries in this matrix as one equation in our system, we will get a 4 x 4 
system with coefficient matrix R and variables x. 

(b) 0) 


» a 
» R 


R = 


1; b = —1; c=5;d=-4; 
[ 0 -c b 0 

-b a-d 0 b 

c 0 d-a -c 

0 c -b 0] 


0-5-1 0 

15 0-1 

5 0-5-5 

0 5 10 


» rref(R) 
sms = 

1.0000 

0 

0 

0 


0 

- 1.0000 

- 1.0000 

1.0000 

0.2000 

0 

0 

0 

0 

0 

0 

0 


So Xi = x 3 + x 4 , x 2 = 1^3 or B = ^ X3 + ■'■4 5^3 'j _ ^ ^1 1/5^ + ^ ^1 0^ jq ot i ce 

that the matrices *4 = x 4 I commute with all matrices, and so there will always be 

infinitely many solutions for any A. 


» format rat */, Use rat(rref(R), ’s’) in Hatlab 3.5 
» rref(R) 
ans = 


1 

0 

0 

0 


0 

1 

0 

0 


-1 

1/5 

0 

0 


-1 

0 

0 

0 


If we choose X 3 = 5, and X 4 = 1 we will get Xi = 6 , and x 2 = —1. You may choose any other 
integers, as long as X 3 is divisible by 5. 

(iii) The matrix B will be 


» B = [6 -1; 5 1] 
B = 


6 

5 


-1 

1 
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» A = [a b; c d] 

A = 

1 -1 

5 -4 

» A*B - B*A 
axis = 

0 0 

0 0 

Since AB — BA is zero, we have verified that AB = BA. 

(iv) This can be repeated for any other choice of x 3 and x 4 . 

(c) We can repeat the above, using the new matrix A: 

» a = 1; b = 2; c = 3; d = 4; 

» R = C 0 -c b 0 

-b a-d 0 b 

c 0 d-a -c 
0 c -b 0] 

R = 

0-320 
-2-3 0 2 

3 0 3 -3 

0 3-20 

» format rat */. This gives rational numbers in the output, for Matlab 4.0. 

» rref(R) '/, Use rat(rref(R), l’l) in Matlab 3.5. 
ans = 

10 1-1 
0 1 -2/3 0 

0 0 0 0 

0 0 0 0 

As above, we may choose x 3 and x 4 arbitrarily and B = x 3 

possible B’s.) If we choose x 3 = 3, and x 4 — 1 we will get x 4 
will be 

» B = [-2 2; 3 1] 

B = 

-2 2 

3 1 

» A = [a b; c d] 

A = 

1 2 

3 4 

» A*B - B*A 
ans = 

0 0 

0 0 


i oj + X4 [0 1 j ' ( A S ain X/tI are 

= —2, and £2 = 2. The matrix B 


Since AB — BA is zero, we have verified that AB = BA. (d) The above may be repeated using 
any matrix for A. To avoid round off error, you should use an integer matrix. 
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» A = round( 10*( 2*rand(2,2) -1) ) 

A = 

-6 4 

-9 4 

» B = round( 10*( 2*rand(2,2) -1) ) 

B = 

9 0 

-2 7 

» C = (A+B)"2 
C = 

-35 56 

-154 77 

» D = A'2 + 2*A*B + B'2 
D = 

-43 48 

-192 85 

» C-D 
ans = 

8 8 

38 -8 

In general, it is not true that C — D. However, they will be equal when we use A and B from prob¬ 
lem 6: 

» A = [1-1; 5 -4] ; 

» B = [6 -1; 5 1]; 

» C = (A+B)“2 
C = 

29 -8 

40 -11 

» D = A'2 + 2*A*B + B~2 

D = 

29 -8 

40 -11 

» C-D 
ans = 

0 0 

0 0 

When this is repeated with the matrices from 6(c), C will again be the same as D. In fact the state¬ 
ment 

{A + B) 2 = A 2 + 2 AB + B 2 

if and only if 

AB = BA. 

Proof: We may expand ( A + B) 2 as follows: 

{A + B) 2 = (A + B){A + B) 

= A(A + B) + B(A + B ) 

= AA + AB + BA + BB 

= A 2 + AB + BA + B 2 . 

If we subtract this from A 2 + 2 AB + B 2 , we get AB — BA, which is zero whenever AB = BA. Thus 
we may say that ( A + B ) 2 is A 2 + 2 AB + B 2 exactly when AB is BA. 
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8 . (a) 


» A = round( 10*(2*rand(6,5)-l)) 
A = 


4 


3 


-9 

-3 

-9 

2 


-2 


5 

-5 

3 

9 


4 


-3 

10 

8 

7 


8 


3 

4 

-5 

1 


5 


5 

5 

-1 

-8 


-5 


10 

3 

5 

» E = 

E = 

[1 

0 0 

0 

0 0] 



1 


0 


0 

0 

0 

» E*A 







ans = 







4 


3 


-9 

-3 

-9 

» E = 

E = 

[0 

0 1 

0 

0 0] 



0 


0 


1 

0 

0 

» E*A 







ans = 







9 


4 


-3 

10 

8 


In the first case, EA was the first row of A, in the second case, EA was the third row of A. In 
general if E is all zeros except a 1 in the ith column, EA will be the ith row of A. 


» E = [2 0 0 0 0 0]; 

» E*A 
ans = 

8 6 -18 -6 -18 

» E = [002000]; 

» E*A 
ans = 

18 8 -6 20 16 

As above, EA will be the ith row of A, but this time it will be multiplied by 2. 

(c) (0 

» E = [1 0 1 0 0 0 ]; 

» E*A 
ans = 

13 7 -12 7 -1 

(ii) Here EA is the sum of the first and third rows. 

» E = [201000], 

» E*A 
ans = 

17 10 -21 4 -10 
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Here, EA is the twice the first row plus the third row. In general EA will be made up by 
multiplying the ith row of A by the zth element of E, and then adding these rows together. 

(d) In general, if E is zero except for a p in the fcth entry, then EA will be the kth row of A multi¬ 
plied by p. To test this, 

» A = round( 10*(2*rand(3,5)-l)) 

A = 

-5 -9 -4 -1 5 

-8 0 8 9 5 

9-2 1-9 7 

» E = [ 0 3 0]; '/, A 3 in the 2nd entry. 

» E*A '/. This will be the 2nd row of A, multiplied by 3. 
ans = 

-24 0 24 27 15 

This may be repeated with a different choice of E and A. 

(e) In general, if E has a p in the fcth entry and a q in the j th entry, and zeros elsewhere, EA will be 
the Ath row of A times p plus the yth row of A times q. 

» E = [0 3 1]; */. 3 in the 2nd entry. 1 in the 3rd entry. 

» E*A '/, This will be 3*(2nd row) + l*(3rd row), 
ans = 

-15 -2 25 18 22 

This may be repeated with a different choice of E and A. 

(f) You should find the same results as in (d) and (e), except using columns instead of rows: 

» F = [0; 0; 2; 0; 0] '/, A 2 in the 3rd entry. 

F = 

0 

0 

2 

0 

0 

» A*F '/, This will be 2 times the 3rd column of A. 
ans = 

-8 

16 

2 

This may be repeated with different A’s and F’s. 

9. (a) 

» A = round( 10*(2*rand(3)-l)) 

A = 

-7 7 5 

-10 3 10 

4 5 8 

» B = round( 10*(2*rand(3)-l)) 

B = 

-5 0 -2 

-4 2 7 

-3 7 -5 
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» UA = triu(A) '/ The upper triangular part of A. 

UA = 

-7 7 S 

0 3 10 

0 0 8 

» = triu(B) */, The upper triangular part of B. 

UB = 

-5 0 -2 

0 2 7 

0 0-5 

» UA*UB 
ans = 

35 14 38 

0 6 -29 

0 0 -40 

This has the property that UA*UB is also upper triangular. When this is repeated for larger matrices, 
UA*UB will still be upper triangular. 

(b) If A and B are upper triangular matrices, then C = AB is also an upper triangular matrix. 
Proof: The matrix A is upper triangular when a,ij = 0 for any i > j. Since B is also upper trian¬ 
gular, bij = 0 when i > j. What we wish to show is that c t j = 0 for i > j. Assume that i > j. If 
we use summation notation, 

n 

c ij — ^ ^ a ik^kj • 

kzzl 

Split this sum into two sums: k < i and k > i: 

i— 1 n 

Cij = ^ a ik b k j + ^2 a ikb k j. 
k=l k=i 

In the first sum, we have i > k so a,-* = 0. In the second sum, we have k > i > j , so b k j = 0. In 
either sum, we are just adding up 0, so Cij = 0. Which implies that C is upper triangular. 

(c) The product of two lower triangular matrices is also lower triangular. To test this, generate two 
random lower triangular matrices.: 

» A = tril( round( 10*(2*rand(3)-l)) ) 

A = 

-2 0 0 

0 7 0 

-7 2 -7 

» B = tril( round( 10*(2*rand(3)-l)) ) 

B = 

10 0 0 

-2 -5 0 

-7 0 -7 

» A*B '/, This is also loner triangular, 
ans = 

-20 0 0 

-14 -35 0 

-25 -10 49 
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10. (a) 


» A = 

round( 

10*(2*rand(5) 

-D) 

A = 





-2 

-7 

-8 

-7 

6 

-6 

9 

-7 

6 

9 

-9 

-2 

-9 

-1 

3 

8 

-7 

-3 

-3 

-6 

-1 

8 

-5 

-1 

4 

» B = 

triu(A,l) 



B = 





0 

-7 

-8 

-7 

6 

0 

0 

-7 

6 

9 

0 

0 

0 

-1 

3 

0 

0 

0 

0 

-6 

0 

0 

0 

0 

0 


B is the matrix made from A with nonzero elements above the main diagonal. If we call the di¬ 
agonal above the main diagonal the first diagonal and the one above that the second, and so on, 
B has zeros below the first diagonal. Type help triu for more information about triu. 


» B'2 
ans = 

0 0 

0 0 

0 0 

0 0 

0 0 


49 -34 -45 

0 7 -57 

0 0 6 

0 0 0 

0 0 0 


(b) 


B 2 has zeros below the second diagonal. Similarly, B 3 will have zeros below the third diagonal. 
B 5 = 0, so B is nilpotent with index 5. 


» B = 

triu(A,2) 




B = 





0 

0 

-8 

-7 

6 

0 

0 

0 

6 

9 

0 

0 

0 

0 

3 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 


This time, B has zeros below the second diagonal. 


» B'2 
ans = 

0 

0 

0 

0 

0 


0 0 
0 0 
0 0 
0 0 
0 0 


0 -24 

0 0 

0 0 

0 0 

0 0 


B 2 has zeros below the fourth diagonal. B 3 will be zero, so B is nilpotent with index 3. 

(c) If we repeat (a) with a 7 x 7 matrix, we will find that B k will have zeros below the kth diagonal. 
This means that B will be nilpotent with index 7. If we repeat (b) with a 7 x 7 matrix, we will 
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find that B k 

will have 

zeros below the 2Hh diagonal. This means that B will be nilpotent with 

index 4. 






(d) If we choose B = triu(A,j), then B k will have zeros below the j kth diagonal. For a 6x6 matrix, 

B will be nilpotent with index 3 when we choose j to be the smallest number so that j ■ 3 > 6, 

which is 2. 






» A = 

round( 

10*(2*rand(6)-l)) 


A = 






7 

-6 

-5 

-4 

6 

-7 

-8 

-8 

4 

-6 

-7 

10 

-8 

-2 

-4 

-10 

-2 

-5 

5 

9 

6 

-6 

2 

-5 

3 

9 

6 

10 

-6 

-8 

-6 

-2 

-2 

-5 

7 

-6 

» C = 

triu(A,2) 




c = 






0 

0 

-5 

-4 

6 

-7 

0 

0 

0 

-6 

-7 

10 

0 

0 

0 

0 

-2 

-5 

0 

0 

0 

0 

0 

-S 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

» C~2 

*/. This 

is not 

zero. 


ans = 






0 

0 

0 

0 

10 

45 

0 

0 

0 

0 

0 

30 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

» C~3 

'/. This is zero 

. So 

index o t nilpotency of C is 3. 

axis = 






0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

11. First generate the eight matrices: 




» A = round( 6*( 2*rand(2) - 

D) 


A = 






3 

■2 





6 

3 





» B = round( 6*( 2*rand(2) - 

l)) 


B = 






-5 

5 





2 

3 
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» C = round( 6*( 2*rand(2) - 1)) 
C = 

-1 0 

3 -3 

» D = round( 6*( 2*rand(2) - 1)) 
D = 

-3 -4 

-2 0 

» E = round( 6*( 2*rand(2) - 1)) 
E = 

5 -5 

5 5 

» F = round( 6*( 2*rand(2) - 1)) 
F = 

0 -2 

0 6 

» G = round( 6*( 2*rand(2) - 1)) 
G = 

0 -5 

-3 5 

» H = round( 6*( 2*rand(2) - 1)) 


H = 

-5 

0 

» AA = 

-1 

-3 

C A B; 

C D] 

!, The block matrix. 

AA = 

3 

-2 

-5 

5 

6 

-3 

2 

-3 

-1 

0 

-3 

-4 

3 

-3 

-2 

0 

» BB = 

C E F; 

G H] 

'/, Another block matrix. 

BB = 

5 

-5 

0 

-2 

5 

5 

0 

6 

0 

-5 

-5 

-1 

-3 

5 

0 

-3 

» AA*BB 

ans = 

-10 

25 

25 

-28 

24 

-70 

-10 

-23 

7 

0 

15 

17 

0 

-20 

10 

-22 

» K = 

[ A*E+B*G 

A*F+B*H; C*E+D*G C*F+D*H] 

K = 

-10 

25 

25 

-28 

24 

-70 

-10 

-23 

7 

0 

15 

17 

0 

-20 

10 

-22 
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» AA*BB 

- K 



ans = 




0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

fact, AA*BB will j 

always be the same as K 


12 . 


» A = 

round( 

10*(2*rand(3,4)-l)) 

A = 





8 

9 

5 

-10 


1 

-9 

7 

4 


-1 

5 

-7 

7 


» B = 

round( 

10*(2*rand(4,5)-l)) 

B = 





7 

-1 

1 

0 

8 

-5 

-4 

6 

9 

2 

-2 

-6 

-9 

5 

7 

1 

-7 

1 

1 

-7 

» D = 

A(:, 1)*B(1,: 

) + A(: 

,2)*B(2, 


A(: ,3)*B(3,: 

) + A(: 

,4)*B(4, 

D = 





-9 

-4 

7 

96 

187 

42 

-35 

-112 

-42 

11 

-11 

-26 

99 

17 

-96 

» D - 

A*B 




ans = 





0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 


In general, D will be AB. To see this, notice that the kth term in this sum is the product of the kth 
column of A and the ibth row of B. The ijth entry in this matrix will be: au-b^j. When we add to¬ 
gether all of the matrices, the ijth entry will be aikbkj , which is the ijth entry of AB. 

13. (a) 


» AB = zeros(3,5); 

» AB(1, [1 2]) = [1 1]; 

» AB(2,[2 3]) = [1 1]; 

» AB(3,[1 4 5]) = [1 1 1] 

AB = 

110 0 0 
0 110 0 
10 0 11 
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» BC = zeros(5,8); 

» BC(1,[1 3 5]) = [1 1 1]; 

» BC(2,[3 4 7]) = [1 1 1]; 

» BC(3, [1 5 6 8]) = [1 1 1 1]; 

» BC(4,8) = 1; 

» BC(5,[5 6 7]) = [1 1 1] 

BC = 

1010100 0 
0 0110010 
10001101 
00000001 
00001110 

» CD = zeros(8,10); 

» CD(1, [1 2 3]) = [1 1 1]; 

» CD(2, [3 4 6]) = [1 1 1]; 

» CD (3, [8 9 10]) = [111]; 

» CD(4, [4 5 7]) = d 1 1]; 

» CD(5,[1 4 6 8]) = [1 1 1 1]; 

» CD(6, [2 4]) = d 1]; 

» CD(7,[1 5 9]) = d 1 1]; 

» CD(8, [1 2 4 6 7 9 10]) = [1 1 1 1 1 1 1] 

CD = 

1110000000 

0011010000 

0000000111 

0001101000 

1001010100 

0101000000 

1000100010 

1101011011 

(b) Person i in group 1 will have contact through person j in group 3 through person k in group 2 
if ABik — 1 and BCkj = 1, or in other words ABikBCkj = 1. If we sum over k, this will tell 
us how many indirect contacts person i has with person j. So the indirect contact matrix will be 
AB ■ BC. Similarly, to get from group 1 to group 4 via groups 2 and 3, we will multiply all three 
matrices together: 

» AD = AB*BC*CD 
AD = 

3112211332 

4314222232 

5314131332 

None of the entries are zero. This signifies that everybody in group 1 has some indirect contact 
with each person in group 4. Since the (1,5) entry is 2, there are 2 different paths that connect¬ 
ing person 1 in group 1 with person 5 in group 4. Similarly, since the (2,1) entry is 4, there are 4 
different paths connecting person 2 in group 1 with person 1 in group 4. 

(c) In order to find the total number of contacts a person in group 4 has, we add the rows of the in¬ 
direct contact matrix. From problem 12, we see that a simple way to do this is to multiply by 
[111]. 

» ones(1,3) * AD 
ans = 

12 73 10 564896 
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The person with the most indirect contacts is person 1, with 12 contacts. Person 3 has 3 con¬ 
tacts, which is the least. Similarly, we can add the columns together to find out how many indi¬ 
rect contacts each person in group 1 has. 

» AD * ones(10,1) 
ans = 

19 

25 

26 

Person 3 has the most indirect contacts with people in group 4, and so is the most dangerous. 

14. (a) Column one means that of the households using product 1, after one month 80/switch to prod¬ 
uct 3. Column two means that of the households using product 2, after one month 75/switch to prod¬ 
uct 3. Column three means that of the households using product 3, after one month 90/switch to 
product 2. 

(b) Since x is the distribution of households using the products after 0 months, Px will be the distri¬ 
bution of households using the products after 1 month. Similarly, P k x will be how many house¬ 
holds use each product after k months. 

( c ) 


» 

x = [10000 

; 10000; 10000]; 

» 

P = [ .8 

.2 

.05 


.05 

.75 

.05 


.15 

.05 

.9 ] 

p = 

= 




0.8000 

0.2000 0.0500 


0.0500 

0 . 

7500 0.0500 


0.1500 

0 . 

0500 0.9000 


It may be convenient to round off your answers. One way to do this is to set the output format 
to bank. This rounds numbers to the nearest hundredth. 

» format bank 
» P'5 * x 
ans = 

10275.83 
5840.35 

13883.83 

» P'10* x 
ans = 

9477.30 

5141.24 

15381.46 

» P~15 * x 
ans = 

9142.60 

5023.74 

15833.66 

» P*20 * x 
ans = 

9038.77 

5003.99 

15957.24 
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» P'25 * x 
ans = 

9010.03 

5000.67 

15989.30 

» P'30 * x 
ans = 

9002.52 

5000.11 

15997.37 

» P*35 * x 
ans = 

9000.62 

5000.02 

15999.36 

» P*40 * x 
ans = 

9000.15 

5000.00 

15999.85 

» P'45 * x 
ans = 

9000.04 

5000.00 

15999.96 

» P*50 * x 
ans = 

9000.01 

5000.00 

15999.99 

As n gets larger, P n x tends to (900,500,1600). This may be interpreted by saying that eventu¬ 
ally every month the same number of households switch to product i, as switch from product i, 
for i = 1,2,3. 


» x = [0; 30000; 0]; 

» P'5 * x 
ans = 

12056.86 

9201.75 

8741.39 

» P'50 * x 
ans = 

9000.04 

5000.00 

15999.96 

Although for small n, P n x is different from that in (c), for large n, P n x. tends to the same value: 
(9000,5000,16000). 

(e) For any choice of x, P n x will tend to the same vector: P n x —>• (9000,5000,16000). 
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(0 

» P"50 
ans = 

0.30 0.30 0.30 

0.17 0.17 0.17 

0.53 0.53 0.53 

» 30000 * P'50 
axis = 

9000.00 9000.04 8999.99 

5000.00 5000.00 5000.00 

16000.00 15999.96 16000.01 

When n is large, the columns of 30000P" are very close to each other, and to the vector 
(9000, 5000,15000). So that when 300000P" is multiplied by any vector x, it will be close to 
(xi + *2 + £ 3 ) times this vector. 

(g) 

» P = [.8 .1 .1; .05 .75 .1; .15 .15 .8]; 

» n = 50; '/, Try this for n= 5,10,15,25... 

» 1000 * P"n 
ans = 

333.33 333.33 333.33 

238.10 238.10 238.10 

428.57 428.57 428.57 

» format */, Don’t forget to return to normal output format at 
» '/, the end of this problem. 

In the limit, the columns of 1000P" tend to the vector (333.33,238.1,428.57). This will be the 
long term distribution of cars no matter what the starting distribution is. A car rental agency 
could use this information by planning to have a larger parking lot at office 3 than at office 1, or 
by planning to hire more mechanics at office 3 than at office 1. 

15. (a) Column 1 says that 40% of the fish in group 1 survive to belong to group 2 the next year. Col¬ 
umn 2 says that 20% of the fish in group 2 stay in group 2, and 50% of the fish in group 2 survive to 
be in group 3 the next year. This would happen if group 2 covers fish in an age range of more than 1 
year. Column 3 says that each fish in group 3 has 2 babies, and that 20% survive and stay in group 3, 
and 50% survive and enter group 4. Column 4 says that each fish in group 4 has 2 babies, and then 
20% survive to stay in group 4 and 40% survive to enter group 5. Column 5 says that each fish in 
group 5 has a 10% chance of survival to stay in group 5. 

(b) If x is the distribution of fish at this moment, then y = Sx will be the number of fish after one 
year. Since y is also a distribution of fish, Sy = S • Sx = S 2 x will be the number of fish one year 
later, or two years from now. 

(c) 

»S=[0 0 2 2 0 

.4 .2 0 0 0 

0 .5 .2 0 0 

0 0 .5 .2 0 

0 0 0 .4 .1 ]; 
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» x = [5000; 10000; 20000; 20000; 5000]; 

» n = 10; floor(S"n*x) 
ans = 

41016 

21666 

12949 

7754 

3709 

» '/, repeat for n=20,30, . . . 

» n = 50; floor(S*n*x) 
ans = 

49063 

24412 

15183 

9443 

4179 

After about 10 years, the population grows steadily. The growth rate will be exponential. 

(d) 


» S(1,3) = 1; 

» n = 10; floor(S~n*x) 
ans = 

15774 

8573 

5572 

4100 

2105 

» '/, repeat for n=20,30, ... 

» n = 50; floor(S~n*x) 
ans = 

550 

305 

212 

147 

71 

This time, the population decays exponentially. Not enough new fish are being born to keep the 
population steady. 

» S(l,3) = 2; S(3,2) = .3; 

» n = 10; floor(S~n*x) 
ans = 

13280 

8007 

3334 

2438 

1321 

» '/, repeat for n=20,30, . . . 

» n = 50; floor(S“n*x) 

100 
58 
25 
18 
9 


ans 
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Again, the total population decays when the survival rate from group 2 into group 3 is dropped 
from 50% down to 30%. Not enough fish survive to be group 3 in order to create new fish. 

(e) At the end of the first year, the number of fish that have survived will be Sx. If we harvest h 
of these fish, we will end up with u = Sx — h fish. Similarly, Su will be the number of these 
remaining fish that survive to the end of the second year. If we harvest h of these, we will have 
Su — h fish remaining. 


» S(1,3) = 2; S(3,2) = .5; 

» h = [0;0;0;0;2000]; 

» u = S*x - h 
u = 

80000 

4000 

9000 

14000 

6500 

» u = S*u - h '/. This command should be repeated several times, 
u = 

46000 

32800 

3800 

7300 

4250 

After two more iterations of the last command, the vector u will have a negative number in the 
last entry. This means that we may harvest this many fish for 3 years, and at the end of the 
fourth year, there will be less than 2000 mature fish to be harvested. 

(g) After repeating the following experiment, for different values of n, you will find that u begins to 
drop for the first few years, and then begins to increase after about 5 years. If n is chosen to be 
1530 or smaller, u will never be negative. 

» n = 1530; 

» h = [0; 0; 0; 0; n] ; 

S*x -h 

80000 
4000 
9000 
14000 
6970 

S*u -h '/, This step should be repeated several times, until 
'/, u begins to rise again. 

46000 
32800 
3800 
7300 
4767 

(h) If the above experiment is repeated using nonzero values in the last two entries of h, the total 
harvest can be improved. For example, if h = (0,0,0,1500,790), the total harvest will be 2290, 
and the population of fish will not become negative over 15 years. These values can be improved 
by slightly changing h. 


» u = 
u = 


» u = 
» 
u = 
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‘■CD ft)-© 


3 6-7 
2-1 3 


/ 0 1 -1 
5. 1 0 1 

V 3 2 0 



x\ + x 2 - x 3 = 7 
7. 4xi — X 2 + 5x 3 = 4 
6xi + x 2 + 3x 3 = 20 

2xi + 3*2 + x 3 = 2 

4x 2 + x 3 = 3 

6xi + 2 x 2 + x 3 = 2 
13. — 2xi -f 3x2 + x 3 = 4 
0 = 2 

/2 0 0\ /xA 

16. = 0 4 0 , x = x 2 , 

\0 0 —5/ \x 3 J 

n ( 1 - 3 2 W* - 3 2N ) 

V-2 6 -a) V° 0 °7 

X = (2,0) + x 2 (3, 1) 


1 -1 3\ /xi 

4 1 -1 x 2 

2-1 3/ \x 3> 

4-1 1 - 1 \ / 

3 1-5 6 

2-1 1 0 / . 


2 3-1 
-4 2 1 

7 3-9 




X2 = 2 
xi =3 

xi =2 

x 2 =3 
x 3 = -5 

X4 = 6 

3xi + x 2 + 5 x 3 = 6 
2xi + 3x2 + 2x 3 = 4 


2xi + x 3 = 2 

9. —3xi + 4x2 = 3 

5x 2 + 5x 3 = 5 

2xi + 3x2 + x 3 = 0 
12. 4xi - x 2 + 5x 3 = 0 
3xi + 6 x 2 — 7x 3 = 0 

7xi + 2 x 2 = 1 
15. 3xi + x 2 = 2 
6xi + 9x2 = 3 


5 , xx = 3/2, x 2 = 5/4, x 3 = —2/5 

2 / 


x p — (2,0); f j 6 o 


1 -3 0 
0 0 0 


,x h = x 2 (3, 1), 


1-11 6 
3-33 18 / 

1-11 0\ 
3-33 0 i 


A -1 1 6 
A 0 0 0 

1-11 0> 
0 0 0 0 ; 


x = (6,0,0) + (x 2 — x 3 , x 2 , x 3 ) 


x p = (6,0,0) 


Xh = (x 2 - x 3 ,x 2 ,x 3 ) 


1-1-1 2 
2 12 4 

1-4-5 2 

1-1-1 0 
2 12 0 
1-4-5 0 


1-1-1 2 
0 3 4 0 
0-3-4 0 

1-1-1 0 
0 3 4 0 
0-3-4 0 


1 0 1/3 2' 
014/3 0 
0 0 0 0 , 

1 0 1/3 O' 
014/3 0 
0 0 0 0 , 


Xp = (2,0,0) 


x„ = x 3 (-l/3, -4/3,1) 


x = (2,0,0)+ x 3 (-l/3,-4/3,1) 
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/I -1 -1 2\ /I -1 -1 2\ /1 0 1/3 2\ 

20. 2 1 2 4 J — I 0 3 4 0 — 0 1 4/3 0 x p = (2,0,0) 

\1 -4 -5 2/ \° ' 3 - 4 0/ \0 0 0 0/ 

/I -1 -1 0\ /I -1 -1 0\ /I 0 1/3 0\ 

2 1 2 0 — 0 3 4 0 — 0 1 4/3 0 x h = a? 3 (—1/3, -4/3,1) 

\ 1 -4-5 0/ \0 -3 -4 0/ \0 0 0 0/ 

x = (2,0,0) + * 3 (-l/3, -4/3,1) 


A 1 -1 2 f 11-12 3\ A 0 3 -5 -A 

V3 2 1-1 5/ VO -1 4-7 -4/ V° 1 -4 7 V 

A 1 01 2 3\ A 1 -1 2 3\ A 0 3 -5 -l\ 

\3 2 1 -1 5 ) VO -1 4 -7 -4/ ~ + V0 1 -4 7 4/ 

x* = (-3x 3 + 5x 4 , 4 x 3 - 7x4, x 3 , x 4 ) 
x = (-1,4,0,0) + (—3 x 3 -(- 5x 4 , 4x 3 - 7x 4 , x 3 , x 4 ) 


x p = (-1,4,0,0) 


/ 1-1 1-1 -2\ /l -1 1 -1 -2\ /I 0 2-1 -1\ /I 0 0 -1/2 5\ 

22. -2 3 -1 2 5 — 0 1 1 0 1 — 0 1 1 0 1 — 0 1 0 1/4 4 

V 4 -2 2 -3 6/ \° 2 2 1 14 / \0 0-4 1 12/ \0 0 1 -1/4 -3/ 

x p = (5,4,-3,0) 

/ 1 -1 1-1 0\ /I -1 1-1 0\ /I 0 2 -1 0\ /I 0 0 -1/2 0\ 

-2 3 -1 2 0 — 0 11 0 0 — 01 1 0 0 — 010 1/4 0 

V 4 -2 2 -3 0/ \0 2 2 1 0/ \0 0 -4 1 0/ \0 0 1 -1/4 0/ 

x k = x 4 (l/2,-1/4,1/4,1) 
x = (5,4, —3,0) + x(l/2, —1/4,1/4,1) 


23. Plugging y = c^yi + c 2 j /2 into the left side of the differential equation gives, since ( cy)" - cy" and 
(yi + Vi)" = y" + y'l 

Ciy” + C 2V2 + a ( x )( c iyl + c 2 y' 2 ) + 6( x )( c iyi + c 2 y 2 ) =-ci(yi' + a(x)y[ + b(x)yi) + c 2 (y'^ + a(x)y' 2 + b(x)y 2 ) 

— c i(0) + c 2 (0) = 0 


24. y" - y” + a(x)(j/p - y') + 6(x)(y p - y q ) 

= ( Vp + a(x)x/ p + b(x)y p ) - (y" + a(x)j/ s + b{x)y q ) 
= /( x ) - /( x ) = 0 

Thus, y p (x) - y q (x) solves y"(x) + a(x)j/(x) -f 6(x)y(x) = 0. 
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l. (a) 

» A = round(10*( 2*rand(3)-l)) 

A = 

-6 4 0 

-9 9 7 

4 -2 -9 

» b = round(10*(2*rand(3,1)-1)) 
b = 

-9 
1 
3 

» R = rref([A b]) 

R = 

1.0000 0 

0 1.0000 

0 0 

» x = R(:.4) 
x = 

3.8053 
3.4579 
0.5895 

» A*x '/. First find A*x 
ans = 

-9.0000 

1.0000 

3.0000 

» A*x - b / Compare Ax with b. 
ans = 

1.0e-14 * 

0 

-0.2665 

0.0888 

In theory, Ax — b should be zero, but in practice, the computer will have some round-off error. 
Here the error is on the order of 10~ 14 . 

» y = x(l)*A(:,1) + x(2)*A(:,2) + x(3)*A(:,3) 

y = 

-9.0000 

1.0000 

3.0000 

» y-b 
ans = 

1.0e-14 * 

0 

-0.2665 

0.0888 

Again, y is the same as A * x, so it will be b up to some round-off error. 


0 3.8053 

0 3.4579 

1.0000 0.5895 
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(b) (i) 

» A = [4 9 17 5 

2 15-1 
5 9 19 4 

9 5 23 -4 ] 

» b = [11; 9; 16; 40]; 

» R = rref([A b]) 

R = 

10 2-15 

0111-1 
0 0 0 0 0 

0 0 0 0 0 

The general solution will have x 3 and x 4 arbitrary, x x = —2ar 3 + X 4 + 5, and ar 2 = — x 3 — x 4 — 1. 
We may pick, for example, X 3 = 1 and x 4 = 0, to get the particular solution: 

» x = [3; - 2 ; 1 ; 0 ] ; 

(ii) 

» A*x */. This should be the same as b. 
ans = 

11 

9 

16 

40 

» y = x(l)*A(:,1) + x(2)*A(:,2) + x(3)*A(:,3) + x(4)*A(:,4) 

y = 

11 

9 

16 

40 

As in (a), if x is a solution of the system with [A b] as augmented matrix, Ax = b, then Ax 
and x x A(\, 1) H -(- x 4 A(:, 4) = y are both b. 

(iii) If this is repeated with other choices of X 3 and x 4 , the same results will occur: Ax = b and 
y = b. For example: 

» x = [ 4; -3; 1; 1]; 

» A*x 
ans = 

11 

9 

16 

40 

(iv) 

» y = x(l)*A(:,l) + x(2)*A(:,2) + x(3)*A(:,3) + x(4)*A(:,4) 

y = 

11 

9 

16 

40 

(c) The solution of a system of equations represented by [A b] is the same as the solution of the ma¬ 
trix equation Ax = b. Also, multiplying a matrix by a single column is equivalent to adding 
multiples of the columns of this matrix. 
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2. (a) The ij entry of Ax is the inner product of the ith row of A with the jth column of x. Since x has 
only one column, j must always be 1, and the first column of x is just x itself. Since Ax = 0, the 
inner product of the ith row of A with x is zero. This means that the ith row is orthogonal to x. 

(b) This can be done by solving Ax = 0 where A is the matrix whose rows are the given vectors. 

» A = [1 2 -3 0 4; 5-5201]; 

» rref(A) 
ans = 

1.0000 0 -0.7333 0 1.4667 

0 1.0000 -1.1333 0 1.2667 

For a solution, we may choose x 3 , x 4 , and x$ arbitrarily, and then set x\ = . 7333 x 3 — 1.4667x5 
and x 2 = 1.1333x3— 1.2667x5. 

3. (a) The matrix x solves the nonhomogeneous system Ax = b. The matrix z was a solution of the 
homogeneous system Az = 0. If we set y = x + sz, then we found that y was also a solution of the 
nonhomogeneous system Ay = b. The corollary tells us the converse, i.e. that any such solution can 
be written as y = x + sh where H is a solution of Ah = 0. 

(b) (i) Refer to the solution of 1(b) above. The matrix R is the reduced echelon form of [A b]. Since 
two variables can be chosen arbitrarily in the solution of Ax = b, there are infinitely many solu¬ 
tions. 

(ii) 

» x = A\b 

Warning: Matrix is singular to working precision, 
x = 

Inf 

Inf 

Inf 

Inf 

» '/, Since A is singular, it has no inverse. Instead, enter a solution 
» '/, from the answer to 1(b). 

» x = [ 5; -1; 0; 0] ; 

(hi) 


» rref(A) 
ans = 

10 2-1 
0 111 
0 0 0 0 

0 0 0 0 

Solutions of Ax = 0 are of the form X 3 and X 4 are arbitrary, xi = —2x 3 + x 4 , and x 2 = 
—X 3 — x 4 . 

Pick one solution, with x 3 = 1, x 4 = 0 

» z = [-2; -1; 1; 0]; 

» A*(x+z) '/. This should yield b. 

11 
9 

16 
40 


ans 
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Another solution, with £3 = 0, £4 = 1. 

» z = [1; -1; 0; 1]; 

» A*(x+z) Again, this should be b. 
ans = 

11 

9 

16 

40 

This can be repeated two more times by choosing other values for X 3 and X 4 . 

4. (a) 


» A = [5580 
4 5 8 7 

3 9 8 9 

9 116]; 

» rref(A) 
ans = 

10 0 0 
0 10 0 

0 0 10 

0 0 0 1 

If we were to reduce [A b] for any b, we would still have the same left hand side. Since there 
is a pivot in every row, the system will be consistent, and there will be a unique solution. 

(b) If we solve Ax = b, for x, then we may write b as 

b = CjXj + C 2 Z 2 + C 3 X 3 + 040:4 

where c, is the ith column of A. For example: 

» b = round( 10*(2*rand(4,1)—1)) 
b = 

-6 
-9 

4 
4 

» R = rref( [A b]) 

R = 

1.0000 0 

0 1.0000 
0 0 

0 0 

» x = R(:,5) 

0.6476 
3.5799 
-3.3922 
-0.3361 


0 

0 

0.6476 

0 

0 

3.5799 

1.0000 

0 

-3.3922 

0 

1.0000 

-0.3361 


x 
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» */, Now we may write b as a combination of columns of A: 

» y = A(:,l)*x(l) + A(:,2)*x(2) + A(:,3)*x(3) +A(:,4)*x(4) 

y = 

- 6.0000 

-9.0001 

3.9999 

3.9999 

Up to round off error, y is the same as b. This can be repeated two more times. 


» A = [ 5 5 -50 

4 5 -6 7 

3 9 -15 9 
9 1 7 63; 

» rref(A) 
ans = 

10 10 
0 1-20 
0 0 0 1 

0 0 0 0 

It is possible that there is a b for which the reduced form of [A b] does not have a zero in the 
(4,5) entry. Since the left hand side has all zeros in the fourth row, this would mean the system 
is inconsistent. By experimenting with several possible b you can find that if b = (1,0, 0, 0)*, 
there will be no solution: 

» b = [1; 0; 0; 0]; 

» rref([A b]) 
ans = 

10 10 0 
0 1-200 
0 0 0 1 0 

0 0 0 0 1 

Notice that the above solution is inconsistent. 

(d) If you start with a vector b which is a combination of columns of A, then there will always be a 
solution of .Ax = b. 

» k = round( 10*(2*rand(4,1) — 1)) */. generate 4 random numbers, 
k = 

9 

-2 

0 

7 

» '/. Write b as a combination of columns of A: 

» b = A(:,1)*k(1) + A(:,2)*k(2) + A(:,3)*k(3) +A(:,4)*k(4) 
b = 

35.0000 

23.6475 

5.9754 

76.9836 
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» rref([ A b]) 




ans = 

1.0000 

0 

1.0000 

0 

9.0000 

0 

1.0000 

-2.0000 

0 

-2.0000 

0 

0 

0 

1.0000 

-0.3361 

0 

0 

0 

0 

0 


This system is consistent. 

(e) To see that this system will always have a solution, we only need to show that it has at least one 
solution. However, writing b as a combination of columns of A using the scalars is equivalent 
to the matrix multiplication .Ak = b. This means that the vector k will be a solution of ylx = b. 
Since the system has a solution, it is consistent. 

5. (a) (i) For A from 4(c): 

» A = C 5 5 -50 

4 5 -6 7 

3 9 -15 9 

9 1 7 6]; 

» rref(A) 
ans = 

10 10 
0 1-20 
0 0 0 1 

0 0 0 0 

(ii) The solutions of this homogeneous system have x 3 arbitrary, and x\ = — x 3 , x 2 = 2x 3 , and 
x 4 = 0. 

(iii) If we set x 3 = 1, then we have x\ = —1 and x 2 = 2. This corresponds to 

0 = ylx = —lei + 2 c 2 + lc 3 + 0c 4 , 
where c,- is the ith column of A. Which can be rewritten as 

c 3 = lei - 2 c 2 . 

To check this: 

» 1*A(:,1) - 2*A(:,2) '/, This should be the same as A(:,3). 

ans = 

-5 

-6 

-15 

7 

» A(:,3) '/, This is the third column, 

ans = 

-5 

-6 

-15 

7 

(iv) This system only allows one arbitrary variable. 

(v) If we let x be the third column of rref (A) then Ax will be the third column of A. 



86 Chapter 1 Systems of Linear Equations and Matrices 


Instructor’s Manual 


(b) 


» A = [4 9 17 5 

2 1 5-1 

5 9 19 4 

9 5 23 -4 ]; 

» rref(A) 
ans = 

10 2-1 
0 111 
0 0 0 0 

0 0 0 0 

The solution of this system will have r 3 and X4 arbitrary, and x\ — — 2X3 + X4, and r 2 — —X3 — X4. 
If X 3 = 1 and X 4 = 0, then we have = —2 and X 2 = —1. This corresponds to 


c 3 = 2cj + lc 2 . 


Similarly, if x 3 = 0 and X 4 = 1, then we have ajj = 1 and z 2 = — 1. This corresponds to 


c 4 = —lcj + lc 2 . 


As above, if x is the third column of rref (A) then Ax will be the third column of A. Similarly, 
if x is fourth column of rref (A) then Ax will be the fourth column of A. To check this: 

» R = rref(A); 

» x = R(;,3) 
x = 

2 

1 

0 

0 

» A*x */, This will be the 3rd column of A. 
ans = 

17 

5 

19 

23 

» x = R(:,4) 
x = 

-1 

1 

0 

0 

» A*x '/, This is the 4th column of A. 
ans = 

5 

-1 

4 

-4 
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(c) First we generate a random matrix and modify it as directed. 

» A = round( 10*(2*rand(6,6)-l)); 

» A(:,3) = 2*A(:,2) - 3*A(:,1); 


V 

V 

> 

,5) 

= -A( 

:.l) 

+ 2*A( 

:,2) - 

3*A( 

» A(:, 
A = 

,6) 

= A(: 

,2) + 

4*A(: 

,4) 


10 


8 

-14 

-9 

33 

-28 

4 


-5 

-22 

8 

-38 

27 

5 


-1 

-17 

0 

-7 

-1 

3 


5 

1 

0 

7 

5 

-9 


0 

27 

-4 

21 

-16 

3 


-5 

-19 

10 

-43 

35 

» R = 

rref(A) 





R = 







1 


0 

-3 

0 

-1 

0 

0 


1 

2 

0 

2 

1 

0 


0 

0 

1 

-3 

4 

0 


0 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 


This will be the same, for almost every random matrix that we start with. The solution of this 
system has £3, X5, and xq arbitrary and xi = 3x 3 -fx5, X2 = —2x 3 — 2 x 5 — X6, and x 4 = 3x 5 — 4 x 6 . 
As in (b) above, if we set one of the three arbitrary variables to 1 and the others to 0, and write 
out x we will get: 


(~*\ 


/-!\ 


/°\ 

2 


2 


1 

0 


0 


0 

0 

, X — 

-3 

, or x — 

4 

0 


0 


0 

\ 0/ 


\ 0/ 


W 


Writing out Ax = 0 as a linear combination of columns of A, we will get the original equations: 

» A(:,3) = 2*A(:,2) - 3*A(:,1); 

» A(:,5) = -A(:,1) + 2*A(:,2) - 3*A(:,4); 

» A(:,6) = A(:,2) + 4*A(:,4) 
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1. Since det A — 2 ■ 2 — 3 • 1 = 1 ^ 0, .A 1 exists. A 


'-K-ry 


1 

1 

i (2 

1 

1 0\ (2 

1 

1 

0 

2 

o l ; 

i-U 

1 

2 

=T 1 / U 

1 

-3 

2 


t -?) - ( 

1 0 

2 -1 \ 

. So A- 1 = ( \ 

-3 2) V 

0 1 

-3 2/ 

V-3 2) 


2. Since det A = (—1) • (—12) — 1 • 12 = 0, A is not invertible. 


3. det A 


=o-i=-i#o ^-■=(-i)(_;-j) = (;;) 


4. Since det A = 3 — 3 = 0, A 1 does not exist. 


5. A is not invertible since det A = ab — ba = 0. 


Ill 100 
0 2 3 0 1 0 
5 5 1 0 0 1 


1 1 1 
0 1 3/2 
0 0-4 


1 0 0 13/8 -1/2 -1/8 

0 1 0 -15/8 1/2 3/8 

001 5/4 0 -1/4 


1 0 0 
0 1/2 0 
-5 0 1 


1 0 - 1/2 
0 1 3/2 
0 0 1 


/ 13/8 -1/2 -1/8 
A~ l = -15/8 1/2 3/8 

\ 5/4 0 -1/4 


1 - 1/2 0 
0 1/2 0 
5/4 0 -1/4 


3 2 1 10 0 

0 2 2 0 1 0 

0 0 -1 0 0 1 


1 2/3 1/3 1/3 0 0 

011 01/20 

0 0 1 0 0 1 


100 1/3 -1/3 -1/3 
010 01/2 1 
0 0 1 0 0 -1 


A -1 = 


1 0 -1/3 1/3 -1/3 0 
01 1 01/20 
0 0 1 0 0 -1 


1/3 -1/3 -1/3 
0 1/2 1 
0 0-1 


/111 100 
8. 0 1 1 0 10 
VO 0 1 001 


10 0 1-10 
0 10 0 1-1 

0 0 1 0 0 1 


/ 1 —1 0 
A~ l = j 0 1-1 

Vo o i 


/1 6 2 10 0 

9. -2 3 5 0 1 0 

\ 7 12 -4 0 0 1 

A is not invertible. 


1 6 2 10 0 

0 15 9 2 1 0 

0 -30 -18 -7 0 1 


1 6 2 

0 1 0.6 

0 0 0 


1 0 0 
0.1333 0.0667 0 
-3 2 1 


3 10 10 0 


1 -1 2 

1 1 1 


0 1 0 
0 0 1 


1-12 0 10 

0 4-6 1-3 0 

02-1 0-11 


100 3/8 1/8 -1/4 

0 1 0 -1/8 -3/8 3/4 

0 0 1 -1/4 1/4 1/2 


10 1/2 I 1/4 1/4 0 


—01 -3/2 

\0 0 2 

3/8 1/8 -1/4 

-1/8 -3/8 3/4 
-1/4 1/4 1/2 


1/4 -3/4 0 
- 1/2 1/2 1 
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/ 2 -1 

4 

1 

0 

°\ 

11. -1 0 

5 

0 

1 

° 

\ 19 -7 

3 

0 

0 

1/ 






A is not invertible. 



12 . 









13. 


/! 

1 

1 

1 

1 

0 

0 

°\ 



1 

1 

1 

1 

0 

0 

°V 


Z 1 

0 

3 

0 

2 

-1 

0 

°\ 

1 

2 

-1 

2 

0 

1 

0 

0 


0 

1 

-2 

1 

-1 

1 

0 

0 


0 

1 

-2 

1 

-1 

1 

0 

0 

1 

-1 

2 

1 

0 

0 

1 

0 


0 

-2 

1 

0 

-1 

0 

1 

0 


0 

0 

-3 

2 

-3 

2 

1 

0 

Vi 

3 

3 

2 

0 

0 

0 

1/ 


Vo 

2 

2 

1 

-1 

0 

0 

lJ 


Vo 

0 

6 

-1 

1 

-2 

0 

1 / 


'o 


0 0 2 
1 0 -1/3 
0 0 1 -2/3 

Vo 0 0 3 


-1 

1 

1 

-5 


1 


1 0 


-1/3 -2/3 0 
-2/3 -1/3 0 
2 2 1 



A~ l = 


/ 7/3-1/3-1/3-2/3' 
4/9 -1/9 -4/9 1/9 

-1/9 -2/9 1/9 2/9 

V —5/3 2/3 2/3 1/3/ 


10 0 0 
0 10 0 
0 0 10 
0 0 0 1 


7/3 -1/3 -1/3 -2/3 \ 
4/9 -1/9 -4/9 1/9 
-1/9 -2/9 1/9 2/9 
-5/3 2/3 2/3 1/3/ 


14. 


A is not invertible. 


/ 1 

0 

2 

3 

1 

0 

0 

°\ 


Z 1 

0 

2 

3 

1 

0 

0 




0 

2 

3 

1 

0 

0 

°v 

-1 

1 

0 

4 

0 

1 

0 

0 


0 

1 

2 

7 

1 

1 

0 

0 


' 0 

1 

2 

7 

1 

1 

0 

0 

2 

1 

-1 

3 

0 

0 

1 

0 


0 

1 

-5 

-3 

-2 

0 

1 

0 


1 0 

0 

-7 

-10 

-3 

-1 

1 

0 

V-l 

0 

5 

7 

0 

0 

0 

l) 


Vo 

0 

7 

10 

1 

0 

0 

l) 


Vo 

0 

0 

0 

-2 

-1 

1 

lJ 


15. 


(1 

-3 

0 

2 

1 

0 

0 

°\ 


/I 

-3 

0 

-2 

1 

0 

0 

°\ 

3 

-12 

-2 

-6 

0 

1 

0 

0 


0 

-3 

-2 

0 

-3 

1 

0 

0 

-2 

10 

2 

5 

0 

0 

1 

0 


0 

4 

2 

1 

2 

0 

1 

0 

V-l 

6 

1 

3 

0 

0 

0 

\) 


Vo 

3 

1 

1 

1 

0 

0 

1 / 


/! 

0 

3/2 

-5/4 

5/2 

0 

3/4 

°\ 

/I 

0 

0 

1 

-2 

3 

3 

°\ 

0 

1 

1/2 

1/4 

1/2 

0 

1/4 

° - 

0 

1 

0 

1 

-1 

1 

1 

0 

0 

0 

-1/2 

3/4 

-3/2 

1 

3/4 

° 

0 

0 

1 

-3/2 

3 

-2 

-3/2 

0 

Vo 

0 

-1/2 

1/4 

-1/2 

0 

-3/4 

1/ 

Vo 

0 

0 

-1/2 

1 

-1 

-3/2 

1/ 


yr 1 = 


/! 

0 

0 

0 

0 

1 

0 

2 \ 

0 

1 

0 

0 

1 

-1 

-2 

2 

0 

0 

1 

0 

0 

1 

3 

-3 

Vo 

0 

0 

1 

-2 

2 

3 

-2/ 

/ 

0 

1 

0 

2' 

\ 


_ 


1 

-1 

-2 

2 





0 

1 

3 

-3 





-2 

2 

3 

-2 

/ 
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16. ABCC-'B-'A - 1 = ABIB~ 1 A ~ 1 = ABB~ l A~ x = AIA~ X = AA~ X = I. Hence, by theorem 8, ABC 
is invertible and ( ABC)~ l = A~ 1 B~ 1 C~ 1 . 

17. Show A\A 2 ■ ■ ■ A m A^ ■ ■ ■ A ^ 1 A\ 1 = I. Then by theorem 8, A\A 2 ■ ■ -A m is invertible with inverse 

A m ^2 -'M • 


18. 


3 4 
-2 -3 


3 4 
-2 -3 


f 9 —812 —12\ 
V—6 + 6 -8 + 9; 


19. If A = ±1 then A 2 

f a 22 + a 12<*21 

V~ a 22«21 + <J22 a 21 

/ 4/5 -1/5 0\ /1.7857 0.7143 0.7143\ 

20. I-A= -2/5 3/5 -3/5 (/ - A)~ x = 2.1492 2.8571 2.8571 

\ —1/5 —1/10 3/5/ \ 0.9524 0.7143 2.3810/ 

/ 96.4\ 

x = (I-A)- 1 e& 235.7 

V 138.1/ 


= I. If an = —<*22 and 021012 = 1 — a 2 x then 

— 022012 + 012022 \ _ j 

O21O12 + O22 / 


f 022 012^ _ 
V 0 2 1 O22 / 


21. Bx = 0 gives m equations in n unknowns. Since m < n, there are an infinite number of solutions. In 
particular, there exists a nonzero solution. Hence, there exists a nonzero vector x such that ABx = 0. 
By theorem 6, AB is not invertible. 


22. (a) det A — —i 2 — 2 = — 1 



(b) 


(c) 


det .4 = l-i 2 =2 



( 


0 

1 — i 


((1 + 0/2 0\ 

V 0(1 - 0 / 2 J 


/l 

i 

0 

1 

0 

°\ 

( _i 

0 

1 

0 

1 

0 

\0 

1+i 

l-i 

0 

0 

1/ 


i 0 

1 

0 

°\ 

(l 

0 

i 

0 

i 

1 -1 

-i 

-1 

0 - i 

0 

1 

-1 

-i 

-1 

1+i l-i 

0 

0 

1/ 

\0 

0 

2 

-1+i 

1+i 


1 0 0 
0 1 0 
0 0 1 


(1+0/2 (1+0/2 -i/2\ 
-(l+i)/2 (-1+0/2 1/2 
(-1+0/2 (1+0/2 1/2/ 


/ (1 + 0/2 (l + i)/2-i/2 \ 
A~ x = -(1 + 0/2 (-1 + 0/2 1/2 

V (- 1 + 0/2 (1 + 0/2 1 / 2 / 


0 

0 

1 


( sin 6 cos 9 0\ 2 

cosd — sin 0 0 I = I ; this matrix is its own inverse. You can discover this by trying to do row 

0 01 / 

elimination or by finding the inverse of the upper left 2x2 block using (12) in Theorem 4. 

/ 1/2 0 0 \ 

24. A~ l — I 0 1/3 0 , from (,4 |/)-*(/|+" 1 ). 

\ 0 0 1/4/ 
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25. Let D be a diagonal matrix. Suppose D is invertible with inverse A. Since AD = J, then aada = 1 
for each i. Hence, the diagonal components of D are nonzero. Conversely, suppose da / 0 for each i. 
Then the only solution to Dx = 0 is the trivial solution. By theorem 6, D is invertible. Or you can 
write down D~ x directly as in Problem 26. 


26. A- 1 = 


hi 

0 a 


0 

-l 

22 


V 0 0 


0 \ 

0 ' 

:i/ 


, from {A | /)-*(/ | A -1 ) 


/ 2 

1 

-1 

1 

0 

°\ 

0 

3 

4 

0 

1 

0 

\0 

0 

5 

0 

0 

1/ 


/I 0 -7/6 
0 1 4/3 
\0 0 5 


1/2 - 1/6 0 \ 
0 1/3 0 
0 0 1 / 


/1/2 —1/6 7/30 \ 

A- 1 = 0 1/3 -4/15 

\ 0 0 1/5/ 


/I 0 0 
0 10 
\0 0 1 


1/2 -1/6 7/30 \ 
0 1/3 -4/15 
0 0 1/5/ 


f 1 

0 

0 

1 

0 

°\ 

-2 

0 

0 

0 

1 

0 

V 4 

6 

1 

0 

0 

1 / 


(l 

0 

0 

1 

0 

°\ 


4 

6 

1 

0 

0 

1 

A does not have an inverse. 

\0 

0 

0 

2 

1 

0/ 



29. If U is upper triangular with all diagonals nonzero, then divide each row by its diagonal entry. The 
result is an echelon form of U with n pivots. So by Theorem 6.v, U is invertible. Conversely, if U has 
some diagonal zero, let j be such that ujj — 0 is the first zero on the diagonal. Then form x = (x*), 
with x k = 0 for k > j and Xj — 1, but the x k ,k < j unknown. Then the nonzero equations Ux — 0 
formed from the first j — 1 rows of U and this x can be backsolved to get the remaining x k , since they 
have the form 

akkXk H-h a kj = 0, a kk ^ 0, k < j. 

Thus Ux — 0 has a nonzero solution and so U is not invertible. 


30. Row reducing (U \ I) to (7 | U~ l ) requires only dividing through by the diagonals of U and then 
adding multiples of lower rows to higher rows, i.e. only backsolving is needed as U is already essen¬ 
tially in echelon form. But both these types of row operations only change the elements on or above 
the diagonal of the right hand block. Thus when this reduction is done A = U~ 1 will be upper tri¬ 
angular. (You can also solve this using partitioned matrices. To get an idea look at the solution to 
Problem 49.) 


31. 



1 - 1/2 
0 0 



then Ax = 0. For example, 



is one such vector. 


/1-1 3 
32. 0 4 -2 

\2 -6 8 
vector. 



/10 5/2 
0 1 - 1/2 
\0 0 0 



If x = 


—2.5x 
0.5x 
x 


then Ax = 0. For example, 



is such a 
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33. Let c be the number of chairs and t the number of tables produced each day. We have 812 = 96 labor 
hours per day in the machine shop. Hence, for the machine shop we must have yy ■ c + ■ t = 96. 

Similarly, yy • c + ^jy ■ t = 8 • 20 = 160 for the assembly and finishing division. Write this system 


as Ax = b where A = 


x = A~H = 


289 


130,560 


384 

240 \ 

17 

17 

480 

640 

17 

17 ) 

640 

240 

17 

17 

480 

384 

17 

17 


, x = ( , and b 


Vieo; 


Since detA = — ^ 0, then 


96 

160 


-il) 


Hence, 3 chairs and 2 tables can be produced 


each day. 


34. Let / be the amount of love potion and c be the amount of cold remedy needed. The witch wants to 


find x = ( ' ! such that Ax = b where A = 
c 


V si ' 1 

13 13 

„ 2 10 
2 — 10 — 
13 13 


and b 


- Si 


Since detA = yg^(40 


OOf) 1 9 

140 - 28 • 70) = # 0, then x = A~'b = — 


( 


\ 


140 _70 
13 13 

28 40 

"13 13 


fl0\ _ /3/2 
V 14 / V 1 


Hence, 1- batches 


of love potion and 1 batch of cold remedy are needed. 


35. The farmer needs Ax = b where A = 008^ ’ X ” (fc)’ an< * ^ = 0 ) ^* nce A = —0.01 ^ 

|. Thus, 4 units of type A and 5 units of type 


0 then x = A *b = —100 
B are needed. 


0.08 —0.12 \ (l 

-o.i5 o.ioy v i 


36. (a) 0.293 (b) 200,000 0.293 = 58,600 (c) 0 

(d) 50,000 0.044 = 2,200 


/ 0.293 0 0\ 

37. (a) technology matrix A = I 0.014 0.207 0.017 1 

\0.044 0.010 0.216/ 

/ 0.707 0 0\ 

Leontief matrix = I — A = I —0.014 0.793 —0.017 I 

\ -0.044 -0.010 0.784/ 


/1.414 0 0\ /13,213 \ /18,689\ 

0.027 1.261 0.027 x = (/-A)~ 1 17,597 = 22,598 

\ 0.080 0.016 1.276/ \ 1,786/ \ 3,615/ 


(b) (J-A)~i = 
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It would require 18,689 pounds of agricultural products, 22,598 pounds of manufactured goods, and 
3,615 pounds of energy. 


38. 


1 0 
0 1 


invertible 




invertible 


40. 


1 1 
3 3 


(ii) 


not invertible 



1 2/3 1/3' 

0 1 1 I invertible 

0 0 1 



1 6 2 \ /1 6 2 ' 

0 15 9 J —>■ 10 1 3/5 | not invertible 

0-30-18/ V 0 0 0, 


43. 



- 1/2 2 \ 

1 —14 ] not invertible 

0 0 / 


44. 


/! 

1 



( ll 

1 



( 11 

1 

!\ 

1 

2 - 

-1 2 1 


0 1 

-2 

1 


0 1 

-2 

1 

1 

-1 

2 1 i 

* 

0 0 

-3 

2 


0 0 

1 -2/3 

ll 

3 

3 2/ 


\0 0 

6 



loo 

0 

1/ 


invertible 


45. 


/ 1 0 2 3\ 

/ 1 0 2 3\ 

(-11 0 4 

(012 7 

2 1-13 

0 0 1 10/7 

\ —1 0 5 7/ 

looo 0 / 


not invertible 


46. Since ana 22 — <Ji2 a 2i 7^ 0, then either an or a 12 is nonzero. We may assume without loss of generality 
that an ^ 0. 


f an 
V«21 


«i2 1 0\ /1 ai2/«n 

<*22 0 \) \0 «22 — a 12 a 2l/ail 


1/an 0A 

— «2l/ a ll 1 / 


f\ 0 a 22 /det.A —021/601^4^ 
y0 1 —a 2 i/detj4 an/det-Ay 
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47. (i) Suppose A is invertible. Then Ax = 0 implies x = A~ 1 Q = 0. When reducing the augmented 
matrix (A|0) to reduced row echelon form, we must have (A|0) —> (J|0). Using the same elementary 
row operations will give A —► I. Conversely, suppose A is row equivalent to I. Write (yl|/) and row 
reduce A to I. Then we will have (A|7) —► ( I\B ). Hence, AB = I. We want to show BA = I. It will 
suffice to show BAx — x for every n-vector x. Note that B is row equivalent to I. Hence, for every x, 
we can find a y such that By = x. Thus, BAx = BA(By) = B(AB)y = Bly = By = x. Therefore, 
A is invertible. 

(ii) Suppose A is invertible. Suppose Ax = b = .Ay. Multiplying by A -1 we obtain A -1 (Ax) = 
A -1 (Ay). It follows that x = y. Conversely, suppose the system Ax = b has a unique solution for 
every n-vector b. This implies A is row equivalent to I. Therefore, by part (i), A is invertible. 

(iv) Suppose A is invertible. By (i) A is row equivalent to the identity matrix I n . I n is in row ech¬ 
elon form and has n-pivots. Conversely, suppose that an echelon form of A has n pivots. Then the 
reduced echelon form of A is the identity matrix /„. Thus A is row equivalent to the identity matrix 
By (i) A is invertible. 


48. From 


(^q^J ^ 12 ^ = (^q O'j we obtain the following equations: 


An + AA 2 i — I, A 12 + AA 2 2 — 0, A 2 i — 0 and A 22 = I. 
Solving for An and Ai 2 we get An = I and A 22 = —A. 




49. From ( P | ( o 11 q 12 J = ( L ® ) we obtain the following equations: AnBn = 7, An7?i 2 = 

V A 2 i -<4 22 J \ B 21 B 22 ) \U 1 J 

O , A 2 i5n + A 22 B 2 1 = O and A 2 ii?i 2 -f A 22 7? 22 = 7. Solving for the Bij we get 
Bn = AJ^ 1 , Bn = O, B 21 — A^i—AziA^) and 7? 22 = Aj/. 

Thus /^ 11 _ A j? °). 

\A 2 1 A 22 y V^22 ( — ^2lA u ) A 22 J 
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CALCULATOR SOLUTIONS 1.8 

The solution for Problem nn assumes the data has been entered into the matrix A18nn. 

50. The inverse of A1850, calculated by A1850 [2nd] FI [ENTER] is 

[[ .099858156028 -.076501182033 -.076312056738 ] 

[ -.101843971631 .272151300236 -.192056737589 ] . 

[ .143262411348 -.067139479905 .075177304965 ]] 

51. The inverse A1851, calculated by A1851 [2nd] FI [ENTER] is 

[[ -1.40754039497 .456014362657 .303411131059 ] 

[ .657091561939 -.166965888689 -.154398563734 ] . 

[ .439856373429 -.26750448833 -.03231597846 ]] 

52. The inverse of A1852, calculated by A1852 [2nd] FI [ENTER] is 

[[ -1.69701053654 1.60958317276 2.30794647641 1.41376091667 ] 

[ -.793941492883 1.67786019382 .951949895801 .261501231662 ] 

t 1.95621257025 -.200637557471 -.462876267722 .357416829406 ] 

[ -.654423076042 .641726876009 -.249248482807 .536103553562 ]] 

53. The inverse A1853, calculated by A1853 [2nd] FI [ENTER] is 

[[ .03984485542 .00954069806 .035197499863 .010590297574 ] 

[ -.003683920834 .00460111628 4.2629849506E-4 -.005608453127 ] 

[ .018345358489 .009413418129 .008529325192 .00297300599 ] ' 

[ .019410170095 .007025671643 .025503332841 .015762697722 ]] 

54. The inverse of A1854, calculated by A1854 [2nd] [F] [ENTER] is 

[[ .333333333333 -.208333333333 1.675 -1.42142857143 ] 

[ 0 .125 -.325 .578571428571 ] 

[0 0 .2 -.114285714286 ] 

[0 0 0 -.142857142857 ]] 

which has zeros below the diagonal. 

55. The inverse of A1855, calculated by A1855 [2nd] FI [ENTER] is 


.04329004329 


.125690401552 

-.196440007897 

.126871293496 

.203412258426 ] 

0 


.068965517241 

-.067111605488 

.035660968327 

.113274788336 ] 

0 

0 


-.02688172043 

.019100169779 

.007849426165 ] 

0 

0 


0 

.010964912281 

-.003226349456] 

0 

0 


0 

0 

.02132196162 ] 


which has zeros below the diagonal. 

56. The results in Problem 54 and 55 suggest that the inverse of an upper triangular matrix is upper triangular. 




96 Chapter 1 Systems of Linear Equations and Matrices 


Instructor’s Manual 


MATLAB 1.8 


1. (a) (i) 


» A = [12 3; 254; 1 -1 10]; 
» R = [A eye(3)] 

R = 


1 

2 

1 


2 

5 

-1 


3 

4 
10 


1 0 
0 1 
0 0 


0 

0 

1 


» rref(R) 
ans = 

1 0 

0 1 

0 0 


0 

0 

1 


» S = ans (:, [4:6] ) 
S = 

54 -23 -7 

-16 7 2 

-7 3 1 

(ii) 


54 

-16 

-7 


-23 

7 

3 


-7 

2 

1 


» S*A 
ans = 

1 

0 

0 


» A*S 
ans = 

1 

0 

0 


(iii) 


Both SA and AS are the identity matrix. Hence, S is the inverse of A. 


» inv(A) 
ans = 

54.0000 -23.0000 

-16.0000 7.0000 

-7.0000 3.0000 


-7.0000 

2.0000 

1.0000 


This seems to be the same as S although S-inv(A) may not be exactly zero due to round off. 
The command inv(A) computes the inverse of the matrix A. 


» A = 2*rand(5)-l 
A = 


0.8206 

-0.3435 

-0.5059 

-0.8546 

0.5330 

0.5244 

0.2653 

0.9651 

0.2633 

-0.0445 

-0.4751 

0.5128 

0.4453 

0.7694 

-0.5245 

-0.9051 

0.9821 

0.5067 

-0.4546 

-0.4502 

0.4722 

-0.2693 

0.3030 

-0.1272 

-0.2815 
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» R = [A eye(5)]; 
» rref(R) 


ans = 


Columns 1 

through 7 


1.0000 

0 

0 

0 

1.0000 

0 

0 

0 

1.0000 

0 

0 

0 

0 

0 

0 

Columns 8 

through 10 


1.7333 

-0.2542 

0.3383 

2.2202 

0.2963 

-0.8329 

-1.8634 

0.2153 

0.1091 

0.8678 

-0.6154 

-0.5434 

-1.6150 

-0.2000 

-1.8254 

» S = ans(: 

,[6:10]) 


S = 



1.6785 

0.1073 

1.7333 

2.0062 

0.1332 

2.2202 

-1.5142 

0.9549 

-1.8634 

0.0574 

0.1234 

0.8678 

-0.7602 

1.0249 

-1.6150 

» A*S 



ans = 



1.0000 

0 

0.0000 

0.0000 

1.0000 

0.0000 

0.0000 

0.0000 

1.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

» S*A 



ans = 



1.0000 

0.0000 

0.0000 

0.0000 

1.0000 

0.0000 

0.0000 

0.0000 

1.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

» inv(A) - 

S */. This ! 

should be 

ans = 



1.0e-15 * 



-0.4441 

0.1943 

0 

0 

-0.0278 

0 

-0.2220 

-0.1110 

0 

0.0278 

-0.0416 

0.1110 

0.1110 

-0.2220 

0.2220 


0 

0 

1.6785 

0 

0 

2.0062 

0 

0 

-1.5142 

1.0000 

0 

0.0574 

0 

1.0000 

-0.7602 


-0.2542 

0.3383 

0.2963 

-0.8329 

0.2153 

0.1091 

-0.6154 

-0.5434 

-0.2000 

-1.8254 


0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

1.0000 

0.0000 

0.0000 

1.0000 


0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

1.0000 

0.0000 

0.0000 

1.0000 

zero up to 

round off error 


0.3886 

-0.2220 

0.4996 

-0.1110 

-0.1943 

0.1943 

0 

0 

-0.1388 

0.2220 


0.1073 

0.1332 

0.9549 

0.1234 

1.0249 
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2. (i) 

» A = (1/13)* [275; 098; 740]; 

» rref(A) */. part (a) 
ans = 

10 0 
0 1 0 

0 0 1 

» B = inv(A) '/, This will exist since there are no zero rows above 
B = 

-32.0000 20.0000 11.0000 

56.0000 -35.0000 -16.0000 

-63.0000 41.0000 18.0000 

» '/, For part (c): 

» A*B '/, This should be I. 
ans = 

1.0000 0.0000 0.0000 

0 1.0000 0.0000 

0 0.0000 1.0000 

» B*A This should also be I. 
ans = 

1.0000 0.0000 0 

0 1.0000 0.0000 

0 0.0000 1.0000 

» b = 2*rand(3,l) - 1 '/. Choose a random b, with 3 rows, 

b = 

0.0090 

0.0326 

-0.3619 


» rref ( [A b] ) */. Solve Ax=b. 


ans = 

1.0000 

0 

0 

-3.6191 

0 

1.0000 

0 

5.1571 

0 

0 

1.0000 

-5.7488 

» x = ans(: 

,4); */. Set 

x equal 

to the solution 


» y = inv(A)*b '/, Solve Ax=b using inverses. 

y = 

-3.6191 

5.1571 

-5.7488 

» x-y '/. This should be zero up to round off error, 

ans = 

l.Oe-15 * 

0.4441 

0.8882 

-0.8882 



The Inverse of a Square Matrix MATLAB 1.8 


99 


(ii) 


» A = [2 -4 5; 0 0 8; 7 -14 0]; 

» rref(A) '/, part (a) 
ans = 

1-2 0 
0 0 1 

0 0 0 

» B = inv(A) V, This will not exist since there are zero rows above. 
Warning: Matrix is singular to working precision. 

B = 

Inf Inf Inf 

Inf Inf Inf 

Inf Inf Inf 

» '/, For part (b): "singular" means that the matrix is not invertible. 


» A = [1 4 -2 1; 5 1 9 7; 7 4 10 4; 0 7 -7 7]; 
» rref(A) '/, part (a) 
ans = 

10 2 0 
0 1-10 
0 0 0 1 

0 0 0 0 


» B = inv(A) */, This will not exist since there are zero rows above. 
Warning: Matrix is close to singular or badly scaled. 

Results may be inaccurate. RC0ND = 7.178166e-18 

B = 


1.0e+15 * 

-3.6029 -1.8014 

1.8014 0.9007 

1.8014 0.9007 

0.0000 0 


1.8014 1.2867 

-0.9007 -0.6434 

-0.9007 -0.6434 

0.0000 0.0000 


For part (b): From the command rref, we see that A is actually singular. However, MATLAB 
gives us an answer since round off error during the computation makes A seem to be invertible. 
However, MATLAB gives a warning since it could tell “nonsingularity” might be due to round off 
error. 


(iv) 


» A = [1461; 5197; 7484; 0757]; 
» rref (A) I, part (a) 
ans = 


10 0 0 
0 10 0 
0 0 10 
0 0 0 1 


» B = inv(A) '/. This will exist since there are no zero rows. 
B = 


-0.1558 -0.0779 

0.0115 -0.1609 

0.2121 0.1061 

-0.1631 0.0851 


0.2208 -0.0260 
0.1133 0.0945 

-0.1061 -0.0758 

-0.0375 0.1025 
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» */. For part (c): 

» A*B '/, This should be I. 
ans = 

1.0000 0.0000 0.0000 0.0000 

0 1.0000 0.0000 0.0000 

0.0000 0 1.0000 0.0000 

0.0000 0.0000 0 1.0000 

» B*A '/, This should also be I. 
ans = 

1.0000 0.0000 0.0000 0.0000 

0 1.0000 0.0000 0 

0 0 1.0000 0.0000 

0.0000 0.0000 0.0000 1.0000 

» b = 2*rand(4,l) - 1 '/, Choose a random b. 

b = 

0.9733 

- 0.0120 

-0.4677 

-0.8185 


» rref([A b]) 

ans = 

1.0000 

'/, Solve 

0 

Ax=b. 

0 

0 

-0.2327 

0 1 

.0000 

0 

0 

-0.1172 

0 

0 1 

.0000 

0 

0.3168 

0 

0 

0 

1.0000 

-0.2260 


» x = ans(:,5); '/. Set x equal to the solution. 

» y = inv(A)*b '/. Solve Ax=b using inverses. 

y = 

-0.2327 

-0.1172 

0.3168 

-0.2260 

» x-y V. This should be zero up to round off error, 

ans = 

1.0e-16 * 

0 

-0.5551 

0 

0.2776 


» A = (-1/56) * [1 2 3 4 5 

0-1 2-1 2 
1002-1 
11-111 
0 0 0 0 4 ]; 


(v) 
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» rref(A) */. part (a) 
ans = 


1 0 
0 1 
0 0 
0 0 
0 0 


0 0 
0 0 
1 0 
0 1 
0 0 


0 

0 

0 

0 

1 


» B = inv(A) 


*/, This will exist since there are no zero rows above. 


B = 

8.0000 - 

40.0000 

-8.0000 

-56.0000 

22.0000 

- 

12.0000 

4.0000 

40.0000 

-28.0000 

30.0000 


-8.0000 - 

16.0000 

8.0000 

0 

20.0000 


-4.0000 

20.0000 

-24.0000 

28.0000 

-18.0000 


0 

0 

0 

0 

-14.0000 

» 

*/, For part 

(c): 




» 

A*B 7, This should 

be I. 



ans 

= 






1.0000 

0 

0 

0 

0.0000 


0 

1.0000 

0.0000 

0 

0.0000 


0 

0 

1.0000 

0 

0 


0 

0.0000 

0 

1.0000 

0.0000 


0 

0 

0 

0 

1.0000 

» 

B*A '/, This should 

also be I. 



ans 

= 






1.0000 

0.0000 

0.0000 

0.0000 

0.0000 


0.0000 

1.0000 

0.0000 

0.0000 

0 


0 

0 

1.0000 

0 

0.0000 


0 

0.0000 

0.0000 

1.0000 

0.0000 


0 

0 

0 

0 

1.0000 


» b = 2*rand(5,l) - 1 '/. Choose a random b. 

b = 

0.5230 

0.5404 

0.6556 

-0.7493 

-0.9683 


» rref([A b]) 

7, Solve 

Ax=b. 




ans = 






1.0000 

0 

0 

0 

0 

-2.0200 

0 1 

.0000 

0 

0 

0 

14.0423 

0 

0 

1.0000 

0 

0 

-26.9510 

0 

0 

0 

1.0000 

0 

-10.5699 

0 

0 

0 

0 

1.0000 

13.5557 


» x = ans(:,6); '/, Set x equal to the solution. 
» y = inv(A)*b */, Solve Ax=b using inverses. 


- 2.0200 

14.0423 

-26.9510 

-10.5699 

13.5557 
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» x-y */, This should be zero up to round off error, 

ans = 

1.0e-13 * 

-0.1066 

0.0355 

0 

0 

0.0178 

» A = [ 1 2 -1 7 5 '/, Matrix for (vi) 

0-1 2-3 2 

1031-1 
1114 1 

0 0 0 0 4 ]; 


» rref(A) 
ans = 

1 

0 

0 

0 

0 


'/, part (a) 

0 

1 

0 

0 

0 


3 

-2 

0 

0 

0 


1 

3 

0 

0 

0 


0 

0 

1 

0 

0 


» B = inv(A) % This will not exist since there are zero rows. 
Warning: Matrix is singular to working precision. 

B = 


Inf 

Inf 

Inf 

Inf 

Inf 

Inf 

Inf 

Inf 

Inf 

Inf 

Inf 

Inf 

Inf 

Inf 

Inf 

Inf 

Inf 

Inf 

Inf 

Inf 

Inf 

Inf 

Inf 

Inf 

Inf 


» '/, This is the same warning as in (ii). 


3. (a) 


» A = round(10*(2*rand(5)-l)) 
A = 


4 

10 

0 

-5 

-6 

7 

8 

2 

-2 

-7 

3 

-5 

7 

1 

1 

5 

-4 

-2 

-1 

6 

5 

-3 

7 

-4 

-9 

» B = A; 

» B(3,:) 

= ; 

3*B(1,:) 

+ 5*B(2 

1 > • 

B = 

1 

8 

4 

-2 

-6 

0 

2 

-7 

-9 

-4 

3 

34 

-23 

-51 

38 

5 

-7 

-5 

9 

3 

1 

-6 

-10 

-5 

-7 
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ref(B) 





1.0000 

0 

0 

0 

-6.8037 

0 

1.0000 

0 

0 

3.2398 

0 

0 

1.0000 

0 

-4.1014 

0 

0 

0 

1.0000 

4.3544 

0 

0 

0 

0 

0 


Since the bottom row of the reduced matrix is zero, B will not be invertible. 

(b) 

» B= A; 


' - - " 1 

» B(4,:) 

= 2*B(2,:) 

- B(1 




B = 






1 

8 4 

-2 

-6 



0 

2 -7 

-9 

-4 



9 

7 -8 

4 

8 



-1 

-4 -18 

-16 

-2 



1 

-6 -10 

-5 

-7 



» rref(B) 






ans = 






1.0000 

0 


0 

0 

-6.6780 

0 

1.0000 


0 

0 

3.0199 

0 

0 

1 . 

0000 

0 

-3.8251 

0 

0 


0 

1.0000 

4.0906 

0 

0 


0 

0 

0 


Again, the bottom row is zero, so B is hot invertible. 

(c) Assume that row i is a linear combination of the other rows. Since one of the valid operations 
in Gaussian Elimination is to add a multiple of one row to another, we may subtract this linear 
combination of the other rows from row i. This will leave a matrix with zeros in row i. By rear¬ 
ranging the rows, we may put this zero row at the bottom. After continuing the Gaussian Elimi¬ 
nation, this bottom row will still be zero, so the matrix will be singular. 


4. 


» A = round(10*(2*rand(7)-l)) 
A = 


4 

2 

1 

-4 

0 

9 

-3 

-2 

9 

-5 

3 

-2 

-2 

-5 

-2 

1 

0 

-7 

-6 

-7 

-7 

0 

-7 

-1 

3 

-9 

8 

6 

-7 

10 

9 

2 

8 

-8 

-1 

2 

-2 

-7 

6 

-1 

-7 

-3 

7 

-7 

-6 

-5 

-7 

-9 

-1 

B = 

A; 






B(: 

,3) = 

2*B(:,1) 

- B(: 

,2) 



4 

2 

6 

-4 

0 

9 

-3 

-2 

9 

-13 

3 

-2 

-2 

-5 

-2 

1 

-5 

-7 

-6 

-7 

-7 

0 

-7 

7 

3 

-9 

8 

6 

-7 

10 

-24 

2 

8 

-8 

-1 

2 

-2 

6 

6 

-1 

-7 

-3 

7 

-7 

21 

-5 

-7 

-9 

-1 



104 Chapter 1 Systems of Linear Equations and Matrices 


Instructor’s Manual 


» C = A; 


» 

C(:,4) 

= 

C(: 

:, 1)+C(:,2) 

-C(:,3) 

} 


» 

C(:,6) 

= 

3*C(: , 

2) 





c = 

4 

2 


1 


5 

0 

6 

-3 


-2 

9 


-5 


12 

-2 

27 

-5 


-2 

1 


0 


-1 

-6 

3 

-7 


0 

-7 


-1 


-6 

-9 

-21 

6 


-7 

10 


9 


-6 

8 

30 

-1 


2 

-2 


-7 


7 

-1 

-6 

-3 


7 

-7 


-6 


6 

-7 

-21 

-1 

» 

D = A; 









» 

D(:,2) 

= 

3*D(:, 

1) 

» 




» 

D(:,4) 

= 

2*D(:, 

1) 

-D(:, 

2)+4*D( 

: ,3); 


» 

D(:,5) 

= 

D(: 

:,2) 

- 

5*D( 

• >3) 



D = 

4 

12 


1 


0 

7 

9 

-3 


-2 

-6 


-5 


-18 

19 

-2 

-5 


-2 

-6 


0 


2 

-6 

-7 

-7 


0 

0 


-1 


-4 

5 

8 

6 


-7 

21 


9 


43 

-66 

-8 

-1 


2 

6 


-7 


-30 

41 

-7 

-3 


7 

21 


-6 


-31 

51 

-9 

-1 

» rref(B) 









ans 

= 










1 

0 


2 


0 

0 

0 

0 


0 

1 


-1 


0 

0 

0 

0 


0 

0 


0 


1 

0 

0 

0 


0 

0 


0 


0 

1 

0 

0 


0 

0 


0 


0 

0 

1 

0 


0 

0 


0 


0 

0 

0 

1 


0 

0 


0 


0 

0 

0 

0 

» 

rref(C) 








ans 

= 










1 

0 


0 


1 

0 

0 

0 


0 

1 


0 


1 

0 

3 

0 


0 

0 


1 


-1 

0 

0 

0 


0 

0 


0 


0 

1 

0 

0 


0 

0 


0 


0 

0 

0 

1 


0 

0 


0 


0 

0 

0 

0 


0 

0 


0 


0 

0 

0 

0 

» 

rref(D) 








ans 

= 










1 

3 


0 


-1 

3 

0 

0 


0 

0 


1 


4 

-5 

0 

0 


0 

0 


0 


0 

0 

1 

0 


0 

0 


0 


0 

0 

0 

1 


0 

0 


0 


0 

0 

0 

0 


0 

0 


0 


0 

0 

0 

0 


0 

0 


0 


0 

0 

0 

0 


Each rref has a row of zeros so the original matrices are not invertible. So we conjecture any 
matrix with some columns equal to linear combinations of other columns will not be invertible. 
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(b) Repeat with your own E. (The example E = A; E(: ,3) = 3*E(: ,2) ; 

E( : ,4) = 2*E( :, 1) + 4*E(: ,3) is interesting.) 

(c) If column j of A is a linear combination of columns preceeding it, then there will be no pivot in 
column j of rref (A), and the non-zero entries in column j of rref (A) may be the coefficients in 
the linear combination which represents the j th column. For instance column 4 in rref (D) has 
-1 in row 1, 4 in row 2 and £)(:, 4) = -1 £>(:, 1) + 4D(:, 2). (However, for the E suggested in (b), 
rref (E) will not recover the (2,4) coefficients for column 4 since column 3 will not be a pivot 
column.) 

(d) This is the converse of Problem 5, Section 1.7. There we saw that if column j of rref (A) had 
no pivot, then column j of A is a linear combination of the preceding (pivot) columns of A with 
coefficients given by the entries in column j of rref (A). 

5. (a) (i) 


» A = triu( round(10*(2*rand(5)-i)) ); 

» A(2,2) = 0 
A = 

1 -1 -1 -7 5 

0 0 6 3 5 

0 0 -3 2 -4 

0 0 0 -10 -2 

0 0 0 0 4 

» rref (A) '/. part (i) 

ans = 

1-1 000 
0 0 10 0 
0 0 0 1 0 

0 0 0 0 1 

0 0 0 0 0 

Since the bottom row is zero, A is not invertible. This can be repeated 4 more times. In general, 
if A is upper triangular, and there is a zero on the diagonal, A will not be invertible. However, if 
there is not a zero, it will be invertible: 


» A = triu( 
A = 

-6 -2 

0 2 

0 0 

0 0 

0 0 

» rref(A) 
ans = 

1 0 

0 1 

0 0 

0 0 

0 0 


round(10*(2*rand(5)-l)) ) 

10 3 3 

-5 4 3 

-5 6 -9 

0 4 2 

0 0-5 


0 0 0 
0 0 0 
10 0 
0 10 
0 0 1 


This matrix is invertible. 
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(ii) 


» B = inv(A) 
B = 

'/. part 

(ii) 



-0.1667 

-0.1667 

-0.1667 

0.5417 

0.3167 

0 

0.5000 

-0.5000 

0.2500 

1.3000 

0 

0 

-0.2000 

0.3000 

0.4800 

0 

0 

0 

0.2500 

0.1000 

0 

0 

0 

0 

-0.2000 


The inverse of an upper triangular matrix is also upper triangular. Also, if the diagonal en¬ 
tries of A are an then the diagonal entries of A~ l will be 1/a,-,-. Since one of the diagonal 
entries in (i) was 0, the matrix will not be invertible since 1/0 is not defined. 

(iii) Part (iii): To reduce the matrix [A /] to echelon form, we would divide row one by a, row 
two by d, and row three by /. After this step, we would have 1/a, 1/d, and 1// on the diag¬ 
onal of the right hand side. We would then add multiples of row three to rows one and two, 
which will not change the diagonal on the right. Finally, we would add a multiple of row two 
to row one, which again will not change the diagonal on the right. This will leave the I on 
the left, and A~ x on the right. As predicted in (ii) the diagonal entries of A~ l are the in¬ 
verses of those in A. Also, as predicted in (i), the first step of this process will fail if a, d, or 
/ is zero. (See the solution to Problem 29.) 


» A = [1 2 3; 4 5 6; 7 8 9]; 

» rref(A) 
ans = 

1 0 -1 

0 12 

0 0 0 

A is not invertible. 

» B = Cl 2 3 4; 5 6 7 8;9 10 11 12; 13 14 15 16]; 

» rref(B) 
axis = 

1 0 - 1-2 

0 12 3 

0 0 0 0 

0 0 0 0 

B is also not invertible. In general, a matrix of this form will not be invertible. If C = (c,y) is an 
n x n matrix with Cij = j + (i — l)n, then c$j = 2 * C 2 j — 1 * cy. This means that the third row is 
2 times the second row minus the first row. 

(c) The assertion that there is a unique nth degree polynomial that fits n + 1 points is the same as 
saying that the coefficient matrix is invertible. 

» x = 2*rand(5,1)-1 
x = 

-0.2330 

0.0388 

0.6619 

-0.9309 

-0.8931 



The Inverse of a Square Matrix MATLAB 1.8 


107 


» V= vander(x) 
V = 


0.0029 

-0.0126 

0.0543 

-0.2330 

1.0000 

0.0000 

0.0001 

0.0015 

0.0388 

1.0000 

0.1920 

0.2900 

0.4382 

0.6619 

1.0000 

0.7508 

-0.8066 

0.8665 

-0.9309 

1.0000 

0.6361 

-0.7123 

0.7976 

-0.8931 

1.0000 

» inv(V) 





ans = 





8.9238 

-6.5334 

0.7240 

24.5579 

-27.6723 

10.0230 

-9.1141 

1.4612 

10.4447 

-12.8147 

-3.7580 

0.6876 

0.8518 

-13.6375 

15.8561 

-4.7803 

4.1676 

0.1049 

-2.8701 

3.3779 

0.1907 

0.8377 

-0.0054 

0.1314 

-0.1543 


This may be repeated several times. As long as the points in x are distinct, the Vandermonde 
matrix V will be invertible. 

6. (a) Enter Al, A2, ... A5. Then 

» rref(Al) 
ans = 

1 0 0 0 0 

0 10 0 0 

0 0 10 0 

0 0 0 1 0 

0 0 0 0 1 

We see Al is invertible. The same result will come from rref (A3) and rref (A4), so both A3 
and A4 are invertible. 

» rref(A2) 
ans = 

10 3 10 

0 1-230 

0 0 0 0 1 

0 0 0 0 0 

0 0 0 0 0 

» rref(A5) 
ans = 

1-2001 
0 0 10-2 

0 0 0 1 1 

0 0 0 0 0 

0 0 0 0 0 

Both A2 and A5 are not invertible. 

» rref(A1*A2) 

10 3 10 

0 1-230 

0 0 0 0 1 

0 0 0 0 0 

0 0 0 0 0 


ans 
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» rref(A1*A3) 
ans = 

1 0 0 0 0 
0 10 0 0 
0 0 10 0 

0 0 0 1 0 

0 0 0 0 1 

A1 ■ A2 is not invertible, and A1 ■ A3 is invertible. From the list given A1 • A3, Al ■ A4, and A3 ■ A4 
are invertible, while the others are not: 

» rref (A1*A5) 
ans = 

1-2001 
0 0 10-2 

0 0 0 1 1 

0 0 0 0 0 

0 0 0 0 0 

» rref(A2*A3) 
ans = 

1-2001 
0 0 10-2 

0 0 0 1 1 

0 0 0 0 0 

0 0 0 0 0 

» rref(A2*A4) 
ans = 

1.0000 0 1.2857 -0.0621 0 

0 1.0000 0.2857 0.8509 0 

0000 1.0000 
0 0 0 0 0 

0 0 0 0 0 

» rref(A2*A5) 
ans = 

1-2001 
0 0 1 0-2 

0 0 0 1 1 

0 0 0 0 0 

0 0 0 0 0 

» rref(A3*A5) 
ans = 

1-2001 
0 0 10-2 

0 0 0 1 1 

0 0 0 0 0 

0 0 0 0 0 

» rref(A4*A5) 

1-2001 
0 0 10-2 

0 0 0 1 1 

0 0 0 0 0 

0 0 0 0 0 


ans 
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A product of two matrices will be invertible only if both of the original two matrices are invert¬ 
ible. In the above, since A2 and A5 were not invertible, any product involving either of these is 
not invertible. 

(b) For AI-A3: 

» inv(Al*A3) - inv(Ai)*inv(A3) 
ans = 


4.8095 - 

20.8571 

-3.3810 

-15.8571 

8.0857 

16.5833 

-7.8690 

16.5238 

-4.7976 

0.7357 

1.0238 

13.0238 

7.0476 

10.0238 

-5.7357 

-5.8452 

-4.7024 

-9.1190 

-3.9881 

2.9500 

0 

0 

0 

0 

0 

inv(Al*A3) 

- inv(A3)*inv(Al) 



1.0e-14 * 





-0.0444 

0 

0.2665 

0 

0.0888 

0 

0.1776 

-0.0333 

0.0888 

-0.1332 

0.1332 

-0.1776 

-0.2665 

-0.3553 

-0.2665 

-0.1554 

0.1776 

0.1332 

0.1776 

0.0888 

0 

0 

0 

0 

0 


The second result is 0 to within round off error. Similarly: 


» inv(Al*A4) - inv(Al)*inv(A4) 
ans = 


-16.3571 

13.5714 

3.8571 

10.4286 

6.4286 

3.0000 

9.5714 

9.5000 

18.3571 

-14.1786 

-9.7143 

9.2857 

6.7143 

8.5714 

0.7500 

1.5000 

-1.6429 

-1.5000 

-0.7143 

-1.3929 

0.7857 

-1.4286 

-0.2857 

-2.0000 

0.7857 


» inv(Al*A4) - 
ans = 

1.0e-13 * 
0.0089 -0 

-0.1066 -0 
-0.0488 -0 

0.0155 -0 

0.0006 0 

» inv(A3*A4) - 
ans = 

-74.6667 223 

-531.2333 320 

-435.0667 153 

158.9667 -20 

33.6000 -22 

» inv(A3*A4) - 
ans = 

1.0e-ll * 
-0.1478 0 

0.0284 -0 

-0.0114 -0 

0.0014 0 

0.0092 0 


inv(A4)*inv(Al) 


3730 

0.2087 

0355 

0.3908 

0355 

0.2309 

0644 

-0.0266 

0600 

-0.0377 

inv(A3)*inv(A4) 

3333 

-265.0000 

8333 

-435.5000 

6667 

-228.0000 

3333 

38.0000 

6667 

30.0000 

inv(A4)*inv(A3) 


0284 

-0.2160 

1364 

-0.1307 

0625 

-0.0966 

0135 

0.0199 

0025 

0.0181 


-0.6040 

-0.1243 

-0.1599 

-0.0822 

0.0977 


117.6667 

214.5000 

119.0000 

-22.1667 

-14.6667 


0.1180 

0.0796 

0.0554 

-0.0117 

-0.0107 


0.3730 

0.1599 

0.1332 

0.0389 

-0.0622 


-63.7333 

-48.5667 

-1.9333 

-16.2667 

4.0000 


-0.0142 

0.0092 

0.0014 

- 0.0001 

0.0006 
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From these, we may conjecture that 

(AB)- 1 =0 or {AB)~ l = B~ l A” 1 . 

In fact, this will be true: see theorem 3 in this section. 


» A = [123; 456; 7 8 9]; 
» rref(A) 
ans = 

10-1 
0 12 

0 0 0 


Since the bottom row is all zeros, A isn’t invertible, 
(a) 


(b) 


» format short e ’/, Use scientific notation. 
» f = l.e-5; C = A; C(3,3) = A(3,3) + f; 

» inv(C) 


ans = 

9.9998e+04 

-2.0000e+05 

1.0000e+05 


-2.0000e+05 1.0000e+05 

4.0000e+05 -2.0000e+05 

-2.0000e+05 1.0000e+05 


C = A; C(3,3) = A(3,3) + f; 


» f = l.e-7; 
» inv(C) 
ans = 

1.0000e+07 
-2.0000e+07 
1.0000e+07 


-2.0000e+07 
4.0000e+07 
-2.0000e+07 


1.0000e+07 
-2.0000e+07 
1.0000e+07 


» f = l.e-10; C = A; C(3,3) = A(3,3) + f; 
» inv(C) 
ans = 

1.0000e+10 -2.0000e+10 1.0000e+10 

-2.0000e+10 4.0000e+10 -2.0000e+10 

1.0000e+10 -2.0000e+10 1.0000e+10 

(c) The entries in C~ l are roughly the same size as 1//. 

(d) 


» x = [1; 1; 1] ; 

» f = l.e-5; C = A; C(3,3) = A(3,3) + f; b = [6; 15; 24+f]; 
» y = inv(C) * b 

y = 

1.0000e+00 
1.0000e+00 
1.0000e+00 

» z = x-y 
z = 

0 

0 

4.6566e-10 
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» f = l.e-7; C = A; C(3,3) = A(3,3) + f; b = [6; 15; 24+f]; 

» y = inv(C) * b 

y = 

1.0000e+00 
1.0000e+00 
1.0000e+00 

» z = x-y 
z = 

0 

-5.9605e-08 
-5.9605e-08 

» f = l.e-10; C = A; C(3,3) = A(3,3) + f; b = [6; 15; 24+f]; 

» y = inv(C) * b 

y = 

9.9997e-01 
1.0001e+00 
9.9997e-01 

» z = x-y 
z = 

3.0518e-05 
-6.1035e-05 
3.0518e-05 

» format '/, Return to standard format for the next problem. 

As / gets smaller, the error term z becomes larger. This means that the closer C is to a nonin- 
vertible matrix, the more error there is in the computation of C~ l . In fact the sum of the ex¬ 
ponents in / and z is always -15. This is related to the fact that there are about 15 significant 
digits in MATLAB’s internal computations. 

8. (a) Problem 37: 

» A = [ 0.293 0.014 0.044; 0 0.207 0.010; 0 0.017 0.216]; 

» L = eye(3) -A '/, This is the Leontief matrix. 

L = 

7.0700e-01 -1.4000e-02 -4.4000e-02 

0 7.9300e-01 -1.0000e-02 

0 -1.7000e-02 7.8400e-01 

» x = inv(L) * C 13216; 17597; 1786] 
x = 

1.0e+04 * 

1.9305 

2.2225 

0.2760 

Israel needs 19,305 pounds for Agriculture, 22,225 for Manufacturing, and 2,760 for Energy to 
export the given amounts. 
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(b) 

» A = [ .2 .1 .3; .15 .25 .25; .1 .05 0]; 

» L = eye(3) - A 
» format long 

» x = inv(L) * [300000; 200000; 200000] 
x = 

1.0e+05 * 

5.37197626654496 
4.66453674121406 
2.77042446371520 
» format 

This is the same answer as the one to 9(b) in Section 1.3. 

9. If we arrange the message as a sequence of rows, then we need to multiply each row by the encoding 
matrix. Since these are rows, and not columns, the encoding matrix must be on the right. 

Write M for the message and C for the coded message. If encoding the message is done by multiply¬ 
ing by A then C = M ■ A. Multiplying C by A -1 will decode the message because 

C ■ A- 1 = (M ■ A) -A- 1 = M -(A- A- 1 ) = M ■ I = M. 

» A = [1 2 -3 4 5; -2 -5 8 -8 -9; 12-279; 1106 12; 24-68 11] 

» C = [47 49 -19 257 487 
10 -9 63 137 236 
79 142 -184 372 536 
59 70 -40 332 588]; 

» M = round(C * inv(A)) '/, use round to get rid of any small error term. 

M = 


1 

18 

5 

27 

25 

15 

21 

27 

8 

1 

22 

9 

14 

7 

27 

6 

21 

14 

27 

27 


»setstr(M + ’A’ - 1) '/. setstr(l:27 + >A’ - 1) is ’ABC...XYZ[> 

ans = '/, So given command prints the message 

ARE[Y '/. but with ’[’ instead of ’ ’. 

0U[HA 

VING[ 

FUN[[ 

The message decodes to “ARE YOU HAVING FUN”. 
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Section 1.9 



5. 



6. 


1 2 
2 4 


3 -5 



7. 


10 \ 

0 1 

1 0 

0 1/ 


8 . 


2 2 1 1A 
- 1465 ; 


( a d g\ 
b e /i 

cfj) 


10 . 


0 0\ 
0 0 
0 0 / 



/ On O 12 • 

' ‘ a lm ^ 


/ 6 n 612 ■ 

' * ^lm ^ 

11. Let A = 

021 “22 ’ 

‘ ’ a 2 m 

and B = 

621 622 • 

^2 m 


V a„i a„2 • 

‘ a nm / 


' bnl b n 2 • 

bnm f 


Then (A + B )‘ = 


/ an + bn 021+621 ••• <Jni+6 n i\ 

Ol2 + 612 022 + 622 ' ' ' 0„2 + 6„2 

V ai m + 6lm 02m + b^m ' 1 ' a nm + b nm ) 


= A*+ B t 


12. a = 5; /?= 3 

13. aij = aji and 6 tJ - = for 1 < i < n and 1 < j < n. Then, a {j + bij = a j{ + 6j,-. Thus, A + B is 
symmetric. 

14. Since A is symmetric, aj k = a k j for 1 < j < n, 1 < k < n. And since B is symmetric, b ki = b ik for 

n n 

l<i<n,l<k<n. Therefore, ^2, a j k b ki = ^ ~y ik a k j. Thus, (AB) ( = BA. 

k =1 i = l 

15. Suppose A is m x n. Then A* is n x m. Then AA* is defined and is an m x m matrix. Note that 

n n 

5>a„ = £>*a ijk . That is, the ij th component of A A 1 is equal to the ji th component of AA t . 
k = l k -1 

Thus, AA l is symemtric. Another proof is that (AA*)* = (+*)*+* = AA\ so AA t is equal to its own 
transpose, hence is symmetric. 

16. If i = j then clearly a, ; - = aji. If i ± j then a,j = 0 and aji = 0. Thus, a {j = Qji . Thus, A is 
symmetric. 
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17. Let U = 


Then U 


fu n u 12 • ■ • «i„\ 

0«22 ' • ' «2n 

V 0 0 • • • 0 u„„ / 


( un 0 • • • 0^ 

u 12 u 22 0 - 0 


be upper triangular. 


t _ 


Vuin 


is lower triangular. 


«2 n 


- 0 / 


18. (a) No (b) Yes (c) No (d) Yes 


19. >1* = -A and B' = -5. Then (4 + 5/ = vT + B t = -4 - 5 = -(T + B). Thus, A + B is 
skew-symmetric. 


20. A i = —T. ciij = —aji. Elements on the main diagonal are of the form a,,-. a,j = —an. It follows that 
a ii — 0. 

21. (ABy = B t A t = (—B)(—A) = BA. AB is symmetric if and only if ( AB )* = AB. But (AB)* = BA. 
Thus AB is symmetric if and only if A and B commute. 


22. The ij th component of (T + yP)/2 = (aij+aji)/ 2 and the ji th component of (T + j4‘)/2 = (aji + aij)/ 2. 
Thus (A + A *)/2 is symmetric. 


23. The ij th component of (A — A f )/2 = (a,y — aji )/2 and the ji th component is (aj,- — a,y)/2 = —(a,y — 
aji)/2. Thus (4 — A i )/2 is skew-symmetric. 


24. Let A, B, and C be n x n matrices. Suppose A = B + C where B is symmetric and C is skew- 
symmetric. Then cq j = 6,y + Cij and aji = bji + cj ,• . But and cji = —Cij. 

Then b ,j —|— Cij — aij 

bij — Cij = Oji 

Then = (a t; - + aji)/2 and Cjj = (a^ — aji)/2. Note that these solutions are unique. Thus, any 
square matrix can be written in a unique way as the sum of the symmetric matrix (A + A*)/2 and the 
skew-symmetric matrix {A — a 1 )/2. (This uses the results of Problems 22 and 23.) 


25. A A* 


f an ai2 \ / an a 2 i A _ ( -f aj 2 ana2i + ai 2 a 2 2 \ _ f 1 0 

\a 2 i a 22 ) \ a i2 a 2 2 / ~~ Vaiia 2 i + a 12 a 22 a\ x + a | 2 ) ~ \0 1 


Thus A is invertible 


and A 1 = A*. 


26. 




(-2 3/2\ 


= (A- 1 )* 


27. 
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/ 3 0 0\ /1/3 —1/3 —1/3\ / 1/3 0 0\ 

28. A* = 2 2 0 J4" 1 = 0 1/2 1 ( A - 1 ) 1 = -1/3 1/2 0 = (yl*)" 1 

\ 1 2 —1 / \0 0-1/ \ —1/3 1-1/ 


/10 5\ / 13/8 —15/8 5/4 \ 

29. A* = 1 2 5 ( A- 1 )* = -1/2 1/2 0 = (A*)- 1 

V 1 3 1 / V- 1 / 8 3/8 —1/4 / 
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» A = round( 5*(2*rand(4,3)-l)) 

A = 

-3 4 -5 

-5 -1 -4 

2 0 0 

2 3 2 

» B = round( 5*(2*rand(3,2)-l)) 

B = 

-5 -1 

-1 2 

-4 1 

» (A*B)’ - A’ * B’ 

??? Error using ==> * 

Inner matrix dimensions must agree. 

» (A*B) ’ - B' * A’ 
ans = 

0 0 0 0 

0 0 0 0 

It is possible that A t B t is not always defined. However (A5) ( is always the same as B t A t . 


» A = [12 3; 2 5 4; 1-1 10]; ’/, This was invertible. 

» inv(A’) 
ans = 

54.0000 -16.0000 -7.0000 

-23.0000 7.0000 3.0000 

-7.0000 2.0000 1.0000 

» inv(A)’ 
ans = 

54.0000 -16.0000 -7.0000 

-23.0000 7.0000 3.0000 

-7.0000 2.0000 1.0000 

This should be repeated for each of the other matrices. In each case A* is invertible if and only if A is 
invertible. Also, (A*) -1 = (A -1 )*. 

3. (a) 

» A = round( 10*(2*rand(4) -1) ) 

A = 

9 3 5 -3 

7-2-5 3 

14-95 
-8 8 5 10 
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» B = A’ + A 
B = 


18 

10 

6 

-11 

10 

-4 

-1 

11 

6 

-1 

-18 

10 

-11 

11 

10 

20 


For any matrix A, B will be symmetric. 

(b) 


» C = A’ - A 
C = 


0 4 

-4 

-5 

-4 0 

9 

5 

4 -9 

0 

0 

5 -5 

0 

0 

For any A, C will be antisymmetric: C 1 = —C. 

» G = A*A’ 5 

For 

the matrix above. 

G = 

124 23 

-39 

-53 

23 87 

59 

-67 

-39 59 

123 

29 

-53 -67 

29 

253 

» A = round( 

10*(2*rand(3,4) -1) ) */, A non-square matrix 

A = 

-3 4 

-9 

-5 

-5 5 

3 

-1 

10 3 

8 

5 


» G = A*A’ 
G = 


131 

13 

-115 

13 

60 

-16 

-115 

-16 

198 


For any matrix A, G will be symmetric. 

(d) If the ij entry of A is a,j then the ij entry of A* is ciji. The ij entry of B is = a,ij + a,, which 
is the same as bji = a,-,- + o,y, so B is symmetric. 

The ij entry of C is a,y — aj,•, while the ij entry of C* is a,-,- — a 8 j = — c,y, so C* — —C. 

The ij entry of G will be gij = Yk a >kajk■ The ji entry of G will be Yk a jk<iik which is the same 
as gij. Hence G is symmetric. 

4. (a) In problem 2 from section 1.7, it was shown that the solution of Ax = 0 produces all vectors x 
that are perpendicular to the rows of A. Since the columns of A are the same as the rows of A t , the 
solution of yFx = 0 will produces all vectors x that are perpendicular to the colums of A. 

(b) (i) 


» A = [2 0 1; 0 2 1; 1 1 1; -1 1 1; 111]; 
» rref(A’) 
ans = 


1.0000 

0 

0.5000 

0 

0.5000 

0 

1.0000 

0.5000 

0 

0.5000 

0 

0 

0 

1.0000 

0 
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The solutions have X3 and X5 arbitrary, and x\ = —.5x3 — .5xs, x 2 — — .5x3 —.5x5, and x 4 = 0. 

(ii) 

» A = [2 4 5; 0 5 7; 7 8 0; 7 0 4; 9 1 1]; 

» rref(A’) 


ans = 


1.0000 

0 0 

5.8462 

5.3846 

0 

1.0000 0 

-3.6044 

-3.7033 

0 

0 1.0000 

-0.6703 

-0.2527 

The solutions have 
3.7033x5, and X 3 = 

x 4 and X 5 arbitrary, and x 4 — —5.8462x4 — 5.3846x 5 , x 2 = 3.6044x 4 -f 
: .6703X4 + .2527X5. 


» A = rand(5,3) 


A = 

0.2661 

0.3841 

0.9410 


0.0907 

0.2771 

0.0501 


0.9478 

0.9138 

0.7615 


0.0737 

0.5297 

0.7702 


0.5007 

0.4644 

0.8278 


>> rrefCA 1 ) 

ans = 

1.0000 

0 

0 

1.0319 0.5701 

0 

1.0000 

0 

1.7249 -0.4801 

0 

0 

1.0000 

-0.3771 0.4142 

The solutions have 

x 4 and X5 

arbitrary, and Xi = —1.0319x4 — 0.5701x 5 , x 2 = —1.7249x4-} 

0.4801x5, and X3 = 

: 0.3771X4 

- 0.4142x5. 



5. 


» A = 2*rand(4)-l 
A = 

-0.7493 0.2591 

-0.9683 0.4724 

0.3769 0.4508 

0.7365 0.9989 


0.7771 0.0265 
-0.5336 0.1822 
-0.3874 0.6920 
-0.2980 -0.1758 


» Q = orth(A) 


0.5071 0.2864 

0.6553 0.4839 

-0.2551 0.3366 

-0.4984 0.7553 


0.7859 

-0.5678 

-0.1922 

0.1515 


-0.2077 

0.1184 

-0.8858 

0.3977 


(a) 


» x = 2*rand(4,1)-1 
x = 

0.6830 

-0.4614 

-0.1692 

0.0746 
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» y = 2*rand(4,1)-1 

y = 

-0.0642 
-0.4256 
-0.6433 
-0.6926 

» s = x’ * y '/, The scalar product of x and y. 
s = 

0.2097 

» r = ( Q*x )’ * (Q*y) '/ The scalar product of Qx and Qy. 

s = 

0.2097 

» format short e 
» s-r 
ans = 

5.5511e-17 

Since Q is orthogonal, x • y is the same as (Qx) • (Qy). 

(b) If the above steps are repeated, even if A is complex, the inner product of x and y will always be 
the same as that of Qx and Qy. (For complex A this depends on the fact that A! — (Ay. Also 
you should reverse the x, y variables as x ■ y = y' * x for complex vectors.) 


» x = Q(:,l); y = Q(:,2); '/, Let x be the 1st column, and y the 2nd. 
» sqrt(x’ * x) */, the length of the 1st column, 
ans = 

1.0000 


» x’ * y '/ The inner product of the 1st and 2nd column, 
ans = 

5.5Slle-17 


(d) 


This is zero up to round off and the same results follow for all the other columns. 


» inv(Q) 
ans = 

0.5071 0.6553 

0.2864 0.4839 

0.7859 -0.5678 

-0.2078 0.1184 


-0.2551 -0.4984 

0.3366 0.7553 

-0.1923 0.1515 

-0.8858 0.3976 


Q 1 and Q' are the same for any orthogonal matrix. 

(e) To show that x • y = Qx • Qy, we will use Q -1 = Q‘. (If Q is complex replace * with '.) 

Qx-Qy = (Qx)*Qy = x*Q‘Qy = x‘Q _1 Qy = x*/y = x*y = x • y. 

The ith column of Q is Qe; where e, is a vector with a 1 in the zth position and zeros elsewhere. 
This means that the inner product of the ith column of Q with the yth column can be written as 
Qej ■ Qej. Using (b) we have that Qe,- ■ Qej = e,- • ej , which is I if i = j and is 0 if i ^ j. The 
statement in (c) follows immediately. 
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Section 1.10 

1. RiTlR 2 is an elementary matrix 2. f ?2 + Ri is an elementary matrix 

3. Since two operations RxT^-R-i, R 2 —* R 2 + R\ are needed, this is not an elementary matrix 

4. 2R 2 is an elementary matrix 

5. Two operations needed: R\ —*■ 3i?i, R 2 —► 3J?2, so not an elementary matrix 

6. is an elementary matrix 

7. Two operations, R,\7±R 2 , R 2 J±R 3 , so not an elementary matrix 


8. Two operations needed, R 2 —* R 2 + 2f?i, R 3 —> R 3 + 3i?i, so not an elementary matrix 

9. i ?2 + 2/?i is an elementary matrix 10. R 4 + R 2 is an elementary matrix 


11. Two operations needed. R 2 —► R 2 + R \, R 4 —► i ?4 + R$, so not an elementary matrix 

12. R\ — R 2 is an elementary matrix 


13. 


17. 


0 0 1 
0 1 0 
10 0 , 


21 . 


25. 


29. 


33. 


14. 


18. 



15. 


19. 



16. 


20 . 



22 . 


26. 


30. 


34. 


1 0 
-2 1 



0 1 0 
1 0 0 
0 0 1 


23. 


1 2 
0 1 


31. 


35. 



24. 


32. 


36. 


0 1 
1 0 


1 0 0\ 


(-1 0 0\ 


/I 

-2 0 

-3 10 

27. 

0 10 

28. 

0 

1 0 

0 0 1/ 


V 001 ; 


\o 

0 1 



38 . 


/I0 -1 0\ 
0 1 0 0 
0 0 10 
Voo 01/ 


/I 0 0 

-5\ 


/I 0 0 0\ 

0 1 0 

0 

40. 

f 0100 

0 0 1 

0 

,0310 

Vo 0 0 

1 / 


\0 0 0 1/ 
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43 . 


/lll\ 
0 2 3 
\ 5 5 1 / 


R$ —► R 3 — 5Ri 

R 2 - \R 2 
R\ —> R\ — R 2 


/10 1/2 \ 
01 3/2 
\0 0 - 4 / 


•^3 —> -\R3 
R2 —► — 1 . 5 i ?3 

i?i —► R\ -+• O. 5 H 3 


(!!!) 

\0 01 J 


/100\ /100\ / 1 1 0\ /10 0\ /1 0 —1/2\ /10 0\ 
. 4 = 010 020 010 01 0 01 0 013/2 

\5 0 1/ \001/ V 001 / \0 0 — 4 / \00 1/ \00 1/ 



R 'i - 


* 

O. 5 R 2 


Ri 


1 0 - 1 / 3 ' 
,01 1 
- 3 R 2 \ 0 0 -1 


H 3 —► — R 3 

R 2 —► ^2 - R 3 

/?! —♦ fij + 4/?3 



/3 0 0 \ / 100 \ /1 2/3 0 \ /1 0 0 \ / 1 0 0 \ /1 0 — 1 / 3 \ 
A= 010 020 0 1001 001101 0 

\001/\001/\0 01/ \o0 -1/ \oo 17 \00 l) 


45 . 


( 


0 -1 
0 1 

1 0 



R\ ^Rz 
R3 —► ^3 4 * ^2 



#3 —► —/?3 

^2 —► /?2 + 4 R 3 
Rl —+ R\ — /?3 


(!!!) 

Vo 0 iy 


/001\ /I 00\ /10 0\ /1 0 1\ /10 o\ 
> 4=0100 10 01 0 010 01 -1 

\l 0 0/ \o -11/ \0 0 -1/ \0 0 1/ \0 0 1/ 



rtl -1«1 

R 3 -* R 3 - 3Ri I J J J 
1^3 —*■ -R3 + ^2 V q q 


R 3 ^-lR 3 
—► R\ — 2 R 3 


\0 0 1 


/2 0 0\/l00\/l 00\/l0 0\ / 1 0 0 \ / 1 0 2 \ 
> 4 = 010 010 0 10 01 0 011010 

\0 0 1 / V3 0 1 / \0 -1 1 / \0 0 -4 / V 0 01 / Vo 0 1 / 
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/2 0 0 0\ 

/I 0 0 0\ 


"s* 

H— ‘ 

O 

O 

O 

/I 0 0 0\ 

[0100 

[ 0 3 0 0 


0 1 0 0 

0 10 0 

0 0 10 

0 0 10 


0 0-40 

0 0 10 

Vo 0 01 / 

Vo 0 01 / 


Voo 01 / 

Vo 0 0 5 / 


/2 1 0 0\ 

Ri -+ O. 5 R 1 

(10 

-1/4 ON, 

R 3 — 0.5i ? 3 

0 2 10 

R 2 —► 0.5R 2 

01 

1/2 0 

r 2 —*■ R 2 — O. 5 R 3 

0 0 2 1 

R\ —► R\ — 0.5i?2 

0 0 

2 1 J 

Ri —+ R 1 + \Ri 

Vo 0 0 2/ 

Vo 0 

0 2/ 



( 10 0 1/8 \ 
0 10 -1/4 | 
0 0 1 1/2 1 
0 0 0 2 / 


/?4 —► 0 . 5 i ?4 
R3 —► i?3 — O.5H4 
R 2 —► ^2 4" 0.25/?4 
iij —► Hi — 


( 1 0 0 0\ 
0 10 0 
0 0 10 
0 0 0 1 / 


(2 0 0 0 \ 

/I 0 0 0 \ 

/I 1/2 0 0 \ 

/I 0 0 0 \ 


(10 

0 0 \ 

0 10 0 

0200 ] 

0 

10 0 

0 10 0 


0 11/2 0 

0 0 10 

0 0 10 

0 

0 10 

0 0 2 0 


0 0 

10 

Vo 0 01 / 

Vo 0 01 / 

Vo 

0 0 1 / 

Vooo 1 / 


Vo 0 

0 1 / 


/I 0 -1/4 0\ 
0 1 0 0 

0 0 10 

Vo 0 01 / 


/I 0 0 0\ 
0 10 0 
0 0 10 
Vo 0 0 2 / 


/1 0 0 0\ 
0 10 0 
0 0 11/2 
Vooo 1 / 


/1 0 0 0\ 
0 1 0 -1/4 
0 0 1 0 
Vooo 1 / 


/I 0 0 l/8\ 
0 10 0 1 
0 0 1 0 I 
Vooo 1 / 


49. ac ^ 0 implies a ^ 0 and c ^ 0. Row reducing A to I 2 by back elimination via 


a b 
0 c 


c~ 1 R 2 

R\ —► R\ — bR 2 


fa 0 A a 1 Ri 

vo 1; —* 


10 
01 


shows I 2 = (a 1 Rx)(Ri — bR 2 )(c 1 R 2 )A. So solving for A gives A = (cR 2 )(Ri + bR 2 )(aRi), 


A = 



50. adf 0 implies a, d and / are nonzero. Row reducing A to I 3 by back elimination gives 

f-'Ri 


\ 


( a b c 
Ode 

00 f) 




R 2 

Ri 


R 2 — el?3 


fa b 0\ 

I 0 d 0 ) 
Rl ~ cR3 V 0 0 1 / 


Ri 


d~ 1 R 2 
—► R\ — bR 2 


(a 0 0\ 
010 
\° 0 1 / 


l Ri 


or 
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So taking all the inverse operations applied to la (in the opposite order) shows 


A = 



51. Let U = («J“ 1 1 i?i)(uJ 2 1 ^ 2 ) • • '( u Zr%Rn)A. Then U is an n x n matrix with l’s down the diagonal 
and 0’s below it. Note that U is row equivalent to I and hence, by theorem 4, can be written as a 
product of elementary matrices. If U — E\ E- 2 ■ ■ ■ Ek, where each Ei is an elementary matrix, then 
A = ( u nn R n ) • ■ (u 22 ^ 2 )(«ii^i)£'i -^2 • • • Ek■ By theorem 4, A is invertible. 


52. By problem 51, A is invertible. As in problem 51, let U = (u nfliX u 22^) ''' ( u nnRn)A. Since U 

has l’s down the diagonal and 0’s below it, when row reducing U to I we need only add multiples 
of a row to those rows above it. Hence, we can write U as a product of upper triangular elementary 
matrices: U = E\E 2 ■ ■ ■ Ek- Note that E~ l is upper triangular for each i. Show that the product 
of two upper triangular matrices is upper triangular. Then deduce A -1 = E k l • • • W^i) 

(u 22 1 f? 2 ) ■ • -( u nnRn) is upper triangular. 

53. A* is upper triangular, so (A*) -1 is upper triangular by the result of problem 52. But (A*) -1 = (A -1 ) 4 , 
so (A -1 )* is upper triangular, which means that A -1 = [(A -1 ) 4 ]* is lower triangular. 


n n 

54. PijA = C where c rs = S ^2 / Prk a ks- If r = i, then Ci , = y ^PikQks = a js since p,-* is 1 if k — j and 0 

*=1 i=l 

otherwise. If r = j, then Cj s = since pjk is 1 if k = i and 0 otherwise. If r ^ i and r ^ j, then 
c TS = a rs . Hence, PijA is the matrix obtained by permuting the i th and j th rows. 


n 

55. AijA = B where b r , = '^2, a 'rk a k°- If r i 1 j> th en b r , = a r , since a' rk is 1 if At = r* and 0 otherwise. If 

it=i 

n 

r = j, then bj, = = ca,- 3 + aj s since a'j k is c if k = i, 1 if k = j, and 0 otherwise. Hence, 

k = l 

AijA is the matrix obtained from A by multiplying the i th row by c and adding it to the j th row. 


m 

56. Mi A = B where b r , = If r = i, then 6, 3 = ca,- 3 since m,-* is c if A? = i and 0 otherwise. 

t=i 

If r ^ i, then b rs = a rs since m r k is 1 if Ar = r and 0 otherwise. It follows that M, A is the matrix 
obtained from A by multiplying the i th row by c. 



—► H 2 - 2R\ / 1 2 ^ 

-* looj- 



1 2 
0 0 



124 Chapter 1 Systems of Linear Equations and Matrices 


Instructor’s Manual 



/ 1 —3 3\ / 1 —3 3\ 

61. 0 -3 1 — [ 0 1 -1/3 

\1 02/ V° 0 0/ 

/ 1 0 0\ /I 00\ / 1 0 0\ /1 —3 3\ 

4= 010 0 -3 0 010 0 1 -1/3 

\1 0 1/ \0 01/ \ 0 3 1 / \0 0 0/ 


/ 100 \ / 1 0 0 \ 

62. 2 3 0 J -+ | 0 1 0 I 

\— 14 0 / \0 0 0j 

/ 1 0 0 \ / 100 \ / 1 0 0 \ / 100 \ / 1 0 0 \ 
4=210)1 010030010010 

\0 0 1/ \—10 1/ \001/ \0 4 1/ \0 0 0/ 
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MATLAB 1.10 

1. (a) 


» A = 

round(10 

* (2*rand(4)- 

D) 

A = 

-6 

9 

-9 -10 


-9 

-2 

-9 -2 


4 

0 

1 -9 


4 

7 

3 -2 


w 

» F=eye(4); F(3,3) = 

4; '/, R3 —> 4 R3, i.e. mult ip! 


» F*A 

ans = 

-6 

9 -9 

-10 


-9 

-2 -9 

-2 


16 

0 4 

-36 


4 

7 3 

-2 

(ii) 


» F=eye(4); F(l,2) = 

-3; */. R1 —> R1 - 3 R2, i.e. : 


» F*A 

ans = 

21 

15 18 

-4 


-9 

-2 -9 

-2 


4 

0 1 

-9 


4 

7 3 

-2 

(iii) 


» F=eye(4); F([l 4], 

:) = F( [4,1] . ; ; '/. interchange 


» F*A 

ans = 

4 

7 3 

-2 


-9 

-2 -9 

-2 


4 

0 1 

-9 


-6 

9 -9 

-10 

(b) 

» 

F=eye(4); 

; F(3,3) = 4; 

*/. Part (i): R3 --> 4 R3 

» 

inv(F) 


’/. This is R3 —> 1/4 R3, i.e. 

ans = 

1.0000 

0 

0 0 


0 

1.0000 

0 0 


0 

0 0 

.2500 0 


0 

0 

0 1.0000 
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(ii) 


2. (a) 


» F=eye(4); F(l,2) = -3; 
» inv(F) 
ans = 

13 0 0 

0 10 0 

0 0 10 

0 0 0 1 


*/. R1 --> Ri - 3 R2, 

*/. This is Rl —> Rl + 3 R2, i.e. add 3R2 to Rl. 


» F=eye(4); F(Cl 4],:) = 
» inv(F) 
ans = 

0 0 0 1 

0 10 0 

0 0 10 

10 0 0 


F([4,l],:); */. Part (iii): interchange 1 and 4. 

'/, This also interchanges 1 and 4. 


In each case, the inverse of F represents a row operation that is the reverse of the original 
operation. 


» A = [7 2 3; -1 0 4; 2 1 1] 
A = 

7 2 3 

-10 4 

2 11 
» B = A; 

» c = -B(2,1)/B(1,1); 

» FI = eye(3); Fl(2,l) = c; 

» B = F1*B; 

» F = FI; 


'/, Store this matrix in B. 

'/, Compute the multiplier to eliminate B(2,l). 

'/, Generate the elementary matrix which 
'/. subtracts c*row 1 from row 2. 

'/, Apply the matrix FI to B. 

*/, F will be the product of the elemetary matrices. 


» c = -B(3,1)/B(1,1); 

» F2 = eye(3); F2(3,l) = c; 
» B = F2*B 
B = 

7.0000 2.0000 3.0000 

0 0.2857 4.4286 

0 0.4286 0.1429 

» F = F2*F; 


'/, Compute the multiplier to eliminate B(3,l). 
'/, Form elementary matrix for R3-cRl 
'/, Finish column 1 elimination 


*/, F accumulates the product of Fi’s. 


» c = -B(3,2)/B(2,2); 

» F3 = eye(3); F3(3,2) = c; 
» B = F3*B 
B = 

7.0000 2.0000 3.0000 

0 0.2857 4.4286 

0 0 -6.5000 

» F = F3*F; 


*/, Next, eliminate B(3,2) in column 2. 

’/. This will finish forward elimination 
*/, Apply the matrix to B. 


'/, Keep track of F. 


» c = 1/B(3,3); 

» F4 = eye(3); F4(3,3) = c; 
» B = F4*B; 

» F = F4*F; 


*/, Start backelimination, divide row 3 by B(3,3). 

'/, Normalize R3 to start with 1. 

'/. Keep track of F. 
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» c = -B(2,3)/B(3,3); 

» F5 = eye(3) ; F5(2,3) = c; 
» B = F5*B; 

» F = F5*F; 


'/, Now backeliminate B(2,3). 

'/ Apply the matrix to B. 

'/, Keep track ol F. 


» c = —B(1,3)/B(3,3); 

» F6 = eye(3); F6(l,3) = c; 
» B = F6*B 
B = 

7.0000 2.0000 0 

0 0.2857 0 

0 0 1.0000 


'/. Next, backeliminate B(l,3) to finish column 3. 
*/. Apply the matrix to B. 


» 

F = F6*F; 


'/, Keep track of F. 

» 

c = 1/B(2,2) 

> 

*/, Next, divide row 2 by B(2,2). 

» 

F7 = eye(3); 

F7(2,2) = c; 


» 

B = F7*B 


'/. Normalize row 2 to start with 1 

B = 

7 2 

0 



0 1 

0 



0 0 

1 


» 

F = F7*F; 


*/. Keep track of F. 


» c = -B(l,2)/B(2,2); 

» F8 = eye(3); F8(l,2) = c; 
» B = F8*B 
B = 

7 0 0 

0 10 

0 0 1 

» F = F8*F; 


'/, Next, backeliminate B(l,2). 

'/, Apply the matrix to B, finish column 2. 


*/. Keep track of F. 


» c = 1/B(1,1); 

» F9 = eye(3); F9(l,l) = c; 
» B = F9*B 
B = 

10 0 
0 10 

0 0 1 

» F = F9*F 
F = 

0.3077 -0.0769 -0.6154 

-0.6923 -0.0769 2.3846 

0.0769 0.2308 -0.1538 


’/, Finish by dividing row 1 by B(l,l). 
'/, Normalizing Rl gives rref(A) 


'/. Form the final product of Fi’s. 


(b) 


F*A 



1.0000 

0.0000 

0.0000 

0.0000 

1.0000 

0.0000 

0 

0 

1.0000 

A*F 



1.0000 

0 

0.0000 

0 

1.0000 

0.0000 

0.0000 

0.0000 

1.0000 
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Both FA and AF are the identity, so F = A~'. FA = I 3 since F = (F9)(F8)(F7)...(F2)(Fl) 
and all the steps showing the row echelon form of A is I 3 can be achieved by one left multiplica¬ 
tion by F instead of the individual multiplications by FI, F2,.... 


» D = inv(Fl)*inv(F2)*inv(F3)*inv(F4)*inv(F5)*inv(F6)* . .. 
inv (F7 ) * inv (F8 ) * inv (F9 ) 

D = 


7.0000 

2.0000 

3.0000 

- 1.0000 

0 

4.0000 

2.0000 

1.0000 

1.0000 

D is the inverse of F 

= A-\ 

so it is the same as A. (D = F~ l since the inverse of a product is 


the product of the inverses in the opposite order.) 


» A = [023; 114; 241]; 
» B = A; 


'/. Store this matrix in B. 

'/, Since B(l,l) is zero, we must first 
'/, interchange it with another row, so that we 
'/, do not get a divide by zero error. This is 
'/, the only difference between the steps here 
'/, and those in part (a) . 


» FI = eye(3); Fl([l,2],:) 

» B = F1*B 
B = 

114 
0 2 3 

2 4 1 

» F = FI; '/, F will be the product of the elemetary matrices. 

» c = -B(3,1)/B(1,1) ; '/, Compute the multiplier. 

>> F2 = eye(3); F2(3,l) = c '/, R3-cRl will eliminate B(3,l). 


= FI([2,1],:); */. interchange 1 and 2. 
'/. Apply the matrix FI to B. 


» B = F2*B 
B = 

114 
0 2 3 

0 2-7 


'/, Apply the matrix F2 to B. 


» F = F2*F; 

» c = 1/B(1,1); 

» F3 = eye(3); F3(l,l) = c; 
» B = F3*B 
B = 

114 
0 2 3 

0 2-7 

» F = F3*F; 

» c = -B(l,2)/B(2,2); 

» F4 = eye(3); F4(l,2) = c; 
» B = F4*B 


’/, F is now the product of F2*F1. 
7, Next, divide row 1 by B(l,l). 

'/, Apply the matrix to B. 

’/, Keep track of F. 

'/, Next, eliminate B(l,2). 

'/, Apply the matrix to B. 
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B = 

1.0000 0 2.5000 

0 2.0000 3.0000 

0 2.0000 -7.0000 


» F = F4*F; 

'/, Keep track of F. 

» c = -B(3,2)/B(2,2); 

» F5 = eye(3); F5(3,2) = c; 

i Next, eliminate B(3,2). 

» B = F5*B 

B = 

1.0000 0 2.5000 

0 2.0000 3.0000 

0 0 -10.0000 

'/, Apply the matrix to B. 

» F = F5*F; 

'/, Keep track of F. 

» c = 1/B(2,2); 

» F6 = eye(3); F6(2,2) = c; 

'/, Next, divide row 2 by B(2,2). 

» B = F6*B 

B = 

1.0000 0 2.5000 

0 1.0000 1.5000 

0 0 -10.0000 

'/, Apply the matrix to B. 

» F = F6*F; 

'/ Keep track of F. 

» c = -B(l,3)/B(3,3); 

» F7 = eye(3); F7(l,3) = c; 

'/, Next, eliminate B(l,3). 

» B = F7*B 

B = 

1.0000 0 0 

0 1.0000 1.5000 

0 0 -10.0000 

*/, Apply the matrix to B. 

» F = F7*F; 

'/, Keep track of F. 

» c = -B(2,3)/B(3,3); 

» F8 = eye(3); F8(2,3) = c; 

'/, Next, eliminate B(2,3). 

» B = F8*B 

B = 

10 0 

0 10 

0 0 -10 

Apply the matrix to B. 

» F = F8*F; 

1, Keep track of F. 

» c = 1/B(3,3); 

» F9 = eye(3); F9(3,3) = c; 

'/, finally, divide row 3 by B(3,3) 

» B = F9*B 

B = 

10 0 

0 10 

0 0 1 

7. Apply the matrix to B. 

» F = F9*F 

F = 

-0.7500 0.5000 0.2500 

0.3500 -0.3000 0.1500 

0.1000 0.2000 -0.1000 

'/, Look at final form of F. 


As in (b) and (c), we find that F*A=A*F=I, so F is the inverse of A, and that D=inv(Fl)*inv(F2) 
* . . . * inv(F9) is the inverse of F, so it is the same as A. 
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3. (a) 

» A = C 1 2 3; 1 1 7; 2 4 5]; 

» U = A; */. Store A in U; after reduction U will be "echelon" form 

» c = -U(2,l)/U(l,l) '/. Eliminate U(2,l). 

c = 

-1 

» FI = eye(3); Fl(2,l)=c 
FI = 

10 0 
-110 
0 0 1 

» U = F1*U '/. Apply FI to U, to eliminate. 

» c = -U(3,1)/U(1,1) '/. Eliminate U(3,l). 

c = 

-2 

» F2 = eye(3); F2(3,l) = c 
F2 = 

10 0 

0 1 0 

-2 0 1 

» U = F2*U '/. Apply F2 to U. 

U = 

12 3 

0-14 
0 0-1 

Note: U is now upper triangular. 

» F = F2*F1 '/, F is the product of the elementary matrices. 

F = 

10 0 

-1 1 0 

-2 0 1 

(b) 

» L = inv(Fl)*inv(F2) 

L = 

10 0 
110 
2 0 1 

The matrix L is lower triangular. For each of the entries below the diagonal in L, we see that 
it is the same value as —c, where c was the multiplier used to eliminate the same entry in A. In 
fact the entries are just the entries in the inverses inv(Fl), inv(F2). Since we can recover FI, F2 
from L (move down column 1 for each successive Fi). 
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(c) 

» L*U */, This is the same as A. 
ans = 

12 3 

117 
2 4 5 


Since F is the product of the elementary matrices that reduce A to U, we know that FA = U. 
Since L = F ~ l , we have LU - LFA = F~*FA = A. 


» A = [6 2 7 3; 8 10 1 4; 10 7 6 
» U = A; */. 
» c = -U(2,1)/U(1,1) •/. 


c = 


-1.3333 

» FI = eye(4); Fl(2,l) 
FI = 

1.0000 0 

-1.3333 1.0000 

0 0 

0 0 


= c 


0 

0 

1.0000 

0 


» U = F1*U; 

» c = -U(3,1)/U(1,1) 
c = 

-1.6667 

» F2 = eye(4); F2(3,l) = c 


1.0000 

0 

0 

0 

1.0000 

0 

-1.6667 

0 

1.0000 

0 

0 

0 


» U = F2*U; 

» c = -U(4,1)/U(1,1) */. 

c = 

-0.6667 


» F3 = eye(4); F3(4,l) = c 
F3 = 


1.0000 

0 

0 

-0.6667 


0 0 

1.0000 0 

0 1.0000 
0 0 


» U = F3*U 
U = 

6.0000 2.0000 

0 7.3333 

0 3.6667 

0 6.6667 


7.0000 

-8.3333 

-5.6667 

4.3333 


8; 4895]; 

Store A in U, and work with U. 
Eliminate U(2,l). 


0 

0 

0 

1.0000 


Eliminate U(3,l). 


0 

0 

0 

1.0000 


Eliminate U(4,l). This finishes column 1. 


0 

0 

0 

1.0000 


3.0000 
0 

3.0000 

3.0000 
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» c = -U(3,2)/U(2,2) 

'/, Eliminate U(3,2), moving on to column 2. 

c = 



-0.5000 



» F4 = eye(4) 

; F4(3,2) = c 


F4 = 



1.0000 

0 0 

0 

0 

1.0000 0 

0 

0 

0.5000 1.0000 

0 

0 

0 0 

1.0000 

» U = F4*U; 



» c = -U(4,2)/U(2,2) 

'/, Eliminate U(4,2), finish column 2. 

c = 



-0.9091 



» F5 = eye(4) 

; F5(4,2) = c 


F5 = 



1.0000 

0 0 

0 

0 

1.0000 0 

0 

0 

0 1.0000 

0 

0 

0.9091 0 

1.0000 

» U = F5*U 



U = 



6.0000 

2.0000 7.0000 

3.0000 

0 

7.3333 -8.3333 

0 

0 

0 -1.5000 

3.0000 

0 

0 11.9091 

3.0000 

» c = -U(4,3)/U(3,3) 

*/, Eliminate U(4,3), moving on to column 3. 

c = 



7.9394 



» F6 = eye(4) 

; F6(4,3) = c 


F6 = 



1.0000 

0 0 

0 

0 

1.0000 0 

0 

0 

0 1.0000 

0 

0 

0 7.9394 

1.0000 

» U = F6*U 



U = 



6.0000 

2.0000 7.0000 

3.0000 

0 

7.3333 -8.3333 

0 

0 

0 -1.5000 

3.0000 

0 

0 0 

26.8182 

» F = F6*F5*F4*F3*F2*F1 

'/, The product of the F’s 

F = 



1.0000 

0 0 

0 

-1.3333 

1.0000 0 

0 

- 1.0000 

-0.5000 1.0000 

0 

-7.3939 

-4.8788 7.9394 

1.0000 

» L = inv(Fl)*inv(F2)*inv(F3)*inv(F4)*inv(F5)*inv(F6) '/, This is the inverse of F. 
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1.0000 0 

1.3333 1.0000 

1.6667 0.5000 

0.6667 0.9091 


0 0 

0 0 

1.0000 0 

-7.9394 1.0000 


If you print inv(Fi) you see its non-zero entry below diagonal is just the negative of correspond¬ 
ing entry in Fi and is equal to corresponding entry in L. 


» L*U 
ans = 

6 2 7 3 

8 10 1 4 

10 7 6 8 

4 8 9 5 


*/. As in (c), this is the same as A. 


As in (b), we see that both L and F are lower triangular, and that LU — A. As in (c), we each 
entry in L is the negative of the multiplier used to eliminate the corresponding entry in U, or the 
non-zero entries in inv(Fl),.. .,inv(F6). 
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Section 1.11 

In problems 1-8, the matrix L is constructed from the identity matrix in the following way: For each 
row operation on A of the form R\ —+ Ri—lcRj, put a A; in the i,j position of the identity matrix. 


1. A = 


1 2 \ R-2 ~ y ^2 — 3R\ 

3 4 


(i 


Thus L = 


1 0 
3 1 


2 A=lll)= u - ThusL = (j; 


3. A = 


-1 5 

6 3 


—*■ R -2 + f — 


- 1 b ) = 
0 33 ) 


0. Thus L = 


1 0 
-6 1 


4. A 


Ri 



R2 —* R2 ~ 2K1 



Ri —+ R 3 — 3i?i 


0 0-3, 


R _ 10 R I 1 4 6 \ /I 00' 

3 9 2 I 0 -9 -9 I = U. Thus L = ( 2 10 

3 fl 


1 4 6' 

0 -9 -9 
0 -10 -13. 


5. .4= ^ 435 ) 

Thus L =('55 o') 

V 1 0 1/ 



R-2 — y R-2 ~ 2 Hi 



= u. 


6. A = 



H2 —► H2 — 2H1 


o _ o 6 R / 3 9-2 

r 3 -+r 3 --R2 I Q _ 2i 12 


0 



3 9 -2' 

0 -21 12 
0 -6 f 


7. A = 


/I 2-1 4\ 
0-1 5 8 

2 3 14 

1 6 4/ 


Vi 



R4 —► R4 — R\ 


1 2-1 4\ 

0-1 5 8 

0-1 3-4 

.0 -3 7 0/ 


/I 2-1 

4 \ 

Z 1 

2 -1 4\ 


1^3 + R 3 R 2 / 0 — 1 5 

8 

H4 — ► H4 — 3H2 I 0 

-15 8 

H4 — ► H4 — 4H3 

, 1 n n _9 

-12 

f 0 

0 -2 -12 


VO -3 7 

0 / 

Vo 

0 -8 -24/ 



/I 

2 -1 

4 \ 


/I 0 0 0\ 

In 

-1 

5 

8 

= U. Thus L = 

r 0 1 0 0 | 

0 

0 -2 

-12 

i 2110 

Vo 

0 

0 

24/ 


VI 3 4 1/ 
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8. A = 



R 2 —■ + R-2 — 2R\ 


2 3-1 6' 

0 1 4-11 

-2 5-2 0 

0 -4 5 2/ 


R3 —* R3 + Ri 


(2 3-1 6 \ 

0 1 4-11 

0 8-3 6 

\o —4 5 2/ 



/ 2 

3 

-1 

6 \ 


/ 2 3 - 1 6 \ 

/ 2 3 -1 

6 \ 


0 

1 

4 

-n 

—► /?4 -f* 47?2 

0 1 4-11 Rt ->Ri+ ffis 

0 1 4 

-H 

K 3 — ► i?3 — 8 R 2 | 

0 

0 • 

-35 

94 


n n -as 94 1 

0 0 -35 

94 


\0 

-4 

5 

2 / 


VoO 21 -42/ 

Vo 0 0 

72 / 
5 7 


U. Thus L = 


1 0 0 O' 

2 10 0 
-18 10 
0-4-f 1, 


9. From problem 1 we have A = LU where L — ( ^ and U = f q 2 ) • The system Ty = b, i.e., 


3l) (y 1 ) = ( 4 ) y * e ^ s e 9 uat ions 2/1 = —2 and 3yi + 2/2 = 4. Solving we get y 2 = 10. Now, 
from Ux = y, i.e., ^ = ( lo) We °^ ta * n Xl + ^2 = — ^ anc * — ^x 2 = 10. Backsolving 

we get xi = 8, x 2 = —5. The solution is ^ . 


10. From problem 2 we have A = LU where L = ( g and U = f q 3 )• The system Ly = b, 


i.e., ^g (i/ 1 ) = ( 4 ) yields the equations j/i = —1, 


y 2 — 4. Now, from Ux = y, i.e., 


1 2\ (x x 
03j \x 2 


^ j we obtain x\ + 2x 2 = —1 and 3x2 = 4. Backsolving we get x\ = —^ 
-11 


and x 2 = The solution is ( 3 4 

3 ^3 


11. From problem 3 we have A = LU where L = 
10 \(yi\ ( 0 


_g ^ j and U = ( q 33 ) • The system Ly = b, i.e., 


-6 1/ V 2/2 

from Ux = y, i.e. 


5 

-1 5 
0 33 


yields the equations y\ = 0, — 6j/x + 2/2 =5. Solving we get 2/2 = 5. Now, 

^ ^ = ^ 5 ^ we obtain —Xi + 5x 2 = 0, 33x 2 = 5. Backsolving we get 


xi = ^,x 2 = The solution is ( ) 

V 33 2 


25 

33’ 


_5^ 

33' 


1 00\ /I 4 6\ 

12. From problem 4 we have A = £17 where L = | 2 1 0 ),{/=( 0 — 9 — 9 I . The system Ly = b, i.e., 

VO 0-3/ 


1, 



-1 


10 


2/2 1 = 1 7 yields the equations yi = -1, 2yi + t/ 2 = 7, 3j/i + — y 2 + 2/3 = 2. Solving 

3^1/ \ 2/3 / V 2/ 9 
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(1 4 6 \ (xA /-1\ 

we get yi = -1, y 2 = 9, y 3 = -5. Now, from Ux = y, i.e., 0 -9 -9 x 2 = 9 we obtain 

\0 0-3/ \x 3 J V -5/ 

_J _g 0 

Xi + 4x 2 + 6 x 3 = -1, —9x 2 - 9x 3 = 9, -3x 3 = -5. Backsolving we get xi = —,x 2 = — ,x 3 = -. 


The solution is 



/ 1 0 0 \ /2 1 7 \ 

13. From problem 5 we have A — LU where L = I 2 1 0 1 and U = | 0 1 —9 1 . The system Ly = b, 

\ 1 0 1 / \0 0 — 1 / 


/ 1 0 0 \ / 2/1 \ / 6 \ 

i.e., 1210 I i /2 ] = 1 I yields the equations 2/1 = 6 ,2j/i + 2/2 = 1, 2/1 + 2/3 = 1- Solving we 

\1 0 1 / \y 3 ) \ 1 / 

/2 1 7\ /xA ( 6 

get 2/1 = 6 , 2/2 = -11,2/3 = -5- Now, from [/x = y, i.e., [01-9 I x 2 ] = I -11 

\0 0 -1/ \x 3 ) \ -5 


^ we obtain 


2xi + x 2 + 7x 3 = 6 , x 2 - 9x 3 = -11, ~x 3 = -5. Backsolving we get xi - x 2 = 34, x 3 = 5. The 


solution is 



1 00\ / 3 9-2' 

14. From problem 6 we have A = LU where L = | 2 1 0 | and U = | 0 —21 12 j . The system Ly = 

1 A- 1 


3 21 


0 0 & 


1 0 0 \ / 2/1 
2/2 
, 2 / 3 , 


3 

16 

4, 


b, i.e., ( 2 1 0 J [ 2/2 J = [ 16 J yields the equations 2/1 = 3, 2 i/i + 2/2 = 10, — 2/1 + ^ 2/2 + 2/3 = 4. 
3 21 ^ 


-8 


9 -2 


Xi 


Backsolving we get 2/1 = 3, 2/2 = 4, y 3 = —. Now, from t/x = y, i.e., [ 0 —21 12 I I x 2 

7 l 0 0 £/ Vx3, 


-8 


275 


4 j we obtain 3xi+9x 2 -2x 3 = 3, -21x 2 +12x 3 = 4, ^3 = — ■ Solving we get x x = —, x 2 = 


63 


/275/ 63 \ 

, X 3 = —. The solution is I —12/7 I. 


V -8/3/ 


/I 0 0 0\ 

/ 

[0100 

and 17 = j 

[2110 


V 1 3 4 1 / 

\ 


12-1 4' 

0-15 8 

0 0-2 -12 

0 0 0 24, 


The system 


Ly = b, i.e., 


/I 0 0 0\ 

(m\ 


( 3 \ 

0 10 0 

I V2 


-11 

2 110 

l 2/3 


4 

V 1341 / 

V 2/4 / 


\ -5/ 


yields the equations 2/1 = 3 , 2/2 = - 11 , 22/1 + 2/2 + 2/3 = 


4 , 2/1 + 32/2 + 4 J /3 + 2/4 = -5. Solving we get yi = 3 , 2/2 = - 11 , 2/3 = 9 , 2/4 = -H- Now, from Ux = y, 
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i.e., 


/I 2-1 4\ 

0-15 8 

0 0-2 -12 


\ 

/Xi\ 


( 3 \ 


x 2 


-11 


x 3 


9 

/ 

\ X 4 / 


V-ll/ 


we obtain x\ + 2x2 — 23 + 4 x 4 = 3, — X 2 + 5 x 3 + 8 x 4 = —11, 


... 71 -17 -7 -11 

-2x 3 - 12x 4 = 9, 24x 4 = -11. Backsolving we get xi = —,x 2 = -jy,x 3 = -y,*4 = yp Ihe 


solution is 



1 

0 

0 0\ 


(2 3 -1 

6 \ 

2 

1 

0 0 

and U = 

0 1 4 

-nj 

1 

8 

1 0 

0 0 -35 

94 

0 

-4 

¥ 1 / 


\0 0 0 

72 / 
5 ' 


. The 


system Ly = b, that is, 



1 

0 0 0\ 

/2/i\ 




2 

1 0 0 1 

[ 2/2 


0 


-1 

8 10 

l 2/3 


0 

V 

0 

-4^1/ 

Y 2/4 / 


\4/ 


yields the equations y\ — 1, 2y x + y 2 = 0, 


3 31 

- 2/1 + 8y 2 + 2/3 = 0, —4 y 2 - - 2 / 3 + 2/4 = 4. Solving we get y x = 1,2/2 = -2, 2/3 = 17, 2/4 = — • Now from 


t/x = y, i.e. 


(2 3 -1 

6 V 

( x l\ 


( l \ 

0 1 4 

-11 

X 2 


-2 

0 0 -35 

94 

1 x 3 


17 

Vo 0 0 

72 / 
S ' 

V X 4 / 


U/ 


we obtain 2xi+3x 2 — X 3 + 6 X 4 = 1, x 2 + 4 x 3 — IIX 4 = 


72 31 _ , . -565 5 169 31 

-2,-35x3 + 94x4 = !7, yx 4 = y. Solving we get xj = -yjy,x 2 = ^,*3 = *+ = yp The 


solution is 


/ —565/1008\ 
5/72 

169/252 I ' 
V 31/72/ 


17. (a) I J 2 a ) Rl ^ R2 ( U ) = U. Thus P = f ? * Y PA = ( ? 1) ( ? ? ) = (\i \ = U or 


0 2 


1 0 


-PC 


0 2 


F+ = j 5{7 where L 




0 1 


—5\ /_5 

2 j . We seek a y such that Ty = ( ^ ). From 


b) LU x = iMx = Pb = (J Q 
Ly = ( 0 1) ( yi ) = ( 3 ^ we S et 20 = _ 5, 2 / 2=3 and hence y = ^ . Now, we seek an x such 

that Ux = y = f _ |j Y That is f q 2 ) ( x 2 ) = ( 3 J • We 8 et x i + 4x 2 = -5 and 2 x 2 = 3. Solving 


we get x 1 = —11, x 2 = p The solution is ^ Y ^ . 
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/0 

2 4\ 

R'/ZiRi 

fl-12\ 

1-12 

0 2 4 

\o 

3 2/ 


U 3 2/ 


1 -1 2 ' 


/ oio\ 


R3 ^ 2 R ? I o 2 4 I . Then P = ( 1 0 0 ], and PA = 
0 0-4/ \ 0 0 1 / 

1-1 2 \ / 1 —1 2 ' 

0 2 4 1. Now we row reduce PA to an upper triangular matrix. I 0 2 4 

032/ \ 0 3 2, 

TOO' 

0 2 4 1 —U. Thus PA = LU where L — I 0 1 0 

0 0-4/ \0 § 1 


R 3 - Fti - ' 1 1 2 



From 


11 


1 J we get yi = 2, y 2 = -1, -yi + V 3 = 4. Solving we get y 3 = y 


/010\ /—1\ / 2\ 

b) LPx = PTx = Pb = j 1 0 0 | ( 2 I = I -1 I . We seek a y such that Ly = 

\00l7 V 4/ V V 
T 00\ ( y / 2 
ly = | 0 1 0 ) ( 2/2 I = 

2/3 

/ ' 2\ / 2\ /l-l 2\ /«r\ 

and thus y = I —11. We seek an x such that 27x =1 — 1 I . That is I 0 2 4 1 I x 2 j = 

\ 11/2/ \ H/2/ \0 0-4/ \x 3 / 

2\ 9 

-1 . We get xi -x 2 + 2x 3 = 2, 2x 2 +4x 3 = -1, -4x 3 = -r-. Solving we get xi = 7, x 2 = -,* 3 = 

11 / 2 / 2 


-11 


. The solution is 



/0 2 4\ 
19. (a) 0 3 7 

\4 1 5 / 


Ri^R 3 R 3 —+ 7 b — 3P2 



41 5\ /0 0 l\ 

0 3 7 . Then P = 0 1 0 , and PT = 

V 1 °0/ 


00^ 


/4 1 5\ _ 2 /41 5\ /I 00 

( 0 3 7) 3 3 3 { 0 3 7 1 = £7. Thus PA = LU where L = ( 0 1 0 
V 0 2 4/ 


00^ 


0 I 1 



From 


/0 01\ /—1\ / 2\ 

b )LUx = PTx = Pb = I 0 1 0 J I 0 j = I 01. We seek a y such that Ly — 

\ 10 0 / V 2 / V- 1 / 

/I 0 0\ /t/i \ / 2\ 2 

Ly = 0 1 0 2/2 = 0 we get 2/1 = 2, t/ 2 = 0, -y 2 + 2/3 = -1- Solving we get t/ 3 = -1, and 

\o§i/W V-i/ 

/ 2\ / 2\ /4 1 5\ /iT / 2\ 

thus y = ( 0 ] . Now, we find an x such that t/x = [ 0 ) . That is j 0 3 7)1 ar 2 J = j 0 ] . 

V-1/ V-1/ Voo^/W V-i/ 

—2 —1 —7 3 

We get Axi + x 2 + 5z 3 = 2, 3x 2 + 7x 3 = 0, — x 3 = -1. Backsolving we get xi = — x 2 = —, #3 = -• 

■ (~ l/2 \ 

The solution is I —7/2 I. 
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/0 5 -1 
20. (a) 2 3 5 

V 4 6 -7 




R 3 


■ Ry — 2 H i 


■ Ry — 


2 3 5 \ /010\ 

0 5 -1 . Then P = 1 0 0 and PA = 

0 0-17/ \0 0 1/ 

/ 100 \ 


0 5 -1 = U. Thus PA = LU where 1=010. 

00-17/ \2 0 1/ 



We seek a y such that Ly = 



From 


/0 1 O' 

b) LUx = PAx = Pb = 10 0 

\0 0 1, 

/ 1 0 0 \ / 2/i \ / — 3 \ 

Ly = 0 1 0 I I y 2 I = I 10 I we get t/i = -3, y 2 = 10, 2yy + y 3 = 5. Solving we get y 3 = 11 and 

\201/ \y 3 J \ 5/ 

/-3\ /-3\ /2 3 5 \( X1 \ /—3\ 

y = I 10 I . Now, we find an x such that Ux = I 10 J . That is I 0 5 — 1 I I x 2 I = I 10 I . We 

V 11/ V 11 / \0 0 —17/ \x 3 J V 11/ 

—457 159 —11 

get 2*1+3x2+ 5^3 = -3, 5x 2 -x 3 = 10, -17x 3 = 11- Solving we get xy = ,x 2 = —-,x 3 = — 

I/U oo 17 

’ -457/170 \ 

The solution is | 159/85 J . 

-11/17/ 


21. (a) 


(° 

2 

31 \ 

(° 

2 

3 


(0 

2 

3 1 \ 

0 

4 

—15 1 T?2 — * R-2 — 2J?1 

0 

0 

-7 3 

R3^Ry 

0 

0 

-7 3 

2 

0 

*11 

2 

0 

3 1 


1 

-4 

5 6 

Vi 

-4 

5 6/ 

\1 

-4 

5 6/ 


V 2 

0 

3 l/ 


/° 

2 3 

1\ 


/^ 0 

2 3 



H 4 —► /?4 — 2/?3 I 0 

0 -7 

3 

i?4 —* i?4 — 4 jRj 

0 

0 -7 

3 

i?4 —► H 4 

. 1 

-4 5 

6 


1. 

-4 5 

6 


Vo 

8 -7 

-1 1 ) 


Vo 

0 -19 

-15/ 



'0 2 3 

0 0-7 


l\ 


1 -4 5 

,0 0 0 


and PA = 


Ry —► Ry — 4R 2 


/I -4 5 

0 2 3 

0 0-7 

Vo 0 0 


3 

6 

-162 


Ri^Ra 


/ 1 —4 5 6 \ 

0 0-7 3 

0 2 3 1 

V0 0 0 =122/ 


R 2 ZR 3 


/I -4 5 
0 2 3 
0 0-7 

Vo 0 0 - 


Then P = 


162 


/0 0 0 1\ 
10 0 0 
0 10 0 
Vo 010 / 


/I 

-4 

5 6\ 



-4 

5 6\ 


/1 

-4 

5 6\ 

0 

2 

3 1 

H 3 —♦ K 3 — 2R2 

0 

2 

3 1 

/?4 —► /?4 — 2/?i 

0 

2 

3 1 1 

0 

4 

-1 5 


0 

0 

-7 3 


0 

0 

-7 3 

V 2 

0 

3 1/ 


\ 2 

0 

3 1/ 


\0 

8 

-7 -11/ 



3 


Ry-^Ry- fR 3 


0 -19 -15/ 


= U. Thus PA = LU where L = 


/I 0 0 0\ 
0 1 0 0 
0 2 10 
V 2 4 ^ l/ 
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22 . 


b )LUx = PAx — Pb = 


£y = 


✓ 0 0 0 1\ 

/ 3> l 


( 4 

10 0 0 

-1 


3 

0 10 0 

2 


-1 

Vo 010 / 

V \) 


V 2 


. We seek a y such that Ly = 



From 


O 

O 

O 

1 —H 

/yi\ 


/ 4 \ 

0 1 0 0 



3 

0 2 10 

ys 


-1 

\2 4 f 1/ 

Vy4/ 


V 2 / 


is 


1-4 5 6\ 

0 2 3 1 

0 0-7 3 


\ 

/*i\ 


/ 4 \ 


X 2 


3 


X 3 


-7 

/ 

V x 4 / 


l 1/ 


19 

we get yi =4, y 2 =3, 2 j /2 + 2/3 = —1, 2t/i + 4y 2 + 2/3 + 2 / 4 = 2 . 


. That 


. We get x\ — 4x 2 + 5 x 3 + 6 x 4 = 4, 2x 2 + 3 x 3 + x 4 = 3, 

-7 


/ 4 ) 


( 4 \ 

1 3 1 

Solving we get y 3 = -7, 2/4 = 1, and y = _ 

. Now, we find an x such that Ux = 

6 

-7 

V J 


l 1 / 


-162 , , . -73 4 53 

-7x 3 + 3x 4 = -7, —— x 4 = 1. Backsolving we get x 4 - -y^-,x 2 = — ,x 3 = *4 


162' 


The 


solution is 


/—73/162 \ 
4/81 
53/54 

V —7/162/ 


(a) 


/ 00-2 3 \ 


c 

10 

csi 

1 

0 

/0 4 —2 5\ 

5 0-6 4 


5 0 -6 4 R 3 -+R 3 - f R 2 

5 0-6 4 

2 0 1-2 


2 0 1-2 -♦ 

00 



/?4 


*4 + ^*3 


. ® ® 5 5 

\0 0 -2 3 / 


/5 0 —6 4\ 

0 4-2 5 

\0 0 0 15 


Vo 0-2 3/ 


. Then P = 


17 


/0 1 0 0\ 


/5 0 -6 

4 \ 

0 0 0 1 

j and PA — 

0 4-2 

5 

0 0 10 

2 0 1 

-2 

Vi 0 0 0 / 


Vo 0 -2 

3/ 


«3 


#3 ~ 5^1 


4 \ 

5 


/ 5 0 -6 
0 4-2 

00 f X 

Vo 0-2 3/ 




■ «4 + 


/5 0 -6 
0 4-2 
00 ^ -r- I 

Voo 0 ify 


18 


= U. Thus PA — LU where L = 


( 1 0 0 0^ 
0 1 0 0 
10 10 
Voo ^ 1 / 


b) LUx = PAx = Pb 


( 0100 
0 0 0 1 
0 0 10 
10 0 0 


Ly = 


/ 10 

0 1 

I 0 


0 0\ 
0 0 
1 0 
.10 1 

17 1 


/yi\ 

/ 

yi 

_ 

ya 


\y4/ 

V 



5 

\ —2 y 


We seek a y such that Ly = 


5 

V-2/ 


From 


2 -10 

we get yi = 4, y 2 = 7, -yi + y 3 = 5, 2/3 + y4 = -2. 





/ 4 \ 

17 

Solving we get y 3 = —, y 4 = 0, and y = 

0 

( 17 V 5 ) 

. Now, find an x such that Ux = 

( 17/ i) 
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23. 


That is 


/5 0 —6 4\ 


( x A 

( 4 \ 

0 4-2 5 


*2 I 

7 1 

00 


«3 = 

17/5 

LO|r- 

O 

O 

O 


\xj 

V 0/ 


17 


18 


17 15 


. We get 5x x — 6*3 + 4x 4 = 4, 4x2 — 2 x 3 + 5x 4 = 7, 


—-X 3 - ~~x 4 = ^-x 4 = 0. Solving we get xi = 2, x 2 = 7 , x 3 = 1, x 4 = 0. The solution is 

5 5 5 17 4 



(a) 


RiRIRi 


✓ 0 -2 3 1\ 


/0 —2 3 1\ 


/0 —2 3 1\ 

0 4-3 2 

12-3 2 

V— 2 —4 5-10/ 

—► /?4 + 2 H 3 

0 4-32 
12-32 

i?2 4* 2Hi 

0 0 3 4 

12-32 


Vo 0 - 1 - 6 / 


Vo 0 - 1 - 6 / 



2 3 1\ 


(0 -2 3 

1\ 


<\ 2-3 2\ 

0 -1 -6 

R\ —+ R\. -|- 3H 2 

' 0 0-1 

-6 


0 0-1-6 

2—3 2 


1 2 -3 

2 


0-2 3 1 

0 3 4/ 


Vo 0 0 - 

-14/ 

’ 

V0 0 0 -14/ 

2 -3 2n 

\ 

/0 0 1 0\ 



/ 1 2-3 : 

2 3 1 

. Then P = 

10 0 0 

and PA — 

0-2 3 

0 -1 -6 


0 0 0 1 



-2 -4 5 -11 

0 0 -14/ 

1 

Vo 10 0 / 

' 


V 0 4 -3 : 


(\ 2-3 2 \ 

R 3 - R 3 + 2 R 1 0 -2 3 1 ' 

_♦ 0 0 - 1-6 

VO 4-3 2/ 


U. Thus PA — LU where L = 


Ri —► H4 + 2H2 


/ 1 0 0 0 \ 
0 10 0 
-2010 
V 0-2-31/ 


/I 2-3 
0-231 
0 0 - 1-6 
Vo 0 3 4/ 


R\ —• R.\ 3R 3 


/I 2-3 2^ 

0-2 3 1 

0 0 - 1-6 
Vo 0 0-14/ 


/0 0 1 0\ 

l 6 \ 


(°\ 

[10 0 0 

1 


6 

0 0 0 1 

0 


5 

Vo 10 0 / 

V 5/ 


Vl / 


We seek a y such that Ly = 


n\ 


. From 


Ly = 


1 0 0 0\ 

0 10 0 

-2010 


/yi\ 


/°\ 

S/2 


6 

V3 


5 

\yj 


Vi/ 


is 


/I 2-3 2\ 

0-2 3 1 

0 0 - 1-6 


Vo 0 0-14/ V x 4 



. We get yi = 0, y 2 = 6, —2j/i + y 3 - 5, -2 y 2 - 3y 3 + 2/4 = 1. 


That 


. We get x\ + 2x 2 — 3 x 3 + 2x 4 = 0, —2x 2 + 3 x 3 + x 4 = 6, 


Solving we get t/ 3 = 5, y 4 = 28, and y = 

f 

6 

5 

. Now, find an x such that Ux = 

( °\ 
6 

5 


V 28/ 


V 28 / 


13 

— x 3 — 6 x 4 = 5, —14x 4 = 28. Backsolving we get x x = 12, x 2 - —, x 3 = 7, x 4 = —2. The solution is 

/ 12 \ 

13/2 

7 

V -2/ 



142 Chapter 1 Systems of Linear Equations and Matrices 


Instructor’s Manual 


n 

24. Let B = LM. bn = Since L and M are lower triangular with ones on the diagonal, we 

k=l 

have the following conditions: /,■* = 0 if k > i, mm = 0 if * > k, la = 1, and to,-; = 1. So if k < i 

n 

or k > i we have that Ukmki = 0. If k — i we have luma — 1. Thus bn = Ukmki = 1- Now 

fc=i 

n 

bij = ^2,Ukmkj. m k j = 0 if j > k, lik = 0 if k > i. Suppose j > i. If k < i, then k < j and hence 

*=i 

mkj = 0. If k > i then lik = 0. Thus if j > i then Ukmkj = 0 and hence bij = 0. Therefore LM is 
lower triangular with ones on the diagonal. 

25. Suppose that L and M are upper triangular. Then if j < i, kj = 0 and = 0. Let B = LM, 

n 

b{j = ^ 'jikmkj. Suppose j < i. If k < j, then k < i and hence Uk = 0. If k > j, then m k j = 0. Thus 

k = l 

if j < i, then Ukmkj = 0 and hence b,j = 0. Therefore LM is upper triangular. 


26. A = 


where L = 



-1 2 f 
0 0 0 
4 -8 —4 1 

i o o\ /-i 2 r 
-2 1 0 0 0 0 
-4 x 1 / V 0 0 0, 


/?3 + 4 R j 



= U. Thus A-LU 


for any real number x. So the 


L[/-factorization of the matrix is not unique. 


27. A = 


/ 3 —3 2 5 \ 


/I 0 0 0\ 

/ 3 

-3 2 5\ 

2 1 -6 0 ' 


a 1 0 0 ' 

0 

U V w 

5—2—45! 


6 c 1 0 , 

0 

0 x y 

V 1 —4 8 5/ 


\de f l) 

\0 

0 0 zJ 


This yields the equations 3a = 2, —3a + u — 1, 


2 a + v = -6, 5a + w — 0, 36 = 5, -36 + cu = -2, 26 + cv + x = -4, 56 + cw + y = 5, 3d = 1, 
—3d + eu = -4, 2d + tv + fx — 8, 5d + ew + fy + z = 5. Solving we get a = 6 = c = 1, d = | 

e = —1, / = any real number, u = 3, v = w = * = 0, y = 0, z = 0. Thus A = LU where 

/! 0 0 0 \ / 3 - 3 

L - 


1 0 0 
1 0 


vl-i/i/ 


, where / can be any real number, and U = 



Since there is more 


than one possibility for /, the LU factorization of A is not unique. 


28. A = 


1 2 
2 4 


/t2 —^ B-2 — 2-Rl 


1 2 
0 0 


= U. Thus A = LU where L — 


1 0 
2 1 



■ i?2 + 2i?i 



K3 —► R3 + 


1 0 0 

= U. Thus A = LU where L — | —2 10 

111 
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30. A 


R 3 


/-I 14 6\ 


/-I 1 4 6\ 


(-1 1 4 6\ 

2-10 2 ’ 

R 2 —+ R 2 + 2/?i 

0 1 8 14 

/?4 —► R\ + R\ 

0 1 8 14 

0 3 1-51 


! 0 3 15 


0 3 1 5 

V 1 3 5 13/ 


\ 135 13/ 


\ 0 4 9 19/ 


R 3 — 3/^2 


-11 4 6 \ 

0 1 8 14 

0 0 -23 -37 

0 4 9 19/ 


Ri —► 1?4 — 4R 2 


/ —1 1 4 6\ 

0 1 8 14 I 

0 0 -23 -37 
V 0 0 -23 -37/ 


—+ R± — 


l 

-1 1 4 


/ 1 0 0 0\ 


0 1 8 

14 

= U. Thus A = LU where L = I ? 1 ? ? 


0 0 -23 

-37 

1 0 3 10 

\ 

0 0 0 

0/ 

\-l 4 1 1/ 


31. A = 


/?4 —► R± — 2R\ 


1 1 

7N i 





-1 

1 



2 1 

6 


- *2 - f *1 

0 

7 

2 

1 

' 2 

2 


3 0 - 

-1 



- *| 

1 

3 

0 - 

-1 


5 1 

5/ 




\4 

5 

1 

5 / 


/ 2 

-1 

1 





( 2 

-1 

1 

0 

7 

2 

1 

2 

9 

2 

i?4 —► /?4 — 

2 h 2 

\ 0 

7 

2 

1 

2 

0 

7 

0 

1 

0 

9 



—*. 

i 0 

0 

0 

\0 

7 

-1 - 


1 



\o 

0 . 

0 


R3 * R3 \R\ 


7 \ 
9 1 

' 2 

0 


A ? 7 A 

0 2 - 2-1 

0 I -I -9 
2 2 2 
\4 5 1 5 / 


— U. Thus A = LU where L — 


/ 1 0 0 0\ 

I 100 

I 1 1 0 

\ 2 2 0 1 / 


/ 

2-10 


/ 2-10 

2 ^ 


/2 -1 0 2\ 


4-20 

4 

R-2 ~~ 2Ri 1 0 0 0 

0 

R 3 — > R 3 Ri 

0 0 0 0 


-2 10 

-2 

t 1 10 

-2 


0 0 0 0 

V 

6-3 0 

6/ 

V 6-3 0 

6 / 


\6 -3 0 6/ 



( 2 

-1 0 2\ 


/ 

1 0 0 0\ 

R± — * R± — 3 R\ 

0 

0 0 0 

= U. Thus A = LU where L = 


2 10 0 


0 

0 0 0 


~ 

-10 10 


\o 

0 0 0/ 


\ 

3 0 0 1/ 


33. A = 


1 2 3 
-12 4 


1 0 
a 1 


1 2 3 
0 u v 


. This yields the equations a = 


we get u — 4, v = 7. Thus A = LU where L = 


1 0 
-1 1 


and u — 


— 1, 2a + u = 2, 3a + v = 4. Solving 

1 2 3\ 

0 4 7/' 


34. yl = 


( 


2 1 
-1 4 
6 0 


Solving we get a 



This yields the equations 2a = —1, a + u = 4, 26 = 6, 6 + cu = 0. 




0 0 



9 

-. Thus j4 = LU where L = 


and 
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35. A = 


7 1 3. 4\ 
-2 5 6 8 / 


/10\/713 
Va 1/ ^0 u v 


. This yields the equations 7a 


o o , • -2 37 48 64 . TTT , _ / 1 0 

4a + w = 8. Solving we get a = —, u = —, i> = —, w = —. Thus A — LU where L = ^ _ 2 ^ 


2, a + a = 5, 3a 4- v — 6, 
and 


U = 


/7 1 3 4\ 

VO 37/7 48/7 64/7y' 


/4 -1 2 1 \ / 1 0 0\ /4 -1 2 1\ 

36. A = I 2 1 6 5 1 = I a 1 0 I I 0 u did . This yields the equations 4a = 2, -a + u = l,2a + t; = 

\3 2—17/ \b c 1J V 0 Ox yj 

6 , a + w - 5,46 = 3, -b + cu = 2,26 + cv + x = -1,6 + cw + y - 7. Solving we get a = -,6 = 


3 

4’ 


c 




35 

— ,y = —2. Thus A = LU where L = 
3 


1 00 ' 
i 10 

3 11 1 

4 6 1 ' 


and 


/4 -1 2 1 \ 

£7= 0 3/2 5 9/2 . 

Vo 0 35/3 -2/ 



( 5 1 3 \ 
-2 4 2 


/I 0 0 0 0\ 
a 1 0 0 0 


/ 5 1 3\ 

0 u v 

37. 

1 6 1 

= 

6 c 1 0 0 


0 0 w 


-2 2 0 

V 5-31/ 


de/10 

V g h i j 1 / 


0 0 0 
Vo 0 0 / 


. This yields the equations 5a = —2, a+u — 4, 3a+n = 2, 56 = 


1,6-f cu — 6, Zb+cv+w =1,5d = -2, d+eu = 2, 3d+ew+/u/ = 0,5y = 5, g+hu = -3, 3g+hv+iw+j 0 = 
-2.1 29 . -2 6 . 1 . . -10 


1. Solving we get a = —,6 = -,c- —,d= —,e g — 1, h = 


11 ’ 


, 22 16 
number, u = —,v= —, 1 
5 5 


number, and U = 


/ 5 1 

0 22/5 

0 0 -42/11 

0 0 0 

Vo 0 0 / 


—42 

-2/5 

1 

0 0 0 

—. Thus A = LC/ where L = 

1/5 

29/22 

1 0 0 

-2/5 

6/11 

1/7 10 


V 1 

-10/11 

-5/21 j l) 

3 \ 




16/5 





11 

0 


i= ^,1 = any teal 


0 0 0 \ 


j any real 





/ 1 0 0 0 0\ 


/" 12 1\ 

1 

1 6 5 


a 1 0 0 0 


0 u v 

II 

OO 

CO 

-2 3 7 

= 

6 c 10 0 


0 0 w 

1 

1 0 2 


d e f 1 0 


0 0 0 


V 


l J 


V 


This yields the equations —a = l,2a + u = 6,a + v = 


5, — 6 = — 2, 26-f cu = 3, b+cv + w = 7, — d = 1, 2d+eu 
iw + j- = 5. Solving we get a 


— 1,6 = 2,c= ~£-,d= —l,e = ^,/ = 


0,d+eu + /u; = 2, -y = 4,2g + hu = l,g + hv + 

6 , 9 •_ 9 •_ 
23 ’ 9 ’ 8 ’ 1 23 ’ J 
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any real number, u = 8, v 


= 6,w = 


23 


Thus A = LU where L = 


number, and U = 


/-!2 lx 
0 8 6 
0 0 23/4 
0 0 0 
V 0 0 0/ 


/ 1 

0 

0 0 

°\ 

-1 

1 

0 0 

0 

2 - 

-1/8 

1 0 

0 

-1 

1/4 

6/23 1 

0 

V —4 

9/8 

9/23 j 

1 / 


j any real 
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CALCULATOR SOLUTIONS 1.11 

Problems 39-44 ask for a PA = LU factorization. This is computed on the TI-85 by the LU function, which is 
invoked with four arguments in the form LU (A, L, U, P), where A is the input argument - the name of the variable 
containing the matrix to be factored, and L, U, P are output arguments, telling the function names for the variables 
in which to store the respective parts of the factorization. You can invoke this function by entering the alphabetic 
characters shown, including the three commas or you can use the MATRX MATH (MORE) LU menu entry, and 
then entering the "A, L, U, P" entries. As usual we will assume the input matrices are entered in variables All Inn, 
nn = 39, • • ■ , 44. The LU factorization computed on the TI-85 is actually the "Crout" LU-factorization which 
gives an upper triangular U with ones on the diagonal, as if we had found an echelon form of PA by forward elimina¬ 
tion without row interchanges. 


39. After entering LU (A11139, L1113 9, U11139, P11139) [ENTER j , we find that 


[[30 0 ] 

L11139 (ENTER) yields [ 0 2 0 ] , 

[ 2 -1.66666666667 8.5 ]] 


[[ 1 

U11139 (ENTER) yields [ 0 

[ 0 


.333333333333 2.33333333333 ] 

1 2.5 ] , 

0 1 ] ] 


[[ 010 ] 

and for the permutation matrix PI 113 9 (ENTER) is [10 0] 

[ 001 ]] 


40. After LU (A11140, L11140, U11140, P11140) (ENTER) , we find that 

[[160 0 0 ] 

, , [ 4 10.75 0 0 ] 

L11140 ENTER yields 

1 -[ 13 -2.0625 14.9534883721 0 ] 

[ 2 -1.625 8.72093023256 8.29237947123 ]] 


[[ 1 

.3125 

-.5 

.25 

U11140 (ENTER) yields 

1 

1.67441860465 

-.837209302326 

'- 1 [ 0 

0 

1 

-.132192846034 

[ 0 

0 

0 

1 


[[0001] 

--. [0100] 

and for the permutation matrix PI 1140 |ENTER) gives [ 0 0 i o ] ’ 

[1000]] 

41. After LU (A11141, LI 1141, U11141, PI 1141) (ENTER) , we find that 

[[ 16 0 0 0 ] 

L11141 (ENTER) yields ’ ' 

1 - [ 5 4.5625 8.16964285714 0 ] 

[ 2 -.375 -1.58928571429 2.97595628415 ]] 
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U11141 [ENTER] yields 


[[ 1 -.3125 .6875 
[ 0 1 -.571428571429 

[00 1 

[00 0 


.5 

-.142857142857 

.018579234973 

1 


] 

] 

] ’ 

] ] 


and for the permutation matrix PI 1141 (ENTER) gives 


[[0001] 

[ 1 0 0 0 ] 
[0100] 
[0010]] 


42. After LU(A11142, LI 1142,U11142, PI 1142) [ENTER] , we find that L11142 [ENTER| yields 
[[710 0 0 0 ] 

[ 35 69.676056338 00 0 ] 

[ 14 38.0704225352 79.5154639175 0 0 ] 

[ 14 14.0704225352 19.5967252881 -33.4575239664 0 ] 


[ 23 24.9014084507 

24.2302405498 

-31.3474653183 14. 

7770382416 ]] 


U11142 [ENTER] yields 





[[ 1 -.647887323944 

.830985915493 

.915492957746 - 

.30985915493 

] 

[ 0 1 

-1.57994744289 

-.129775621589 - 

.561956741459 

] 

[ 0 0 

1 

.227926876702 1 

.48061713989 

] 

[ 0 0 

0 

1 

112687668795 

] 

[ 0 0 

0 

0 1 


] ] 


[[ 00100 ] 

[ 0 0 0 1 0 ] 

and for the permutation matrix PI 1142 [ENTER] gives [ 0 0 0 0 1 ] 

[ 0 1 0 0 0 ] 

[ 10000 ]] 


43. After LU (A11143 , L11143 , U11143 , P11143) [ENTER] , we find that 


[[ -91 0 0 0 ] 

L11143 [ENTER] yields [ • 83 ' 50021978022 ° 0 1 

- [ .46 -.036263736264 .189244288225 0 ] 

[ .21 .266923076923 .063804920914 .049489575595 ]] 


U11143 [ENTER] yields 


[ 1 .252747252747 
[ 0 1 
[ 0 0 
[ 0 0 


.175824175824 -.21978021978 

-1.65114235501 1.90399824253 
1 -2.21858748143 

0 1 


] 

] 

] ’ 

] ] 


and for the permutation matrix P1114 3 


[[0100] 

[ENTER] gives [ ° ° ° 1 ] . 
- [ 0010 ] 

[1000]] 


44. After LU(A11142, L11142, U11142, P11142) |ENTER| . we find that 
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L11144 |ENTER) yields 


U11144 (ENTER) yields 


[[10000 ] 

[ 0 5 0 0 0 ] 

[ 1 0 3 0 0 ] , 

[ 0 0 0 5 0 ] 

[0023-1.6]] 

[[ 1 2 0 0 0 ] 

[ 0 1 1.2 .2 0 ] 

[ 0 0 1 0 0 ] , 

[000 1 1.2 ] 

[ 0 0 0 0 1 ] ] 


[[ 1 

0 

0 

0 

0 

] 

[ 0 

0 

1 

0 

0 

] 

and for the permutation matrix PI 1144 (ENTER) gives [ 0 

1 

0 

0 

0 

] 

[ o 

0 

0 

0 

1 

] 

[ o 

0 

0 

1 

0 

] ] 
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1. We eliminate down each column, and accumulate the product of the inverses of the elementary matri- 


ces. 





» A = [8 2- 
» U = A; 

4 6; 10 

1 -8 9; 4 

7 10 3]; 


» c = -U(2,l)/U(l,l) 

1 

'/, Eliminate U(2,l). 


» F = eye(3) 
» U = F*U; 

» L = inv(F) 
L = 

; F(2,1) 

= c; 



1.0000 

0 

0 



1.2500 

1.0000 

0 



0 

0 

1.0000 



» c = -U(3,1)/U(1,1) 

l 

'/, Eliminate U(3,i). 


» F = eye(3) 
» U = F*U 

; f(3,i) 

= c; 



U = 





8.0000 

2.0000 

-4.0000 

6.0000 


0 

-1.5000 

-3.0000 

1.5000 


0 

6.0000 

12.0000 

0 


» L = L*inv(F) 




L = 





1.0000 

0 

0 



1.2500 

1.0000 

0 



0.5000 

0 

1.0000 



» c = -U(3,2)/U(2,2) 

» 

'/. Eliminate U(3,2). 


» F = eye(3) 
» U = F*U 

; F(3,2) 

= c; 

'/, Notice that U is in echelon form. 


U = 





8.0000 

2.0000 

-4.0000 

6.0000 


0 

-1.5000 

-3.0000 

1.5000 


0 

0 

0 

6.0000 


>> L = L*inv(F) 


'/, Notice that L is lower triangular. 


L = 





1.0000 

0 

0 



1.2500 

1.0000 

0 



0.5000 

-4.0000 

1.0000 



» L*U 



*/. This should be the same as A. 


ans = 





8 2 

-4 

6 



10 1 

-8 

9 



4 7 

10 

3 





150 Chapter 1 Systems of Linear Equations and Matrices 


Instructor’s Manual 


2 . 


» A = rand(5); '/, A random 5x5 matrix. 

» b = rand(5,l); */, A random 5 vector. 

» flops(O); 
frref = 

1986 

» flops(O), 

X = 

-0.9377 
0.7523 
0.8705 
-0.0748 
0.1154 
flu = 

271 

(b) The previous code can be repeated several more times for part (b). 

(c) The number of operations was fewer for the second version. However, very similar operation counts 
should apply for the A\b and rref methods. The great discrepency here results from the fact that 
rref incurs an enormous overhead when it attempts to produce nice (rational) results if appropriate. 
You can enter the MATLAB command type rref to see the code, which always includes at least one 
call to rat(A). If you compute flops(0); [num.den] =rat(A) ;all(all(A==num./den)) ;flops to de¬ 
termine the number of flops involved in deciding rationality, you will find that, say for a 5x6, there 
are about only 210 flops of the 1900 reported above which actually arise from rref. Thus rref ( [A 
b] ) and A\b do, infact take almost the same number of operations. 

Even without the calls to ‘rat’, the computed counts indicate a bit of overhead. If you did rref by 
hand, you’d do less than 200 multiplications, divisions and additions. (In fact less than 125 if you 
avoid unnecessary operations, see Appendix 3, page A-27 and the solution to A3.3). Similar counts 
would apply to LU-factorization followed by forward and back elimination on the right hand side, 
even when partial pivoting is done. 

3. (a) 


rref([A b]); frref=flops 

'/, This number will be slightly higher in MATLAB 3.5 
'/, It may also vary slightly for different random A 

x = A\b, flu=flops 


» A = 2*rand(3)-l 
A = 



0.4834 

0.0500 

0.4268 


-0.9618 

-0.0734 

-0.0221 


0.7721 

-0.8696 

0.3354 

» 

CL, U, P] 

= lu(A) 


L = 


1.0000 

0 

0 


-0.8027 

1.0000 

0 


-0.5026 

-0.0141 

1.0000 

U = 


-0.9618 

-0.0734 

-0.0221 


0 

-0.9285 

0.3176 


0 

0 

0.4202 


0 1 
0 0 
1 0 


P 


0 

1 

0 
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L*U 



*/. This 

should 

be 

the 

same as P*A 

below 

-0.9618 

-0.0734 

-0.0221 







0.7721 

-0.8696 

0.3354 







0.4834 

0.0500 

0.4268 







P*A 



*/. This 

should 

be 

the 

same as L*U 

above 

-0.9618 

-0.0734 

-0.0221 







0.7721 

-0.8696 

0.3354 







0.4834 

0.0500 

0.4268 








(b) 


» A = round(10*(2*rand(4)-l)) 
A = 

4 8 10 0 

-6 1-68 
8 -7 -1 -1 

7 -1 -4 -1 


» CL, U, P] = lu(A) 


L = 


U = 


1.0000 

0.5000 

0.8750 

-0.7500 

8.0000 

0 

0 

0 


P = 

0 
1 
0 
0 

» C = P*A 
C = 

8 

4 

7 

-6 


0 

1.0000 

0.4457 

-0.3696 

-7.0000 

11.5000 

0 


0 

0 

0 

1 


-1 

10 

-4 

-6 


0 

0 

1.0000 

0.3677 

-1.0000 
10.5000 
-7.8043 
0 

0 

0 

1 

0 


-1 

0 

-1 

8 


0 

0 

0 

1.0000 

- 1.0000 

0.5000 

-0.3478 

7.5627 


» c = -C(2,1)/C(l,l); F = eye(4); F(2,l) = c; */. Eliminate C(2,l). 
» C = F*C; 

» L2 = inv(F) '/, L2 should end up the same as L. 

L2 = 

1.0000 0 0 0 

0.5000 1.0000 0 0 

0 0 1.0000 0 

000 1.0000 
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» c = -C(3,l)/C(l,l); F = eye(4); F(3,l) = c; */. Eliminate C(3,l). 
» C = F*C; 
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» L2 = L2*inv(F); '/• Accumulate product of inv(F)’s. 

» c = -C(4,1)/C(1,1); F = eye(4); F(4,l) = c; '/. Eliminate C(4,l), end col. 1. 
» C = F*C 


8.0000 

-7.0000 

- 1.0000 

0 

11.5000 

10.5000 

0 

5.1250 

-3.1250 

0 

-4.2500 

-6.7500 


-i.0000 

0.5000 

-0.1250 

7.2500 


» L2 = 

L2*inv(F) 



L2 = 




1.0000 

0 

0 

0 

0.5000 

1.0000 

0 

0 

0.8750 

0 

1.0000 

0 


-0.7500 

0 

0 


’/, Note column 1 of L and L2 agree. 


1.0000 


» c = -C(3,2)/C(2,2); F = eye(4); 
» F(3,2) = c; 


'/, Eliminate C(3,2), start col. 2 
*/, Note C(2,2) is largest in column 2. 


» C = F*C; 


» L2 = L2*inv(F); 


» c = -C(4,2)/C(2,2); 
» C = F*C 

F = eye(4) 

; F(4,2) = 

c; */. Eliminate C(4,2). 

'/, This finishes column 2 

C = 

8.0000 -7.0000 

-1.0000 

-1.0000 


0 11.5000 

10.5000 

0.5000 


0 0 

-7.8043 

-0.3478 


0 0 

-2.8696 

7.4348 


» L2 = L2*inv(F) */. Now column 2 

of L2 and 

L agree. 

L2 = 

1.0000 0 

0 

0 


0.5000 1.0000 

0 

0 


0.8750 0.4457 

1.0000 

0 


-0.7500 -0.3696 

0 

1.0000 


» c = -C(4,3)/C(3,3); 
» C = F*C 

F = eye(4) 

; F(4,3) = 

c; */, Eliminate C(4,3). 

/ Note c(3,3) is largest 

C = 

8.0000 -7.0000 

-1.0000 

-1.0000 


0 11.5000 

10.5000 

0.5000 


0 0 

-7.8043 

-0.3478 


0 0 

0 

7.5627 


» L2 = L2*inv(F) 

L2 = 

1.0000 0 

0 

0 


0.5000 1.0000 

0 

0 


0.8750 0.4457 

1.0000 

0 


-0.7500 -0.3696 

0.3677 

1.0000 



Notice that C reduces to U and that L2 is the same as L, as predicted. At each step we can 
check that the pivot was the largest number (in absolute value) when compared to those below 
it in the same column. 



LU-Factorizations of a Matrix 


MATLAB 1.11 


153 


4. 


» A = rand(3) 7 A random matrix. 

A = 


0.7734 

0.4177 

0.2053 


0.7273 

0.6825 

0.8364 


0.3192 

0.6806 

0.7089 


» C L, U, 

P] = lu(A) 


L = 

1.0000 

0 

0 


0.4127 

1.0000 

0 


0.9405 

0.5700 

1.0000 


U = 

0.7734 

0.4177 

0.2053 


0 

0.5082 

0.6242 


0 

0 

0.2876 


P = 

1 

0 

0 

» B = P*A 

0 0 

0 1 

1 0 

• 

/ 

\ Store P*A in B, and work with B 

B = 

0.7734 

0.4177 

0.2053 


0.3192 

0.6806 

0.7089 


0.7273 

0.6825 

0.8364 


» B(2, :) = 

B(2,:) - 

L(2,1)*B(1, 

:) '/, Eliminate B(2,l) using 

B = 

0.7734 

0.4177 

0.2053 

'/, L(2,l) as the multiplier. 

0 

0.5082 

0.6242 


0.7273 

0.6825 

0.8364 


» B ( 3, : ) = 

B(3, : ) - 

L(3,1)*B(1, 

:) 7, Eliminate B(3,l). 

B = 

0.7734 

0.4177 

0.2053 


0 

0.5082 

0.6242 


0.0000 

0.2896 

0.6434 


» B(3, :) = 

B(3, :) - 

L(3,2)*B(2, : 

:) V. Eliminate B(3,2). 

B = 

0.7734 

0.4177 

0.2053 


0 

0.5082 

0.6242 


0.0000 

0.0000 

0.2876 



Notice that B was reduced to U, as expected. 
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Section 1.12 

/0 1 1 0\ 
[0 0 0 0 
110 0 
\1 0 0 0/ 


/0 0 1 2 0 0 \ 
10 0 10 0 
000101 
110 0 10 
000100 
\ 1 0 1 0 1 0/ 


/0 1 1 0 0 \ 
0 0 0 1 0 
2. 110 10 
0 0 10 1 
\1 0 1 0 0/ 


1 ~ 2 
5. I\T 
4 ~ 3 


/0 0 1 0 0\ 
10 0 10 
3. 0 10 10 

1110 1 

Voio o o/ 


1 

Sl\ 

6. 4h2«3 

\IS 

5 



/I 1 0 2 0\ 

0 0 10 1 

8. A 2 — 0 12 11 . Thus there are 21 2-chains. 

2 1110 

V1 2 1 10/ 

/0 1 312\ 

2 1110 

A 3 = 3 2 2 3 1 . Thus there are 42 3-chains. 

1 3 3 2 1 
V 1 2 2 3 1 / 

/ 5 3 3 4 1 \ 

1 3 3 2 1 

A 4 — 3 5 7 4 3 . Thus there are 86 4-chains. 

4 4 4 6 2 
\3 3 5 4 3/ 


/0 1 010\ 

112 0 1 

9. A 2 = 21111 . Thus there are 21 2-chains. 

12 12 0 
\10 010/ 



T 3 = 


. Thus there are 45 3-chains. 
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A 4 = 


/ 2 3 3 2 1 \ 
6 4 4 4 3 

5 6 4 6 2 

6 8 7 6 3 
V 1 3 1 3 0/ 


Thus there are 93 4-chains. 


10. Given a redundant path from vertex A to vertex B, it is possible to construct a shorter path from A 
to B by not passing through any vertex more than once. Thus, the shortest path linking two vertices 
is not redundant. 

11. Since A represents the total number of 1-step links between vertices and A 2 represents the total num¬ 
ber of 2-step links between vertices, then A + A 2 represents the number of 1-step or 2-step links be¬ 
tween vertices. 

12. Direct dominance: Pi over P?; P 3 over P\, P 5 , P&\ P$ over P 4 ; and P 6 over , P 4 . 

Indirect dominance: P 3 over P 2 , P 4 . 
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Review Exercises for Chapter 1 


1. 


3 6 

9 Vl 

(l 2 

M-l 

(\ 9 

2 3 

4 ) < 

V0 7 

10 ) 1 

^0 1 


1/7\ 
10/7 ) 


Solution: (1/7,10/7) 


2 . 


3. 


3 6 
2 4 


1 2 
0 0 


3 -6 
-2 4 


1 -2 
0 0 


Solution: (3 — 2 x2, X 2 ) 

) 


No solution. 




Solution: (—1/3,0,7/3) 




Solution: (0, 0, 0) 




Solution: (0,0,2) 


7. 




Solution: (—1/2,0,5/2) 


8 . 




Solution: (0, 0, 0) 












9. 


1 -3 

0> 1 - f 1 V2 

-3/2 


(\ 0 -1/3 

1 1 

0 J V0 -3 

7 

0 / 

VO 1 -7/3 


Solution: ( 2 : 3 / 3 ,7^3/3, £ 3 ) 




10. 



1 1 
0 -1 
0 -2 



1 0 
0 1 
0 0 


°\ 

0 I . Solution: (0,0) 

0 / 
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11 . 





-1 |. No solution. 
-1 


12 . 


z 1 1 

1 

1 

4 N 

Z 1 

1 

1 

1 

4 N 

Z 1 

0 

1 -1 

- 4 \ 

2 -3 

-1 

4 

7 

_ 0 

1 

0 

2 

8 

- 0 

1 

0 2 

8 

-2 4 

1 

-2 

1 

0 

6 

3 

0 

9 

0 

0 

3 -12 

-39 

V 5 -1 

2 

1 

-1 

Vo 

-6 

-3 

-4 

- 21 / 

\0 

0 

1 

O 

- 12 / 


/I 0 0 3 

9 V 


/I 0 0 0 

°\ 

0 10 2 

8 


0 10 0 

2 

0 0 1-4 

-13 


0 0 10 

-1 

Vo 0 0 1 

3 / 


Vo 0 0 1 

3 / 


. Solution: (0,2,—1,3) 


13 . 


/ 1 

1 

1 

1 

°V 


z 1 

1 

1 

1 

°V 


z 1 

0 

1 

-1 

°\ 

1 2 

-3 

-1 

4 

0 


0 

1 

0 

2 

0 


0- 

1 

0 

2 

0 

-2 

4 

1 

-2 

0 

-*■ 

0 

6 

3 

0 

0 


0 

0 

3 

-12 

0 

V 5 

-1 

2 

1 

0/ 


Vo 

-6 

-3 

-4 

0/ 


V 0 

0 

0 

-4 

0/ 


/I 0 0 3 

°V 


/I 0 0 0 

°\ 

(0102 

0 


0 10 0 

0 

0 0 1-4 

0 

* 

0 0 10 

0 

Vo 0 0 1 

0 / 


Vo 0 0 1 

0 / 


Solution: (0,0,0,0) 


14 . 





10 1-1 
0 10 2 
0 0 3 -6 


10 0 3 
0 10 2 
0 0 1-4 


. Solution: (— 3 a: 4 , — 2 x 4 , 4 x 4 , £ 4 ) 


15 . 3 



,1 0 3 \ / 2 0 4 

1 2 -1 6 ) + l -2 5 8 


(30 7 
l 0 4 14 


17 . / 2 1 3 \ / —2 14 \ / 10 5 15 \ /-6 3 12 \ 

5 -1 2 4 -3 5 0 7 = -5 10 20 - 15 0 21 

\ —6 1 5 / \ 2 - 13 / \-30 5 25 / \ 6-3 9 / 

/ 16 2 3 \ 

= -20 10 -1 
\ —36 8 16 / 


«• (-joo-o-ds) 
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19. 


f 2 3 15 
VO 6 2 4 


5 7 1\ 
2 0 3 
1 0 0 
0 5 6/ 


/ 17 39 41 \ 
V 14 20 42 ) 


( 2 3 5\ / 0 -1 2\ / —26 16 35 \ 

20. [—1 6 41 ( 3 1 2 ) = -18 19 30 

V 10 6/ V —7 3 5/ \ —42 17 32/ 


21 . 


fl 0 3 - 15 \ 
V2 1 6 2 5/ 


7 1 \ 
2 3 
-1 0 
5 6 
2 3 / 


( 910 1 

V30 32 ) 


22 (ili) (!)=(i) 

23. Reduced row echelon form. 

24. Row echelon form. 

25. Neither. 


26. Reduced row echelon form. 


27. 


2 8-2 
1 0 -6 

fl 0 


1 4 -1 
0 4 5 


1 4 -1 
0 1 5/4 


(Row echelon form) 


V 0 1 5 / 4 ) (R e< i uce< i row echelon form) 


/ 1-1 24\ /1 —1 2 4\ /1 —1 2 4\ 

28. -1 2 0 3 — 0 1 2 7 -» 0 1 2 7 

V 2 3—11/ \ 0 5—5—7/ Vo 0 —15 —42 / 


/ 1 -1 2 4\ 

0 12 7 

VO 0 114/5/ 


(Row echelon form) 


/ 1 0 4 11 \ /1 0 0 —1/5 \ 

[OI 2 7 1—» ( 0 1 0 7/5 1 (Reduced row echelon form) 

VO 0 1 14/5/ V° 0 1 14 / 5 / 
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det (_i 4 ) =8+3 = 11;Inverse: n (1 2) 

30 ' ("2-4) (o~o) Not invertible. 


/ 1 2 0 \ /I 2 0 \ / 1 2 0 \ / 1 2 0 \ 

31. 12 1 —1 I —► I 0 —3 —1 ] —► 10 1 1/3 1 —* ( 0 1 1/3 1 

\3 1 1/ \0-5 \0 0 8/3 / \00 1/ 


/1 2 0 
2 1-1 
\ 3 1 1 

/I 0 0 
->010 
\0 0 1 


1 0 0 
0 1 0 
0 0 1 


12 0 10 0 
0-3-1 -2 10 

0-5 1 -3 0 1 


-1/4 1/4 1/4 \ j 

5/8 -1/8 -1/8 I ; Inverse: - 

1/8 -5/8 3/8/ 8 


1 0 -2/3 -1/3 2/3 0 

0 1 1/3 2/3 -1/3 0 
0 0 8/3 1/3 -5/3 1 


-2 2 2 
5 -1 -1 
1 -5 3 


/—12 0 \ / 1 —2 0 \ /1 —2 0 \ 

32. 4 1 —3 I —> [ 0 9 -3 1 —> I 0 1 -1/3 ; Not invertible 

\ 2 4-3/ \0 9-3/ \0 0 0/ 


( 2 0 4\ / 1 0 2\ / 1 0 2\ 

33. [—1311—►1033)—►[Oil) 

\ 012/ \0 1 2/ V0 0 1 / 

/ 2 0 4 1 0 0\ /I 0 2 1/2 0 0\ /l 0 2 1/2 0 0\ 

-13 1 0 1 0 J —> I 0 3 3 1/2 1 01—>10 1 1 1/6 1/3 0 

\ 0 1 2 001/ V 012 001/ \0 0 1 -1/6 - 1/3 1/ 

(l 0 0 5/6 2/3 -2\ . / 5 4 —12\ 

— 010 1/3 2/3 -1 ; Inverse: - 2 4-6 

\0 0 1 -1/6 -1/3 1/ 6 \ —1 —2 6/ 




160 Chapter 1 Systems of Linear Equations and Matrices 


Instructor’s Manual 




'2 -1 

37. A* = | 3 0 ); A is not symmetric or skew-symmetric. 

1 2 


38. A i = 


4 6 
6 4 


; A is symmetric. 


’2 3 1' 

39. A* = | 3 — 6 — 5 J; A is symmetric. 
1-5 9, 


'0 -5 -6' 

40. A* — [ 5 0 — 4 ); A is skew-symmetric. 

6 4 0, 


41. A* 


( 1 -1 4 6' 

-12 5 7 


V 


4 5 3 -8 

6 7 -8 9> 


; A is symmetric. 


42. A x = 


/ 0-11 1 \ 
1 0 1-2 
-1 10-1 
V 1-2 1 0 / 


; A is not symmetric or skew-symmetric. 


43. 


47. 



/ 1 2 °\ 

44. 0 10 

\ooi/ 


48. 


!-3\ 

0 l) 



49. 


(!!!) 

\0 01 ) 


46. 


50. 


(!!!) 

\ 100 / 



51. The elementary row operations to reduce the matrix to the identity are: 

1 . Ri — RJ2 2. R 2 — Ri + R 2 3. R 2 -> 2 R 2 4. R t ^Ri + i? 2 /2 


Then 


2 -1 

-1 1 


2 0 
0 1 


1 0 

-1 1 


1 0 

0 1/2 


1 - 1/2 
0 1 
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52. The elementary row operations are: 1. R 2 —* R 2 — 2R\ 2. R 3 —> R 3 — 3i?i 

3. R 3 -> R 3 - 2R 2 4. R 3 R 3 / 17 5. R 2 ^ R 2 + 11 Ra 6. Ri -+ Rx - 3 R 3 


Then 



1 0 0 
0 1 0 
0 2 1 



1 0 0 \ 
0 1 -11 
0 0 1 / 


53. The elementary row operations are: 1. R\ —> Ri/2 


Then 


(j - 0 =cs;) (J ?) (5 - 1/ 2) 


2. R 2 —* R 2 + AR\ 


54. The elementary row operations are: 1. R 2 —► R 2 — 2R\ 2. R 3 —+ R 3 — R\ 

3. R 3 —► R 2 — R 3 

/ 1 —2 3\ /I00\ /I00\ /1 00\ /I -2 3\ 

Then 2 04 = 210 010 010 0 4 -2 

\1 2 1 / \00 1 / \1 0 1 / V ° 1 V \° 0 0 / 


55. + = 


H2 — + 1^2 — 2.R1 




= 17. Thus A — LU where L = 



The system Ly = b, i.e., 


/I 00\ /yi\ /—1\ 

2 10j j /2 =[ 2 yields the equations y x = -l,2yi + y 2 = 2,4yi - by 2 + y 3 = 5. Solving 

\4 -5 1/ \y 3 J V 5/ 

/ — 1 \ /I -2 5\ /*i\ /—1\ 

we get y 2 — 4,?/3 = 29 and y = I 4 . Now, from Ux = y, i.e., 0-1 —3 I I x 2 I = I 4 we 

\ 29 / \0 0 -27/ \x 3 / \ 29 / 


obtain xi —2a;2 + 5x3 = —1, —1x2 —3x 3 = 4, — 27x 3 = 29. 


Solving we get xi = p, x 2 


-7 -29 

~9~’ Xs ~ ~27~' 



The solution is x = 



162 Chapter 1 Systems of Linear Equations and Matrices 


Instructor’s Manual 


56. A = 



/?2 —*" — 2 R \ 


—► /?3 + 16/?2 



/ 25 —2 \ 

[01 7 J = U. Thus A = LU where L — I 2 1 0 I . The system £y = b, i.e., 


\0 0 120 / 



3 -16 1 


= [ 0 ) yields the equations 2/1 = 3, 2j/i + 2/2 = 0, 3r/i — I 62/2 + 2/3 = 7- Solving we 

7, 

/ 3\ /2 5 —2 

get 2/2 = —6, 2/3 = —98 and y = [ —6 I . Now from £/x = y, i.e., [ 0 1 7 

\ —98 / \0 0 120 

„ , . 167 -17 -49 

obtain 2xi+5x 2 -2x 3 = 3, x 2 +7^3 = -6,120x 3 = -98. Solving we get aq = —, x 2 = , x 3 = 

/167/120 \ 

The solution is [ —17/60 ] . 



we 


57. A = 


Then P = 



Thus PA = LU where L = 


The system Ly = Pb, i.e., 


-fy 2 + 2/3 = 3. Solving we get y 2 = -y, 2/3 


3 5 


1 ] yields the equations 2/1 = —2, 52/1 + 2/2 = — 1 , 
3. 

/— 2 \ 

Now, from Ux = y, i.e. 


= ^ — | J we obtain 3zi + 5x 2 + 82:3 = - 2 , §£2 - y X3 = ~ 2 X 3 = * 4 - Solving 
we get xi - -47, x 2 = 19, x 3 = The solution is 
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0 3 2 ' R X ?R 3 ( 26 „ 5 \ R 2 ^R 2 -l Rl (2 6 ^ R 3 -> R 3 + 3R 2 f 2 ® J' 

o~J#' 


58. I 1 2 4 

2 6-5 


1 2 4 

0 3 2, 


0 -1 ¥ 
0 3 2, 


/ 0 0 1 \ / 2 6 — 5 \ / 2 6 — 5 ' 

Then P = 0 1 0 ,PA = 12 4 and P = 0 -1 pM • Thus PA = PP where P = 


\1 0 0 / 


0 3 2, 


0 0 


* 



/I 0 0\ f yi \ / 10\ 

The system Py = P b, i.e., I | 1 0 I I 2/2 I = I 8 ] yields the equations y\ = 10, |t/x + y 2 = 

\ 0 —3 1 / \ 2/3 / \ ~ 2 / 

/! 0 \ 

8 , - 3 j /2 + 1/3 = -2. Solving we get y 2 = 3, y 3 = 7 and y = 3 1. Now, from Px = y, i.e., 

V 7/ 

/2 6-5\ /*i\ /10\ 

I 0 -1 ¥ I I x 2 = 3 we obtain 2®! + 6 x 2 - 5x 3 = 10, -a : 2 + ^-x 3 = 3, ^ x 3 = 7. Solving we 

\» 0 #; v*»/ V v 

/ 364/43 \ 

get xx = x 2 = ^ip, i 3 = j|. The solution is I —38/43 I . 

V 14/43/ 


59. A = 


2 —5 7 | J' 


R 3 —► + 5i?2 


4 -3 8 ( 

1 -2 5' 


4-3 8 , 


0 5-12, 

1 0 O' 


0 —1 —3 I = P. Thus A — LU where L = I 2 10]. The system Ly = b, i.e., 

0 0 -27/ \ 4 —5 1 



yi\ I -l 

V 2 = 2 ] yields the equations y x = — 1, 2t/i + y 2 = 2,4yx - 5y 2 + y 3 = 5. Solving 

,ya, 

/-n (i -2 5 \ /*x\ /-i\ 

we get j /2 = 4,y 3 = 29 and y = 4 1. Now, from Px = y, i.e., I 0 -1 -3 z 2 = I 4 we 

\ 29/ \0 0 -27/ \x 3 J \ 29/ 

76 —7 —29 

obtain *1 — 2a : 2 + 5x 3 = — 1 , -1 ® 2 - 3a ? 3 = 4, —27x 3 = 29. Solving we get x x = —, x 2 = —, x 3 = 


76/27\ 

The solution is x = | —7/9 I. 

—29/27 / 


60. A = 



R 2 —► — 2/?i 


2 5-2' 
0 1 7 

6-1 2 , 


/13 —► H3 — 3 R X 


5 -2 
0 1 7 

0-16 8 , 


R 3 — r R 3 + 16/t 2 


/25 —2\ /I 0 0\ 

I 0 1 7 ] = P. Thus A = LU where L = [ 2 1 0 j . The system Ly = b, i.e., 

\0 0 120/ \3 -16 l/ 

1 00\ / 2/1 \ /3\ 

2 1 0 J I 2/2 = 0 yields the equations 2/1 = 3, 2yx + y 2 = 0, 3yx - 16y 2 + y 3 = 7. Solving we 

3-16 1/ V 2/s/ V 7 / 
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'2 5 -2' 

get t /2 = — 6 , 2/3 = -98 and y = I -6 I. Now from t/x = y, i.e., I 0 1 7 


-98, 


.0 0 120 , 


Xi 

X 2 

* 3 , 


167 


obtain 2 xi+5:e2-2z3 = 3, x 2 +7x 3 = -6,120a:3 = -98. Solving we get xi = —, x 2 = 



-17 _ -49 

60 ’ X3 _ 60 ' 


/167/120 \ 
The solution is I —17/60 I 
\ -49/60 ) 
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Chapter 2. Determinants 
Section 2.1 

1 0 3 

1. 0 14= (1)(1)(0) + (0)(4)(2) + (3)(0)(1) - (3)(1)(2) - (1)(4)(1) - (0)(0)(0) 

2 1 0 


= -6-4 = -10 


-1 1 0 

2. 2 14= (—1)(1)(6) + (1)(4)(1) + (0)(2)(5) - (1)(1)(0) - (5)(4)(-l) - (6)(2)(1) 

1 5 6 


= -6 + 4 + 20-12 = 6 


3-14 

3. 6 3 5 = (3)(3)(6) + (—1)(5)(2) + (4)(6)(—1) — (2)(3)(4) — (—1)(5)(3) — (6)(6)(—1) 
2-16 


= 54 - 10 - 24 - 24 + 15 + 36 = 47 


-10 6 

4. 0 2 4 = (—1)(2)(—3) + (0)(4)(1) + (6)(0)(2) — (1)(2)(6) — (2)(4)(—1) — (—3)(0)(0) 

1 2 -3 


= 6 - 12 + 8 = 2 


—2 3 1 

5. 4 6 5 = (—2)(6)(1) + (3)(5)(0) + (1)(4)(2) - (0)(6)(1) - (2)(5)(-2) - (1)(4)(3) 

0 2 1 


= -12 + 8 + 20-12 = 4 


5 -2 1 

6 . 6 0 3 = (5)(0)(4) + (—2)(3)(—2) + (1)(6)(1) — (—2)(0)(1) — (1)(3)(5) — (4)(6)(—2) 

-2 1 4 


= 12 + 6-15 + 48 = 51 


2 0 3 1 
0 14 2 
0 0 15 
12 3 0 


1 4 2 


0 1 2 


0 1 4 

= 2 

0 1 5 
2 3 0 

+ 3 

0 0 5 

1 2 0 

- 1 

0 0 1 

1 2 3 


= (2)(21) + (3)(5)-(!)(!) = 56. 
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-3 0 

0 0 

-4 7 

0 0 

5 8 

-1 0 

2 3 

0 6 

-2 0 

0 7 

1 2 

-1 4 

3 0 

-1 5 

4 2 

3 0 


= (~3)(7)(—1)(6) = 126 


= (-2) 


2-14 


1 2 -1 

0-15 

-7 

3 0-1 

2 3 0 


4 2 3 


= (- 2 )(— 1 ) 


2 4 
2 0 


+ (— 2 )(—5) 


2 -1 
2 3 


- 7(-3) 


2 -1 
2 3 


7(1) 


1 2 
4 2 


= -16 + 80+ 168 + 42 = 274 


10 . 


2 3-1 4 5 
0 1 7 8 2 
0 0 4 -1 2 
0 0 0 -2 8 
0 0 0 0 6 


= (2)(1)(4)(—2)(6) = -96 



( on 0 ■ 

0 \ 


/ 611 0 - 

• «\ 


0 <222 ■ 

• • o' 


0 622 ■ 

•• 0 

11. Let A = 


and B = 




+ 0 •• 

fl nn / 


K 0 ■■ 

bnn ' 


Then AB = 


{ an&ii 0 • ■ • 
0 022^22 ' ' ' 


V 




0 “ ^nn^nn ' 

det A = ana 22 • • -a nn ; det B = 611622 • • b nn ] 
det AB — (a n b I 1 X 022622 ) ' ' ' ( a nn 6 nn) 


12. Let A — 


- ( 0 lia 2 2 ' ' 

• O n n)( 6 ll 622 ' ' ’ 6 nn 

) = det A • 

det B 

/ On O 12 • 

^1 n \ 


/ 611 612 •• 

' ^ln \ 

0 022 ' 

Q’2n 


0 622 •• 

• b 2n 



and B = 



Vo- 

®nn / 


V 0 • 

bnn / 


Then AB = 


(<111611 {111612 + 012622 • • • ( a ii6in +-1- ai„6„ n ) ^ 

0 022622 ■ ■ ■ 0 


V 


0 * * * Q'nnUnn 

det A = anflj 2 ■' a nn ; det B = 6 u 6 2 2 • • b nn ; 
det AB — (on 6 u)(a 22622 ) • • ■ (a nn^nn) 

— (^ 11^22 • • • ann)(&ii &22 * • • ^nn) — det A • det B 


J 


13. Let + 


■(::) 


9 n 

and B — ( ). Then det+ = 1 and det B = 6 . 

U o 


A + B = 


3 0 
0 4 


> 


det (A + B) = 12 


Then 12^1 + 6 . Thus, det (A + B) ^ det A + det B. 
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14. Since A is triangular, det .A = ana 22 ■ ■ -a„ n . Then det A ± 0 if and only if a„- ^ 0 for 1 < i < n. 
That is, det A ± 0 if and only if the diagonal components of A are nonzero. 


15. Let A 


( an 0 • • • 0^ 

a 21 a 22 ' ‘ ' 0 


be lower triangular. 


V Cl n \ a nn ' 

Calculate the determinant of A by expanding about the first row in each case. 
0>22 0 ■ • • 0 
Then det A = an ■ ' •. j 

Gtn2 * ‘ ‘ ^nn 

033 0 • 


= (au)(a 2 2) 


a n3 ’ ’ ‘ ®mi 


= ail a 22 • • ' a nn 


16. Let «i = 

Let t>i = Au\ — 


—GO 

( a\\X\ + ai 2 yi 


and A = 


an an 


ya 2 lXi + 022J/1 
(area generated by v\ and v^) = 


a 21 022, 
and «2 = Au 2 = 


f a ll x 2 + «12l/2 
v a 21*2 + «22l/2 , 

anxi + ai2t/i an*2 + «i2l/2 
021^1 + 0222/1 a 2 i X2 + 0222/2 
_ I OnXi02lX2 + OnXi0222/2 + 0i22/l02lX2 + 0i22/l0222/2 
— 021X1011X2 — 0222/1011^2 — 021X10122/2 — 0222/10122/2! 
= |(«l 2/2 - ^1^2)011022 - (X 12/2 - 2/1^2)021012! 

= |(xi2/2 - X22/l)(ona 2 2 - ai 2 02l)| 


xi 2/1 


Oil O12 

x 2 V 2 


021 022 


area generated , , , .. 
= 6 , • det .4 

by u 1 and u 2 
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CALCULATOR SOLUTIONS 2.1 

Recall that it is always important to be able to check data which has been input for a given problem. To make this 
possible our solutions store the input into variables whose name includes the chapter, section and problem number. 
Once this is done we can invoke the det function on that variable to compute the determinant. For example for 
problem 17 in this section we proceed as follows: 

i. Input the 4 x 4 matrix [STO) A2117 [ENTER) 

ii. Check that the matrix A2117 printed on the TI-85 screen is correct 

iii. Enter det A2117 (ENTER) to calculate the determinant. 

There are several ways to invoke the det function on the TI-85. Either you can use the det entry from the MATRX 
HATH menu via the keystokes: 

[2nd] |MATRX) (F3) <MATH> (fl) <det>, 
or you can enter the function name det directly, followed by a space, by entering: 

(ALPHA) (2nd) (alpha) det„. 

After each of these you need to enter (ALPHA) to be ready to enter the variable name. 


17. Enter [(1,-1,2,3,5] [6,10,-6,4,3] [7,-1,2,-12,6] [9,4,13,8,15] [8,11,-9,-8,6]] |STO) A2117, 


then the determinant is given by det A2117 (ENTER) : 40954. 


18. Enter [[1,-1,4,6] [2,9,16,4] [37,-6,0,23] [14,4,6,-11]] (STO) A2118, 
then the determinant is given by det A2118 (ENTER) : 31202. 


19. Enter [[-238,-159,146,382,-189] [-319,248,-556,700,682] [462,96,-331,516,-322] 
[511,856,619,384,906] [603,-431,-236,692,-857]] (STO) A2119, 

then the determinant is given by det A2119 (ENTER) : 1.91524617423E14. 

20. Enter [[. 62,. 37, .42,. 56,. 33] [. 29,. 46,. 33,. 48,. 97] [. 81,. 37,. 91,. 33,. 77] [. 35,. 62,. 73,. 98,. 18] 
[.29,8E- 2,.46,.71,.29]] |ST(>) A2120, 

then the determinant is given by det A2120 (ENTER) : .0879836043. 
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MATLAB 2.1 

1. (a) 

(i) 

» A = [-6 4 0; -9 9 7; 4 -2 -9]; */, Matrix (i) 

» rref(A) 
ans = 

10 0 
0 10 

0 0 1 

Matrix is invertible. 

» det(A) 
ans = 

190 

Note det(A)^0 

(») 

» A = [ -9 -2 2 -8; 1 -9 9 3; 3-2 7 -2; -10 4 14]; */. Matrix (ii) 
» rref(A) 
ans = 

10 0 0 
0 10 0 

0 0 10 

0 0 0 1 

Invertible. 

» det(A) 
ans = 

8130 

det(A)^0 

(iii) 

» A = [ 23 19 11; 5 15; 9 9 3]; '/. Matrix (iii) 

» rref(A) 
ans = 

1.0000 0 1.1667 

0 1.0000 -0.8333 

0 0 0 

Not invertible only 2 pivots 

» det(A) 
ans = 


0 


*/, Matrix (iv) 
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» A = [8 
» rref(A) 


-35-95; 5 3 8 3 0; -5 5 0 8 -5; -9 10 1 -5 -5; 5-32-1 -3]; 


Not invertible. 


» det(A) 


» A = [ 1 2 -3 4 5; 
» rref(A) 


-8-9; 12-279; 1 1 0 6 12; 2 4 -6 8 11]; 


Invertible. 


(b) (0 


» det(A) 


The matrices in (i), (ii), and (v) were invertible. These were also the matrices with nonzero 
determinant. A matrix is invertible if and only if its determinant is nonzero. 


» A = round( 10*(2*rand(4)-l)) 


» rref(A) 


0 0 
0 0 
1 0 
0 1 


ans 
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Invertible. 

» det(A) 
ans = 

88 

For almost any random matrix, det (.A) will be nonzero and A will be invertible. 

(ii) 

» B = round! 10*(2*rand(4)-l)); 

» B(:,3) = B(:,1) + 2*B(:,2) 

B = 

4 16-9 

2 -8 -14 5 

9 3 15 -3 

7-233 

» rref(B) 
ans = 

10 10 

0 12 0 

0 0 0 1 

0 0 0 0 

As expected, less than 4 pivots so not invertible. 

» det(B) 
ans = 

0 

The determinant of B will always be zero and B will not be invertible. 


» A = round! 10*(2*rand(4)-l)) ’/, Probably an invertible matrix. 
A = 

5 10 -9 -1 

10 4 3 5 

-3 5 8 0 

-5 3 -5 -5 

» det(A) 
ans = 

. 1458 

» det(A’) 
ans = 

1458 

» B = round( 10*(2*rand(4)-l)); '/, A singular matrix. 

» B(:,3) = B(:,1) + 2*B(:,2) 

B = 

-5 8 11 0 

-3 8 13 -5 

-7 -9 -25 -8 

0 8 16 9 
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>> det(B) 
ans = 

0 

» det(B’) 
axis = 

0 

>> A = round( 10*((2*rand(3)-l)+i*(2*rand(3)-l))) */. A complex matrix. 

A = 

-1.0000 + 9.OOOOi -7.0000 + 8.0000i -9.0000 - 7.0000i 

-4.0000 + 5.OOOOi 1.0000 + 2.OOOOi 1.0000 - 6.OOOOi 

-6.0000 + 1.OOOOi 6.0000 + 7.OOOOi 0 + 4.OOOOi 

» det(A) 
axis = 

-2.5500e+02- 5.0800e+02i 

» det(A’) 
ans = 

-2.5500e+02+ 5.0800e+02i 

» det(A.’) 
ans = 

-2.5500e+02- 5.0800e+02i 

For real matrices, det (A) = det (-A')- This is also true if A is not invertible. For complex ma¬ 
trices, det (A') is the complex conjugate of det (A), since in MATLAB A ' is the conjugate trans¬ 
pose. Recall from 1.9 that A! is the way to get MATLAB to compute A'. 


» A = round( 10*(2*rand(3)-l)) 

A = 

-7 -10 4 

-8 -2 9 

-5 -9 -5 

» B = round( 10*(2*rand(3)-l)) 

B = 

-6 3 -2 

-4 -7 -2 

8 4 0 

» C = A+B 
C = 

-13 -7 2 

-12 -9 7 

3 -5 -5 

» det(C) 
ans = 

-593 

» det(A) + det(B) 
ans = 

285 

The statement is not true: det (A + B) is not the same as det (A) + det (J3). 
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4. (a) 

(i) 

»A = [ 2 7 5; 0 9 8; 7 4 0]; */. Part (i) 

» B = [142; -1-2 1; 166]; 

» det(A) 
ans = 

13 

» det(B) 
sms = 

2 

» det(A*B) 
ans = 

26 

» det(A)*det(B) 
ans = 

26 


» A =[ 2 7 5; 0 9 8; 7 4 0]; */. Part (ii) 

»B= [1 25; 1-14; 2411]; 

» det(A) 
ans = 

13 

» det(B) 
ans = 

-3 

» det(A*B) 
ans = 

-39 

» det(A)*det(B) 
ans = 

-39 

(iii) 

» A = [12 5; 1 -1 4; 2 4 11]; •/. Part (ii) 

» B = [142; -1-21; 166]; 

» det(A) 
ans = 

-3 

» det(B) 
ans = 

2 

» det(A*B) 
ans = 

-6 

» det(A)*det(B) 
ans = 


-6 
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» A = C 10 6 4 1; 1100; 27-59; 36-34]; 

» B = [1945; 9133; 4215; 1188]; 

» det(A) 
ans = 

0 

» det(B) 
ans = 

2226 

» det(A*B) 
ans = 

0 

» det(A)*det(B) 
ans = 

0 

In each case det (AB) = det (A) det ( B ). This will be true for any square matrices of the 
same size. 

(b) The conjecture stated in (a) will always hold. 

5. (A) 

(i) 

» A = [2 2; 12]; 

» det(A) 
ans = 

2 

» det(inv(A)) 
ans = 

0.5000 

» 1 / det(A) 
ans = 

0.5000 


» A = [2-1; 1 -2] ; 
» det(A) 
ans = 

-3 

» det(inv(A)) 
ans = 

-0.3333 

» 1 / det(A) 
ans = 

-0.3333 


» A = [2 1 2; -2 0 3; 2 1 4]; 
>> det(A) 
ans = 

4 

» det(inv(A)) 
ans = 


0.2500 
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» 1 / det(A) 
ans = 

0.2500 

(iv) 

» A = [ -1 1 2; 1 -2 1; -2 2 9]; 

» det(A) 
ans = 

5 

» det(inv(A)) 
ans = 

0.2000 

» 1 / det(A) 
ans = 

0.2000 

For any invertible matrix A, the formula 1/ det (A) = det(A~ 1 ) will be valid. 

(b) This formula will be true for any random matrix. 

(c) From problem 4 we believe that det (AB) — det (A) det (5), if we let B = A -1 , and recall that 
det (I) = 1, we have 

1 = det (J) = det (AA -1 ) = det (A) det (A -1 ). 

Divide both sides by det (A) and the “proof” is completed. 


» A = 2*rand(6)-l 
A = 


-0.6756 

-0.0894 

-0.5695 

0.0119 

0.2655 

0.9088 

-0.8579 

-0.3010 

0.3592 

0.2008 

-0.1213 

0.7025 

-0.2693 

-0.0954 

0.8178 

0.6351 

0.6494 

-0.4214 

-0.4939 

0.6179 

-0.4997 

0.5117 

0.3780 

0.0749 

-0.7298 

0.8633 

0.7217 

-0.0755 

0.4044 

0.0289 

0.5663 

0.3033 

-0.0575 

0.9027 

0.9743 

-0.7931 

» i = 

» B = 

3; j = 2; c 
A; B(j,:) = 

= 2.5; 

B(j ,:) + 

/, For part (a) 
c*B(i,:) 



B = 


-0.6756 

-0.0894 

-0.5695 

0.0119 

0.2655 

0.9088 

-1.5312 

-0.5395 

2.4038 

1.7886 

1.5021 

-0.3509 

-0.2693 

-0.0954 

0.8178 

0.6351 

0.6494 

-0.4214 

-0.4939 

0.6179 

-0.4997 

0.5117 

0.3780 

0.0749 

-0.7298 

0.8633 

0.7217 

-0.0755 

0.4044 

0.0289 

0.5663 

0.3033 

-0.0575 

0.9027 

0.9743 

-0.7931 


» det(A) 
ans = 

-0.2781 

» det(B) 
ans = 

-0.2781 

Adding a multiple of one row to another does not change the determinant. 
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(b) 


» i = 3; c = 2.0; '/, For part (b) 

» B = A; B(i,:) = c*B(i,:) 

B = 


-0.6756 

-0.0894 

-0.5695 

0.0119 

0.2655 

0.9088 

-0.8579 

-0.3010 

0.3592 

0.2008 

-0.1213 

0.7025 

-0.5386 

-0.1908 

1.6357 

1.2702 

1.2988 

-0.8427 

-0.4939 

0.6179 

-0.4997 

0.5117 

0.3780 

0.0749 

-0.7298 

0.8633 

0.7217 

-0.0755 

0.4044 

0.0289 

0.5663 

0.3033 

-0.0575 

0.9027 

0.9743 

-0.7931 


» det(A) 
ans = 

-0.2781 

» det(B) 
ans = 

-0.5562 

Multiplying a row by c multiplies the determinant by c. 

(c) 

» i = 5; j = 1; '/, For part (c) 

» B = A; B([i j],:) = B([j i] ,:) 

B = 


-0.7298 

0.8633 

0.7217 

-0.0755 

0.4044 

0.0289 

-0.8579 

-0.3010 

0.3592 

0.2008 

-0.1213 

0.7025 

-0.2693 

-0.0954 

0.8178 

0.6351 

0.6494 

-0.4214 

-0.4939 

0.6179 

-0.4997 

0.5117 

0.3780 

0.0749 

-0.6756 

-0.0894 

-0.5695 

0.0119 

0.2655 

0.9088 

0.5663 

0.3033 

-0.0575 

0.9027 

0.9743 

-0.7931 


» det(A) 
ans = 

-0.2781 
» det(B) 
ans = 

0.2781 

Interchanging two rows multiplies the determinant by — 1. 


-3; j =2; c=2.5; 

= eye(6); F(j,i) = c 

*/, For part 

(a) 


1.0000 0 0 

0 

0 

0 

0 1.0000 2.5000 

0 

0 

0 

0 0 1.0000 

0 

0 

0 

0 0 0 

1.0000 

0 

0 

0 0 0 

0 

1.0000 

0 

0 0 0 

0 

0 

1.0000 


» det(F) 


ans 


1 
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» i = 3; c = 2.0; '/. For part (b) 

» F = eye(6); F(i,i) = c 
F = 

1 0 0 0 0 0 

0 1 0 0 0 0 

0 0 1 0 0 0 

0 0 0 1 0 0 

0 0 0 0 2 0 

0 0 0 0 0 1 

» det(F) 
ans = 

2 

» i = 5; j = 1; '/, For part (c) 

» F = eye(6); F([i j],:) = F([j i] ,:) 

F = 

0 0 0 0 1 0 

0 1 0 0 0 0 

0 0 1 0 0 0 

0 0 0 1 0 0 

1 0 0 0 0 0 

0 0 0 0 0 1 

» det(F) 
ans = 

-1 

Since B = FA, from problem 4 we expect that det (B) = det ( F ) det (^4). The elementary matri¬ 
ces in part (a) all have determinant 1, those in (b) have determinant c, and those in (c) all have 
determinant —1. 

7. The determinant of M will be det (.4) det ( D ). 

(a) 

» A = round(10*(2*rand(2)-l) ) 

A = 

-6 -7 

10 3 

» B = round(10*(2*rand(2)-l) ) 

B = 

2 -10 

-10 5 

» C = zeros(2); 

» D = round(10*(2*rand(2)-l) ) 

D = 

5 -2 

-4 4 

» M = [ A B; CD]; 

» det(A), det(B), det(D) 
ans = 

52 

ans = 

-90 
ans = 


12 
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» det(M) 
ans = 

624 

» det(A)*det(D) 
ans = 

624 

This experiment agrees with the conjecture. 

(b) As above, The following experiment leads us to believe det (M) = det (A) det (D) det (F). 
» n = 3; 

» A = round(10*(2*rand(n)-l) ); 

» B = round(10*(2*rand(n)-l) ); 

» C = round(10*(2*rand(n)-l) ); 

» D = round(10*(2*rand(n)-1) ); 

» E = round(10*(2*rand(n)-l) ); 

» F = round(10*(2*rand(n)-l) ); 

» Z = zeros(n); 

» M = C A B C; Z D E; Z Z F] 

M = 

-10 -5 -2 7 -5 -6 6 3 2 

-6 6 2 -7 -5 3 4 3 -5 

10 -7 -6 10 -8 4 5 -9 -4 

0 0 0 4 1 -3 -7 6 -4 

000 -8 1401 -7 

00052 -7 75 1 

0 0 0 0 0 0 -4 -1 -2 

0000002 -5 -1 

0000000 -3 0 

» det(M) 
ans = 

-2661»2 

» det(A)*det(D)*det(F) 
ans = 

-266112 


8. (a) 


» A = [1 1; 1 2]; 

» det(A) 
ans = 

1 

» ul = [1;0] ; vl = [0; 1]; 

» ornt(ul ,vl ,A) */. For Student MATLAB use a screen dump to save 
» print -deps fig218ai.eps 
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Original Orientation 

3 [ 


2 


1 

0 


■¥ 


*-* 


0 12 3 

Follow from * to o to x to + back to * 



After multiplication by A = [1 1 ;1 2] 


» u2 = [-2;1]; v2 = [1;3]; 
» ornt(u2,v2,A) 

» print -deps iig218aii.eps 


Original Orientation 




-2 0 2 4 6 

After multiplication by A = [1 1;1 2] 


The first ornt call gaves two graphs, one of a square, and one of a parallelogram. Both are ori¬ 
ented counterclockwise. While the second ornt call gives two parallelograms, oriented in the 
same manner. 


(b) 


» A = [2 3; 2 2] ; 

» det(A) 
ans = 

-2 

» ornt(ul,vl,A) 

» print -deps fig218bi.eps 
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Original Orientation 



0 2 4 0 2 4 

Follow from * to o to x to + back to * After multiplication by A = [2 3;2 2] 


» u2 = [-2;1]; v2 = [1;3]; 
» ornt(u2,v2,A) 

» print -deps iig218bii.eps 


Original Orientation 



0 5 10 0 5 10 

Follow from * to o to x to + back to * After multiplication by A = [2 3;2 2] 


Here the two parallelograms in each ornt call have opposite orientation. 

(c) 

» A = [1 0; 3 -1]; 

» det(A) 
ans = 

-1 

» ornt(ul,vl,A) 

» print -deps fig218ci.eps 


Original Orientation 



-10 12 3 -10 12 3 

Follow from * to o to x to + back to * After multiplication by A = [1 0;3 -1] 


» u2 = [-2;1]; v2 = [1;3]; 
» ornt(u2,v2,A) 

» print -deps fig218cii.eps 
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Original Orientation 




(d) 


» A = [1 2; 1 4]; 

» det(A) 
ans = 

2 

>> ornt(ul,vl,A) 

» print -deps fig218di.eps 

Original Orientation 


41 


2 


.□ 

0 2 4 

Follow from * to o to x to + back to * 



» u2 = [-2;1]; v2 = [1;3]; 
» ornt(u2,v2,A) 

» print -deps fig218dii.eps 


Original Orientation 

isl 


10 


5 

0 



0 5 10 15 

Follow from * to o to x to + back to * 



After multiplication by A = [1 2;1 4] 


In (c) they have opposite orientation, and in (d) they have the same orientation. The two paral¬ 
lelograms will have the same orientation if det ( A ) > 0 and they will have opposite orientation if 
det (^4) < 0. 

(e) This will hold true for any invertible matrix A. 
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Section 2.2 


1. 3 ■ 6 - 2 • (-5) = 28 2. 4 • (-3) — 01 = —12 


3. 


-1 0 

2 


-l 

2 l 

3 1 

4 

= 

O 

a 

2 0 

-6 


I * ~ u l 


= 2 


4. 


6 . 


2 1 -1 
3-2 0 

5 1 6 

-3 2 4 

1 -1 2 
-1 4 0 

0-2 3 

1 2 -3 

4 0 5 


2 1 -1 
3-2 0 

17 7 0 

-5 4 0 
1 -1 2 
-1 4 0 


= (-l) 


= (- 2 ) 


3 -2 
17 7 


= -55 


-5 4 
-1 4 


= 32 


= ( 2 ) 


0-1 3 

1 1 -3 

0 -4 17 


= (- 2 ) 


-1 3 
-4 17 


= 10 (factor 2 from col. 2, then R 3 — 4R?) 


7. (-2) 


3 6 
1 8 


= —36 (Row 3 expansion). 


8. 

2-13 
4 0 6 

i?2 — 1 R\ 

2-13 
0 2 0 

= 2 

2 3 

5 3 


5-2 3 


5-2 3 



—18 (Expand along row 2 at second step). 


9. 


1-1 2 4 

0-3 5 6 

14 0 3 
0 5-6 7 


R 3 —R 1 


1-12 4 

0-356 
0 5-2-1 

0 5-67 


C3+2C2 


-3 5 16 


-3 16 

5 -5 

5 -2 -5 
0-4 0 

= 4 



R* — R 3 


= -260 


-3 5 6 
5 -2 -1 
0-4 8 


10 . 


2-3 14 

0-2 0 0 

3 7-12 

4 1-3 8 


= 2 -2 


2 1 4 

3- 12 

4- 3 8 


R3—2R1 ^2 


2 1 4 
3-12 
0-5 0 


= (-2) • 5 


2 4 

3 2 


= 80 


11 . 


12 . 


13. 


14. 


11-10 
-3 4 6 0 

2 5-13 
4 0 3 0 

3-12 1 

4 3 1-2 

-10 2 3 
6 2 5 2 


= -3 


1 1 -1 

-3 4 6 

= -3 

1 1 

-7 0 

-1 

10 

= 3 

-7 10 
4 3 

4 0 3 


4 0 

3 



= -183 


2 0 0 0 
0 0 3 0 

0-100 


= (-l) 


3-121 
13 0 7 1 

-1 0 2 3 

12 0 9 4 

2 0 0 0 
0-100 
0 0 3 0 


13 7 1 


13 7 1 

-12 3 

= 

-12 3 

12 9 4 


-12 3 


= 0 


10 0 0 41 

lo 

0 a 0 0 


6 0 0 0 

6 0 0 0 


0 a 0 0 

0 0 0 c 


0 0 dO 

0 0 d 0 


0 0 0 c 


= 24 


= abed (Two interchanges (—1)(—1) = 1.) 
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1 

2 0 

0 


1 

2 0 

0 

3 

-2 0 

0 


0 

-8 0 

0 

0 

0 1 

-5 


0 

0 1 

-5 

0 

0 7 

2 


0 

0 0 

37 


16 . 


17. 


a 6 0 0 
c d 0 0 
0 0 a — 6 
0 0 c d 


3 1 -1 

3 2-2 

0 0 4 

3 2 1 



d 0 


0 


c 

0 

0 

— a 

0 a 

- 

6 

-b 

0 

a 

—b 


0 c 


d 


0 

c 

d 

4 1 


2 

_ 

1 16 


4 

25 

2 0 


3 


1 7 


2 

12 

5 1 

— 

3 


2 18 


5 

31 

-1 6 


0 


0 0 

- 

1 

0 

-1 1 


3 


2 -3 

— 

1 

-5 


= ad(ad + 6 c) — bc(ad + be) = a 2 d 2 — b 2 c 2 


= (-l) 


5 0 

23 

37 

3 1 

7 

12 

-3 0 

4 

7 

-3 0 - 

-17 - 

-29 



5 

28 

37 


89 

28 

-159 

(- 1 ) 

-3 

1 

7 

= (-l) 

0 

1 

0 


-3 

-20 - 

-29 


-63 

-20 

111 


= 138 


1 

-1 2 

0 0 


1 

-1 

2 

0 

0 


1 

-3 

2 

0 

0 

3 

1 4 

0 0 


0 

4 

-2 

0 

0 


0 

6 

-2 

0 

0 

2 

-1 5 

0 0 

= 

0 

1 

1 

0 

0 

= (-l) 

0 

0 

1 

0 

0 

0 

0 0 

2 3 


0 

0 

0 

0 11 


0 

0 

0 

-1 

4 

0 

0 0 

-1 4 


0 

0 

0 

-1 

4 


0 

0 

0 

0 11 


19 . 


a 0 0 0 0 


a 0 0 0 0 


a 0 0 0 0 

0 0 6 0 0 


0 e 0 0 0 


0 e 0 0 0 

0 0 0 0 c 

= (- 1 ) 

0 0 0 0 c 

= 

0 0 6 0 0 

0 0 0 dO 


0 0 0 dO 


0 0 0 dO 

0 e 0 0 0 


0 0 6 0 0 


0 0 0 0 c 


= abede 


20 . 


2 5 -6 8 0 

0 1-760 

0 0 0 4 0 

0 2 15 1 

4-1 5 3 0 


= 4 


2 5 29 

0 1 0 
4 -1 -2 



2 5-6 8 


0 c a 

(- 1 ) 

0 1-7 6 

0 0 0 4 

4-1 5 3 

= 4 

Z 0 0 

0 1 -7 

4-1 5 


-480 


21 . 


«31 a 32 a 33 
a-21 a 22 023 

a 11 0 x 2 0 X 3 


(- 1 ) 


Oil Oi 2 013 
021 022 023 
031 O 32 033 


— 8 (f?i <-+ R3) 


22 . 


031 O 32 033 

on 012 a 13 

021 a 2 2 023 


(- 1 ) 


011 012 013 

031 032 033 
02 i a 2 2 a 2 3 


(- 1) 2 


Oil O 12 Oi 3 
021 O 22 0 2 3 
031 O32 033 


= 8 (Ri 


R 2 , then R 2 ► Rs)- 



a ll a 12 a 13 


Oil 

O12 Oi 3 

23 . 

2 a 2 i 2 a 22 2 a 23 

= 2 

021 

022 023 


031 032 O 33 


031 

032 033 


= 16 (Factor 2 from R 2 ) 


24 . 


—3on —3ai2 —3ai3 
2021 2022 2023 

5 o 3 x 5 o 32 5 o 33 


= (- 3 ) - 2-5 


Oil O12 a 13 
“21 O22 0 2 3 
«31 O 32 033 


= —240 (Factor, — 3 , 2,5 from rows.) 
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an 2 a x3 a X2 


a xx a x3 a x2 


a xx a x2 a X 3 

25. 

a 2 i 2 a 2 3 a 22 

a 3 i 2a 3 3 032 

= 2 

a 2 i a 2 3 a 22 

a 3i a 33 a 3 2 

= -2 

a 2 i a 22 a 2 3 

a 3 i a 3 2 a 33 


= —16 (Factor 2 from C 2 «-+ C 3 .) 


26. 


27. 


ail — a 12 a X2 ai 3 

a 21 — a 22 a22 a 23 

a 3 i — a 3 2 a 32 033 


an a 12 a X3 
a 2 i a 22 a 23 

a 3i 032 a 33 


= 8 (Add C 2 to Ci.) 


2a xx — 3 a 2X 2 a X2 

— 3 a 22 2a X 3 

— 3 a 2 3 

R 2~ R 3 (—J) 

2a xx 

2a X2 

2a X 3 

a 3 i 

a 3 2 

033 

a 2X 

a 22 

a 2 3 

a 2 i 

0-22 

a 23 


031 

a 32 

a 3 3 


28. det a A = det a 


( a n a X2 
a 2 i a 22 


• a\n\ 

' a 2n 


= det 


( aan aa X2 • • • aa x „ ^ 
aa 2 i OCQ>22 • ' ' a( ^2n 


\ d n \ dn 2 ' * ' ^nn / 


= a det 


( an a X2 • ■ • a Xn ^ 
aa 2 i aa 22 • ■ • aa 2n 


= a 2 det 


V CXd n i Ocd n 2 • 

/ a xx a X2 ■ • 
a 2 i a 22 
ao3 X aa 32 • • 


aflni aa„2 


OtQri 


J 


uu nn 
a ln ^ 
a 2n 

aa 3n 


^ocdni occi n 2 * ■ * ao nn 


= ••■=: a" det 


/ a n a X2 • ■ ■ a x „ \ 
a 2 i a 22 ■•• a 2 „ 

\ a„i a n2 ■ ■ ■ a nn / 


= a" det yl 


= —16 (Factor 7? x ) 


29. Use induction on n. If n = 2, then 


1 + Xi x 2 
xi 1 + x 2 


= 1 + an + X 2 • Suppose for n — 1 , the determinant 


is 1 + xi + X 2 + ■ • - + in- 1 - 


1 + Xi 

X 2 

X 3 ■ ■ 

x n 


Xi 

1+312 

X 3 ■ ■ 

X n 


Xi 

X 2 1 + X 3 ■ ■ 

X n 


x\ 

X 2 

X 3 ■ ■ 

• 1 + x n 

1 


0 

0 • 


Xi 

1 + 

Xi + X 2 

X 3 ■ 

X 

Xi 


Xi + X 2 

1 + *3 • 

X 

Xi 


Xi + X2 

£3 • 

■ ■ 1 + X, 



1 

-1 

0 • 

0 


x x 

1 + 312 

313 • 

x n 

= 

3:1 

X2 

1 + 313 • 



Xi 

X 2 

x 3 ■ 

■ 1 + x n 


1 + xi + x 2 x 3 ■ ■ ■ x 

Xi + x 2 1 + x 3 ■ ■ ■ x 


x x + x 2 x 3 ■ ■ ■ 1 + x 


n 

n 

n 


By the induction hypothesis, this determinant = 1 + *1 + *2 + • • • + x n . 


30. By theorem 3, det + = det+‘. But, det+‘ = det (— 1)A By problem 28, det (— l)A = (—l) n det A 
Hence, det A = (—l) n det A. 

31. If n is odd, then det A — (—l) n det A — — det A. Hence, det+ = 0. 

32. By theorem 3, det + = det+* = detyl -1 . By theorem 4, we have det AA~ X = (det A)( det A~ l ) = 
det 7=1. Thus, (det A) 2 — 1. It follows that det A — ±1. 
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1 *1 2/1 


33 . 

1 *2 2/2 

1 *3 2/3 

— 


1 *i 2/1 

o 12 - *1 2/2 - y\ 

0 x 3 — X! y 3 - yi 


R3 — Rl 


*2 - x\ y-2 - y 1 

*3 “ *1 1/3 - 2/1 


= Area of parallelo- 


1 *1 2/1 

0*2-*i 2/2 - 2/1 
0 x 3 - xi 1/3 - 2/1 

gram generated by (x 2 — ®i, 2/2 — J/i) and (*3 — * 112/3 — 2/i)- A picture shows this parallelogram is 2 
similar triangles, so ±1/2 of the determinant is the area of A. 

det = 0, exactly when (X 2 — ®i)(2/3 — 2/1) ~ (*3 — *1X2/2 — 2/i) = 0 or geometrically when two sides 
are parallel. Since (x 2 - *1X2/3 ~ 2d) ~ ( x 3 - *)l)(2/2 - 2/i) = *12/2 + *22/3 + *32/1 - *12/3 - *22/1 - *32/2, 
an equivalent algebraic condition for det = 0 is xit/ 2 + *22/3 + *32/1 = *12/3 + *22/1 + *32/2- 

34. We need to find the vertices of the triangle. Consider the lines a\\x + aiiy + a \3 = 0 and a 2 \x + 
a 22 y + a 2 3 = 0. Since the lines are not parallel, then 011(122 — 012021 = A 33 ^ 0 and their point of 

022 — <*12 
-0 2 1 «11 


. . . . 1 / 

intersection is given by —— I 

A 33 \ — 


) ( Ql3 ) = -r— ( ^ 31 ) • Show that the other two ver- 
/ \-a 23 ) A 33 \A 32 J 

tices are given by ( ^ 21 J and —— ( ^ 11 ). By problem 33, the area determined by the lines is 

A 2 3 \A 22 J A 13 \Ai 2 / 


1 

± 2 


1 A 31 /A 33 A 32 /A 33 

1 A21/A23 A22/A23 

1 A\i/A \3 A 12 /A 13 


±1 


2 A 13 A 23 A 33 


13 


An A 12 A 
A21 A22 A23 

A31 A32 A33 


(factoring denominators from each row). 



1 1 1 


1 1 1 

35. £>3 = 

ai a 2 03 

= 

0 a 2 — 01 a 3 — ai 


/72 ^2 „ 2 
a 1 a 3 


0 ajj — 0102 O 3 — 0103 


— (02 — 0i)(03 — Oi) 


1 1 
02 03 


= («2 - ai)( a 3 — <*i)( a 3 — 02 ) 


36. Z ) 4 = 


1111 


1111 

a l a 2 a 3 O 4 


0 a 2 — ai a 3 — ai 04 — ai 

Oi a| a| a| 


0 a 2 — 0^02 Gg — 0^03 — 0^04 

af a| a| a| 


0 a 2 — aia 2 a 3 — aia 3 a\ — a\a\ 


— (02 — 0i)(03 — 0i)(04 — Oi) 


1 1 1 
02 03 04 

On do ai 


= (o 2 - ai)(a 3 - ai)(a 4 - ai)(a 3 - a 2 )(o 4 - a 2 )(o 4 - a 3 ) 


37. (a) D n 


1 

1 

1 • 

1 


Ol 

a 2 

a 3 • 

• • G n 


a l 

a\ 

a 3 • 

• «n 

(b) Use induction on n. For the case n = 2, D 2 = 02 — ai 

n —1 n—1 

1 a 2 

«r x ■ 

• or 1 



n — 1 


Suppose £) n _i= ]/[ (oj - a,). 


*= 1 
j>i 


Then D n 


1 

02 — Oi 

O 

0,2 — Ct 1 O 2 


1 • 

03 — 01 ■ ■ 

2 

Og a 1 GI 3 ■ ■ 


0 a!J — aia 2 


ai) 


„n — 1 

t 

1 1 1 • 

CI 2 a 3 a 4 ‘ 


n — 2 n — 1 


a l a 3 


a n o^ 

a a l a n 


-i n 1 _ « ™2 

“ a l a n 


= (a2 - a i)(a 3 - Oi) ■ • • (a„ - 


Go 


®4 • • • < 


n — 2 n —2 n — 2 
Go Go Cl a 


~n —2 


= ( a 2 - a i)( a 3 - “l) ■ ■(a n - ai) li( a i - a*) = II( a j ~ «»)• 


t = 2 

i>* 


»=i 

i>* 
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38. (a) AB = 


f + £*12^21 a ll&12 + a 12^22 
\ a 21^11 + <*22621 a 21^12 + £*22622 


(b) det A = aii <222 — £*i 2 <* 2 i 
det B = 611622 — 612621 

det AB = (an 6 n + <*i 262 i)(<* 2 i 6 i 2 + £* 22622 ) — £*21611 + <* 2262 i)(<*n 6 i 2 + £* 12622 ) 

(c) (det A)( det B ) — a 11 <*22611622 — <* 110*22612621 — £* 120*21611622 + £*i 2 <* 2 i 6 i 262 i = det AB 


/q 2 \ j 

39. (a) ( q q ) = 0 and 2 is the smallest power. 

/ 0 1 3 \ 3 

(b) I 0 0 4 I =0 and 3 is the smallest power: 

\0 0 0 / 


/0 1 3\ 2 /0 0 4\ 

004 = 0 0 0 )^ 0 . 

\0 0 0 / \ 000 / 


40. A k = 0 for some integer k. Then by theorem 4, det .A* = (det A )* 1 = 0. It follows that det A = 0. 

41. By theorem 4 we have det A = det A 2 — (det A) 2 . If det A ^ 0, then det A = 1. 

42. By the definition given in section 1.11 P = P„P„_ 1 • • ■ P 2 P 1 , where each Pi is an elementary permu¬ 
tation matrix. Since each P,- is obtained by interchanging two rows of an identity matrix, we have, 
by property 4, det Pi = — det (I) = —1. By theorem 1 we have det P = det(P„P„_i • • ■ P 2 P 1 ) = 
det ( P n ) det (P n -i) • ■ • det (P 2 ) det (Pi) = (—l) n = ± 1 . (1 if n is even and —1 if n is odd). 

43. Let Q be an elementary permutation matrix so Q is obtained by interchanging two rows, rows i and j 
of I. The jth row of / has a 1 in the jth column so the ith row of Q has a 1 in the j th column. That 
is, Qij — 1- Similarly, Qji = 1. Thus = Qji. The only other nonzero components of Q are l’s on 
the diagonal and diagonal components stay put when the transpose is taken. Thus Q 1 = Q. Now, if P 
is a permutation matrix, then 

P = P„P„_i-P 2 Pi 


where each Pi is an elenentary permutation matrix. Then, by Theorem 1 


det P = det P„ det P n _i ■ ■ ■ P 2 det Pi = (—l) n 
by the result of Problem 42. Also, by Theorem 1.9.1(ii), 


p* = ptp*...p*- iP * 

= PiP 2 • • P„_iP n 


Thus, P 1 is a permutation matrix and, as above, 


det P ( = (-!)"= detP. 
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MATLAB 2.2 

1 . (a) 


» n = 2; 

» A = round( 10*(2*rand(n)-l)) 
A = 

-6 4 

-9 4 


» det(A) 
axis = 

12 

» det(2*A) 
ans = 

48 

» n = 3; 

» A = round( 10*(2*rand(n)-l)) 
A = 

9 7 1 

-2 -9 3 

0 -9 -10 

>> det(A) 
ans = 

931 

» det(2*A) 
ans = 

7448 


» n = 4; 

» A = round( 10*(2*rand(n)-l)) 
A = 

-2 2-8 8 

-9 9 3 5 

-2 7 -2 -5 

4 14-9 

» det(A) 
ans = 

2220 

» det(2*A) 
ans = 

35520 


(b) In each of the examples above, det (2A) = 2 n * det (A). For a general k, det (kA) — k n det (A). 
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(c) 


» n = 2; 

» A = round( 10*(2*rand(n)-l)); 

» det(3*A)/det(A) 
ans = 

9 

» n = 3; 

» A = round( 10*(2*rand(n)-l)); 

» det(3*A)/det(A) 
ans = 

27 

» n = 4; 

» A = round( 10*(2*rand(n)-l)); 

» det(3*A)/det(A) 
ans = 

81 

Each of these examples agrees with the conjecture in (b). 

(d) Proof: For any k, kA = klA = ( kI)A . Using this, we have det (kA) = det (kl) det (A), so that 
all we need to show is that det (kl) = k n . But kl is a diagonal matrix with k’s on the diagonal, 
so that det (kl) is the product k k k k - -k = k n . 

2 . (a) 


» A = [6 1 2 3; -1 4 

1 1; 0 1 -3 1; 1 1 

2 5]; 


» det(A) 




ans = 




-371 




» c = A(2,1)/A(1,1); 

A(2,:) = A(2,:) - 

c*A(l,:); 

*/, Eliminate A(2,l) 

» c = A(4,l)/A(l,l); 

> 

4* 

II 

> 

4^ 

V/ 

1 

c*A(l,:) 

'/, Eliminate A(4,l) 

A - 

6.0000 1.0000 

2.0000 3.0000 



0 4.1667 

1.3333 1.5000 



0 1.0000 

-3.0000 1.0000 



0 0.8333 

1.6667 4.5000 



» c = A(3,2)/A(2,2); 

A(3,:) = A(3,:) - 

c*A(2,:); 

'/, Eliminate A(3,2) 

» c = A(4,2)/A(2,2); 

A(4,:) = A(4,:) - 

c*A(2,:) 

*/, Eliminate A(4,2) 

A - 

6.0000 1.0000 

2.0000 3.0000 



0 4.1667 

1.3333 1.5000 



0 0 

-3.3200 0.6400 



0 0 

1.4000 4.2000 



» c = A(4,3)/A(3,3); 

A(4,:> = A(4,:) - 

c*A(3, :) 

'/, Eliminate A(4,3) 

A = 

6.0000 1.0000 

2.0000 3.0000 



0 4.1667 

1.3333 1.5000 



0 0 

-3.3200 0.6400 



0 0 

0 4.4699 




» det(A) 
ans = 

-371 
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There were no row interchanges, and det {A) was unchanged. 

(b) 

» A = [012; 345; 123]; 

» det(A) 
ans = 

0 

» A([1 3] ,:) = A([3 1] , :) */. The first row interchange. 

A = 

12 3 

3 4 5 

0 12 

» c = A(2,1)/A(1,1); A(2,: ) = A(2,:) - c*A(l,:) '/, Eliminate A(2,l). 

A = 

12 3 

0 -2 -4 

0 12 

» c = A(3,2)/A(2,2); A(3,:) = A(3,:) - c*A(2,:) '/. Eliminate A(3,2). 

A = 

12 3 

0 -2 -4 

0 0 0 

» det(A) 
ans = 

0 

There was one interchange, so k = 1 and (— l)* 1 = —1. Since 0 = —1 • 0, we have det (j4) — 
(—1 )* det ([/). 


» A = [1 2 3; 4 5 6; -214]; 

>> det(A) 
ans = 

0 

» A( [1 2],:) = A( [2 1],:) '/. First interchange. 

A = 

4 5 6 

12 3 

-2 14 

» c = A(2,1)/A(1,1) ; A(2,: ) = A(2,:) - c*A(l,:); */. Eliminate A(2,l). 
» c = A(3, l)/A(l, 1) ; A(3, : ) = A(3,:) - c*A(l,:) */. Eliminate A(3,l). 
A = 

4.0000 5.0000 6.0000 

0 0.7500 1.5000 

0 3.5000 7.0000 

» A([2 3],:) = A([3 2],:) ‘/, Second interchange. 

A = 

4.0000 5.0000 6.0000 

0 3.5000 7.0000 

0 0.7500 1.5000 
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» c = A(3,2)/A(2,2); 

A = 

4.0000 5.0000 

0 3.5000 

0 0 

» det(A) 
ans = 

0 

There were two interchages, so (—l) fc = +1. Again, 0=1-0. 

(d) 


A(3,:) = A(3,:) - c*A(2,:) */. Eliminate A(3,2). 

6.0000 

7.0000 

0 


» A = round( 10*(2*(rand(4) -1)) ) 
A = 


-14 -18 

-12 

-11 


0 -1 

-14 

-1 


-10 -19 

-2 

-19 


-15 -10 

-9 

-5 


» CL.U.P3 = 

lu(A) 



L = 




1.0000 

0 

0 

0 

0.6667 

1.0000 

0 

0 

0 

0.0811 

1.0000 

0 

0.9333 

0.7027 

0.4475 

1.0000 


U = 

-15.0000 
0 
0 
0 

P = 

0 0 0 1 

0 0 10 

0 10 0 

10 0 0 

>> det(A) 
ans = 

-12070 
» det(U) 
ans = 

-1.2070e+04 


-10.0000 -9.0000 -5.0000 

-12.3333 4.0000 -15.6667 

0 -14.3243 0.2703 

0 0 4.5547 


» det(P) 
ans = 

1 

The matrix P represents the swapping the first row with the fourth, and the second with the 
third. Since this is two interchanges, k = 2, and (—1)* = 1. Thus, det (A) = det(?7). The 
determinant of P is exactly the same as (—!)*• 
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Section 2.3 

1. Note that EB is matrix B with the t th and j th rows switched. Then det EB = — det B. But, 
deti?= —1. Thus, det EB = detJEJ* detB. 

2. Note that EB is the matrix B with row j replaced with row j plus c times row i. Then det EB = 
det B. But, det E = 1. Thus, detEB = deti?- det B. 

3. Note that EB is the matrix B with row j replaced with c times row j. Then det EB = c • det B. 
But, det E = c. Thus, det EB = det E- det B. 
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Section 2.4 
1. det A — 4 


adj A 

2. det A — 0; A is not invertible 


-(-SI) 


-l_ ( 1/2-1/2 \ 

- 1/4 3/4^ 


3. det A — — 1 




adj A 


4. det A — — 8 adj A = 



yl - 1 = 


13/8 -1/2 
-15/8 1/2 

5/4 0 


-l/8\ 

3/8 

- 1 / 4 / 



/ —4 3 

2 \ 

/1/3 

-1/4 -1/6 

5. det A = —12 

adj A = I 0—3 

-6 

A~ l =\ 0 

1/4 1/2 


\ 0 -3 

6/ 

V 0 

1/4 -1/2 


6. det A = 1 adj A 



7. det yl = -1 


0 -1 r 

adjA = ( -2 2 1 

1 -1 -1 


8. det A — —8 adjyl = 

9. det A = 0; A is not invertible 


-3-1 2' 

1 3 -6 

2-2-4, 


A ' 1 = 


.4 - 1 = 



3/8 1/8 -1/4' 

-1/8 -3/8 3/4 

,-1/4 1/4 1/2, 


11. det A = — 9 adj A = 


12. det A = —l adjA = 


/ —21 3 3 6 \ 

-4 1 4-1 

1 2 - 1-2 

V 15 -6 -6 - 3 / 

/ 0-1 0 — 2 \ 
-1 1 2-2 
0-1-3 3 

V 2-2-3 2 / 


10. det A = 0; A is not invertible 

/ 7/3-1/3-1/3-2/3 \ 


A~ x = 


yT 1 = 


4/9 -1/9 -4/9 1/9 

-1/9 -2/9 1/9 2/9 

V— 5/3 2/3 2/3 1 / 3 / 

/ 0 1 0 2 \ 

1 - 1-2 2 
0 13-3 

V -2 2 3 -2 / 


13. By theorem 2.2.3, detyi = det A*. Hence, det A is nonzero if and only if detyl* is nonzero. By theo¬ 
rem 4, A is invertible if and only if A* is invertible. 


14. det A = 3 


15. detyl = -28 


vl" 1 = 4 


det A~ l = 1/3 



det A -1 = —— 


16. 


17. 


a -3 
4 1 — a 


—a a — 1 ot + 1 
1 2 3 

2 — aa + 3a + 7 
invertible. 


= a — a 2 + 12 = 0. If a = 4 or —3 then the matrix is not invertible. 

= 0 ( R\ = R 3 ). Hence, for all values of a, the matrix is not 


0 3a — 1 4a + 1 
1 2 3 

0 3a — 1 4a + 1 
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18. By theorem 2, (yl)(adj^4) = (det/1)/. By theorem 4, detj4 = 0. It follows that (A)(adj^4) is the 
zero matrix. 

19 Let A = ( C ° S ^ S ^ n ^ I • det A = cos 2 6 + sin 2 0=1. By theorem 3, this matrix is invertible. 

V — sin 0 cos 9 ) 


A~ l = . • adj A = 1 


f cos 0 — sin 0\ _ ( cos 8 — sin 8 \ 
^ sin 8 cos 8 ) \ sin 8 cos 8 J 
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MATLAB 2.4 

1 . 


» n = 5; m = 4; 

» A = 2*rand(n,m)-l; 

» det(A’ * A) 
ans = 

4.8868 

» n = 4; m = 5; 

» A = 2*rand(n,m)-l; 

» det(A’ * A) 
ans = 

4.8441e-17 

When n > m, det (A*A) > 0. However, when n < m, det {A*A) = 0 up to roundoff error. 

2 . 


>> A = round(10*(2*rand(4)-l)) 
A = 


(a) 


(b) 


-4 0 7 -3 

-9 -1 4 -9 

0-7 2 10 

-1-4 4 1 


» flops(O); 
» C = zeros 
» C(l,l) 

» C(l,3) 

» C(2,1) 

» C(2,3) 

» C(3,1) 

» C(3,3) 

» C(4,1) 

» C(4,3) 

» C = C’ 


(4); 

det(A([2 3 4], 
det(A([2 3 4], 
-det(A([1 3 4], 
-det(A([1 3 4], 
det(A([1 2 4], 
det(A([1 2 4], 
-det(A([1 2 3], 
-det(A([1 2 3] , 


C2 3 4])); 
[ 124 ])); 
[2 34 ])); 
[1 24 ])); 
[ 234 ])); 
[1 24 ])); 
[2 34 ])); 
[1 2 4])); 
'/. Don 1 


C(1,2) = 
C(l,4) = 
C(2,2) = 
C(2,4) = 
C(3,2) = 
C(3,4) = 
C(4,2) = 
C(4,4) = 
t forget 


-det(A([2 3 4], 
-det(A([2 3 4], 
: det(A([1 3 4], 
■ det(A([1 3 4] , 
-det (A ( [1 2 4] , 
-det(A( [1 2 4], 
: det(A([1 2 3], 
‘ det(A([1 2 3], 
the transpose. 


C = 


86 

171 

223 

-433 

-284 

76 

-62 

452 

-224 

111 

43 

-103 

-154 

31 

-197 

337 


» s = flops 
s = 

200 


» flops(0); 

» D = det(A)*inv(A) 
D = 

86.0000 171.0000 

-284.0000 76.0000 

-224.0000 111.0000 

-154.0000 31.0000 


223.0000 -433.0000 
-62.0000 452.0000 
43.0000 -103.0000 
-197.0000 337.0000 


[1 3 4])) 
[1 2 3])) 
[1 3 4])) 
[1 2 3])) 
[1 3 4])) 
[1 2 3])) 
[1 3 4])) 
[1 2 3])) 
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» ss = flops 
ss = 

232 

(c) 

» C-D 
ans = 

1.0e-12 * 

-0.0568 0.0284 0.0284 0.0568 

0 0 0.0284 -0.0568 

-0.0284 0.0284 -0.0142 0.0142 

0.0568 -0.0071 0.0568 -0.1137 

The matrix D is the same as C except for some small round off error. This is expected by equa¬ 
tion (8). 

(d) Method (a) uses fewer flops than method (b). 


c = 

20 * 

[77-7256; 

0 5 

-10 4 8 6; 97-5 

3 

4 0; 



57-9520; 

5 2 

1 9 10 8; 19 -17 

4 

to 

1_1 

140 

140 

-140 

40 

100 

120 



0 

100 

-200 

80 

160 

120 



180 

140 

-100 

60 

80 

0 



100 

140 

-180 

100 

40 

0 



100 

40 

20 

180 

200 

160 



20 

180 

-340 

80 

40 

140 




» rref(C) '/. This has a zero row, so C is not invertible, 

ans = 

10 10 0 0 
0 1 -2 0 0 0 

0 0 0 1 0 0 

0 0 0 0 1 0 

0 0 0 0 0 1 

0 0 0 0 0 0 

» A=C; A(3,3) = C(3,3) + l.e-10; 

» rref(A) ’/. This is invertible, 

ans = 

1 0 0 0 0 0 

0 1 0 0 0 0 

0 0 1 0 0 0 

0 0 0 1 0 0 

0 0 0 0 1 0 

0 0 0 0 0 1 

» det(A) 
ans = 

6.5509 

The determinant of A is not very close to 0. This indicates that the “natural assumption” is false. 
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4. (a) One way to generate an upper triangular matrix with determinant 1 is to create a random matrix 
with zeros below the first diagonal, and to add the identity matrix to this. Type help triu for more 
information. 

» A = triu(round( 6*(2*rand(5)-l)),1) + eye(5); 

» det(A) 


ans = 

1 

A(4, 
A(5, 
A(2, 
A(3, 
A(4, 


» 

» 

» 

» 

» 

» 

A = 


) = 
) = 
) = 
) = 
) = 


A(4,:) 
A(5,:) 
A ( 2,: ) 
A(3,:) 
A(4, :) 


2*A(2, : ) 
2*A(3,:) 
3*A(1,:) 
4*A(1,:) 
A(l,:) 


(b) 


A(5, 

:) = A(5 


3*A(1, 

:) 

1 

-2 

-3 

-5 

3 

3 

-5 

-3 

-13 

9 

-4 

8 

13 

25 

-15 

1 

-4 

-15 

-8 

0 

-3 

6 

11 

25 

-14 

» 

det(A) 




ans 

= 





*/. Perform several row operations to A. 


We expect det (A) = 1 since we started off with det (A) = 1, and we only used elementary row 
operations whose determinants were 1. Since det(A)=l and all the det’s used to form adj(A) 
will be integers, inv(A)=(l/l)*adj (A) should have integer entries. 

(c) MATLAB is able to convert between characters and numbers. Type help strfun for more infor¬ 
mation. 


» 

s = 

[ 

’SMALL’ 

. * 
1 

PLAS’; 

’TIC 

T’; ’HINGS’; 

’ MOVE’; 

’WHEN 




’YOU D’ 

. > 
f 

ONT L’; 

’00K 




» 

M = 

S 

- ’A’ + 

1 



'/, Convert to 

numbers. 


M 

= 










19 


13 

1 

12 

12 





-32 


16 

12 

1 

19 





20 


9 

3 

-32 

20 





8 


9 

14 

7 

19 





-32 


13 

15 

22 

5 





23 


8 

5 

14 

-32 





25 


15 

21 

-32 

4 





15 


14 

20 

-32 

12 





15 


15 

11 

-32 

-32 




» 

C = 

M*A 




*/, Encode the 

message. 


C 

= 


30 


-71 


-131 

-35 

-9 




-88 


190 


398 

719 

-398 




-57 


187 


652 

614 

-184 




-71 


137 


235 

612 

-371 




-46 


61 


-23 

315 

-274 




137 


-294 


-590 

1006 

514 




-58 


195 


677 

561 

-161 




-91 


260 


785 

799 

-297 




80 


-81 


181 

-539 

463 
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» M2 = C* inv(A); % The instructer should decode the message. 

» setstr(round(M2) + ’A’ - 1) '/. setstr converts numbers to characters, 

ans = 

SMALL 
PLAS 
TIC T 
HINGS 
MOVE 
WHEN 
YOU D 
ONT L 
00K 
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Section 2.5 

1-1 3 


1. X\ = 


2 . x\ 


3. xi = 


4. x\ 


5. x\ — 


6 . x\ = 


7. = 


8. xi = 


47 4 


2 3 
-7 4 

0 -1 
5 2 


-4-141 -145 


8 + 21 


3 -1 

4 2 


0 + 5 
6 + 4 


_5_ 

10 


29 


1 

2 ’ 


= -5; 


*2 = 


x 2 = 


3 4 

4 5 

~ro~ 


2 -1 
-7 47 
29 


94- 7 87 


29 


29 


= 3 


15-0 15 

10 ~ 10 


6 1 1 
5 -2 -3 
11 2 5 


2 1 1 
3 -2 -3 
8 2 5 



2 6 1 


2 1 6 


3 5-3 


3-2 5 

—50 n 

8 11 5 

-125 r 

8 2 11 

= —— =2; x 2 = J 


= = 5; x 3 = 

. - 


-25 


75 

-25 


= -3 


8 1 1 


1 8 1 


1 1 8 

-2 4 -1 


0 -2 -1 


0 4-2 

0-1 2 

1 . , . 1 

_ 62 _ 31 x 

3 0 2 

-- 

_ —22 11 

3-1 0 

-ITS- 


0 4-1 

3-1 2 

7 2 1 

0 2-1 
1 1 3 


= 13 


2 2 
1 2 -1 



2 7 1 


2 2 7 


1 0 -1 


1 2 0 

45 

4 — x 2 — 

-1 1 3 

-r 7 !- 

-ii 

— i > X 3 — 

-1 1 1 
—n— 


23 

13 


\-l 1 

3| 

-1 5 

-1 

3 1 

3 

0 2 

0 

2 5 

-1 

4 1 

3 

-2 2 

0 


-52 


= 0; x 2 


1 2-1 

-l 


1 2 5—11 

4 

3 

3 


4 1 

3 

-2 

0 

— m - 

0 

■ = = 0; x 3 = 

-2 2 
-cm 

0 


-52 


-52 

—52 


4 1 -1 


to 

4 ^. 

1 


2 1 4 

2 0 1 


1 2 1 


1 0 2 

1 -1 5 

-3 3 

0 1 5 

-3 3 

0 -1 1 

2 1 -1 

• “ _2 ~ 2 1 X2 ~ 

-2 

- _2 ~ 2 ’ X3 - 

-2 


1 0 
0 -1 


-1 

-2 


6 111 

4 0-1-1 

3 0 3 6 

5 0 0 -1 


1111 
2 0 - 1-1 
0 0 3 6 

10 0-1 


30 

9 


10 
3 ’ 


x 2 


16 11 
2 4-1-1 
0 3 3 6 
15 0-1 


9^ 


= § = * 
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116 1 


1 1 

1 6 


2 0 4 -1 


2 0 

-1 4 


0 0 3 6 


0 0 

3 3 


10 5-1 

39 13 

1 0 

0 5 

—!5 _ -5 


“9 9 3 ’ Xa 9 9 3 


9. x\ — 


7 0 0 -1 


1 7 0-1 


2 2 10 


0 2 10 


-3-10 0 


4-3 0 0 


2 0 3 -5 

- 2 ! 21 

0 2 3 -5 

-171 _ 171 


1 0 0-1 
0 2 10 
4-10 0 

0 0 3 -5 


-29 29 




-29 


29 


10 7-1 


10 0 7 

0 2 2 0 


0 2 12 

4-1-3 0 


4-10-3 

0 0 2 -5 

284 -284 

0 0 3 2 

-29 

~ -29 ~ 29 ’ X4 ~ 

-29 


-182 

29 


10. (a) From Figure 2.2, it is easy to see that 6 • cosyl + a ■ cos B = c. Similarly, if we insert the perpen¬ 
dicular from the vertex at angle A to the opposite side and insert the perpendicular from the vertex 
of angle B to the opposite side, then we obtain c ■ cos A + a ■ cos C = b and c • cos B + b ■ cos C — a. 


(b) 


c 0 a 
b a 0 
0 c b 


- abc + abc = 2 abc ^ 0 


( c ) 

(d) 


cos C — 


c 0 b 
b a c 
Oca 


2 abc 


+ b 2 c 


2bac 


2 ab ■ cos C = a 2 + b 2 — c 2 , or c 2 


a 2 + 6 2 — c 2 
2ab 

2 + 6 2 — 2 ab • cos C 
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» A = 2*rand(5)-l 
A = 


0.2591 

-0.5336 

0.6920 

0.0746 

0.1433 

0.4724 

-0.3874 

-0.1758 

-0.0642 

0.6048 

0.4508 

-0.2980 

0.6830 

-0.4256 

-0.9339 

0.9989 

0.0265 

-0.4614 

-0.6433 

0.0689 

0.7771 

0.1822 

-0.1692 

-0.6926 

-0.0030 


» b = 2*rand(5,1)-1 
b = 

0.9107 

0.4966 

0.1092 

0.7815 

0.2497 

(a) 

» flops(O); 

» d = det(A) 
d = 

0.0387 

» x = zeros(5,l); 

» C = A; C(:,1) = b; 
» C = A; C(:,2) = b; 
» C = A; C(:,3) = b; 
» C = A; C(:,4) = b; 
» C = A; C(: ,5) = b; 
» x = x / d 

x = 

4.4245 

2.4047 

1.0314 

4.9862 

-0.2662 

» s = flops 
s = 

425 

(b) 

>> flops(0); 

» z = A\b 
z = 

4.4245 

2.4047 

1.0314 

4.9862 

-0.2662 


x(l) 

= det 

(C) 

x(2) 

= det 

(C) 

x(3) 

= det 

(C) 

x(4) 

= det 

(C) 

x(5) 

= det 

(C) 


'/, Divide each element in x by d. 
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» ss = flops 
ss = 

266 


(c) 


» format short e 
» x-z 
ans = 

-2.6645e-15 
0 

-2.2204e-16 
-1.7764e-15 
0 

The two solutions are very close to each other. The number of flops was almost twice as much for 
Cramer’s rule as for the built-in method. 

(d) For a 7 x 7 matrix, Cramer’s rule takes about 1680 flops versus about 600 for the built-in method. 
It appears T\b becomes more efficient as the size of the system increases. (In fact the built-in 
method takes about (2/3 )n 3 flops for large N, while Cramer’s rule, using the (efficient) built-in 
method for det takes about (2/3)n 4 flops for large n. 
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Review Exercises for Chapter 2 


= -4 - 0 = -4 


= -12 + 35 = 23 



1 -2 3 

5 0 0 

3 . 

0 4 5 = (1)(4)(6) = 24 

4. 6 2 0 


0 0 6 

10 100 6 


1 —1 2 I 



5. 3 4 2 = 16 + 4+ 18 + 16+ 12- 6 = 60 

-2 3 4 

3 1 -2 

6. 4 0 5 =-30- 8 - 12- 15 =-65 


-6 1 31 

1-12 3 

4 0 2 5 

-1 2 3 7 

5 10 4 


3 15 17 19 
0 2 21 60 
0 0 1 50 
0 0 0 -1 


1—13 


1—12 


= —4 237-2-1 2 7 +5 —1 23 


5 14 


5 10 


= -4(23) - 2(—17) + 5(—40) = 92 + 142 - 200 = 34 
= (3)(2)(1)(—1) = —6 


= -2 - 8 = -11; An = 1; A u = -2; A 2 \ = -4; A 22 = -3; .4" 1 = 


-11 V-2 -3 


3-5 7 

10 . 0 2 4 = (3)(2)(—3) = -18; yin = -6; A 12 = 0; A i3 = 0; A 21 = -15; yl 22 = -9; A 23 = 0; 
0 0-3 

l / —6 —15 —34\ 

A n = -34; A 32 = -12; A 33 = 6; yT 1 = -— 0-9 -12 

18 \ 0 0 6 / 

1 -1 2 

11. 3 1 4 = 8 — 20— 6 — 10+ 24 + 4 = 0. No inverse. 

5-18 

1 1 1 

12 . 101 = 1-1 — 1 = — 1 ; yin = — 1 ; yli 2 = — 1 ; y^i 3 = 1 ; ^21 = 0 ; yl 22 = 1 ; ^23 = — 1 ; ^31 = 1; 
0 1 1 

/-I 0 1\ (l 0 —1\ 

^32 = 0; yl 33 = — 1; A 1 = — 1 I — 1 1 0 I = I 1—1 ol 

l 21 ?°l 1-1 3 Ol 10 3 01 


|2 1 0 01 


-1 3 0 


°~ 1 3 °=2 0 0 -2 -11 0 -2 = 2(2) - 1(—18) = 22 
3 "- 1 0 3 -‘ 0 
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An 

A33 


= 2; A12 — 18; A13 — 6; A14 — 1; j42i — 2; .A22 — —4; A23 — 6; ^24 = 1; ^31 = 0; ^32 

2 2 0 6 ' 
1/18-4 0 -12 


= 0; A34 = —11; A41 — 6; A42 — —12; ^43 — —4; A44 — 3; A 1 = 


22 | 6 6 0 -4 

1 1 -11 3/ 


= 0 ; 



3-124 

1 10 3 

-2 4 15 

6-412 


-12 4 


3 2 4 


3-12 

14. 

= -1 

4 1 5 
-4 1 2 

+ 

-2 1 5 
6 1 2 

+ 3 

-2 4 1 

6 -4 1 


= 21 + 27 — 48 = 0; No inverse. 


15. x\ — 


16. xi = 


17. Xl 


3 -1 
5 2 


2 -1 
3 2 


U 
7 ’ 


x 2 = 


2 3 

3 5 
~T 


7 -1 1 

4 0-5 
2 3-1 

123 

1 7 1 

2 4-5 
0 2-1 

24 

1 -1 7 

2 0 4 
0 3 2 

1 -1 1 
2 0-5 

0 3-1 

_ TX X2_ 

19 

— 19’ X3 ~ 

19 

5 3- 

1| 


1 2 5-1 l 



34 

19 



14 

56 


1 

4 ’ 


*2 


-10 3 
4 -1 1 

56 


70 

56 


5 

4’ 


42 _ -3 

_ _ X 


56 


18. xi 


*3 


7 0-11 
-1 2 2-3 

0-1-1 0 
2 14 0 

10-11 
0 2 2 -3 
4-1-1 0 

-2140 
10 7 1 

0 2-1-3 
4-100 
-2120 
39 


66 _ 22 
39 - 13’ 


17-11 
0-1 2-3 

4 0-10 
-2 2 4 0 
39 


282 _ 94 
"X ~ 13’ 


- 18 _ -6 
39 - 13 ’ 


10-17 
0 2 2 -1 
4-1-1 0 

-2142 
39 


189 

30 


63 

13 
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Chapter 3. Vectors in M 2 and M 3 

Section 3.1 

Note tan -1 y/x is always between —tt/2 and x/2. To get 9 bewteen 0 and 2x will require adding x or 
27r for some (x, y) pairs. 


1. 

2 . 

3. 

4. 

5. 

6 . 

7. 

8 . 

9. 

10 . 

11 . 

12 . 


15. 


16. 


17. 


18. 

19. 

20 . 
21 . 


= V4 2 + 4 2 = 4%/2 


9 = tan 1 1 = — 


37r 


= \/(— 4) 2 + 4 2 = 4\/2 9 = x + tan *(—1) = — (x added as in 2nd quadrant.) 


lx 


— + (—4) 2 = 4\/2 9 = 2x + tan *(—1) = — (27 t added for 4th quadrant.) 

57T 


= y/(— 4) 2 + (—4) 2 = 4\/2 9 = x + tan 1 1 = — (x added for 3rd quadrant.) 


vV3) 2 + i 2 = 2 


= y/ l 2 + (^3) 2 = 2 


9 = tan 1 1 /a/ 3 = — 
o 

0 = tan -1 \/3 = ^ 

O 


— \/(~l) 2 + (\/3) 2 =2 0 = x + tan 1 (-\/3) = (2nd quadrant) 

= yjl 2 + (-v^) 2 = 2 


0 = 2x -f tan 1 (—\/3) = -rr (4th quadrant) 

O 


= \J(— l) 2 + (—\/3) 2 = 2 0 = 7T + tan 1 %/3 = ^ (3rd quadrant) 


0 = tan -1 2 « 1.1071 


= Vl 2 + 2 2 = V5 

= \/{— 5) 2 + 8 2 = -v/89 9 — x + tan -1 (—8/5) « 2.1294 (2nd quadrant) 


i/ll 2 + (—14) 2 = a/317 9 = 2x + tan *(—14/11) « 5.3784 (4th quadrant) 


13. (a) (6,9) (b) (-3,7) 

14. (a) —2i + 3j (b) 6i - 9j (c) 6i - 9j 


(c) (-7,1) (d) (39,-22) 

(d) 28i - 42j (e) 28i - 42j (f) —28i + 42j 


i| = |(i,0)| = vT 2 T0 2 = i |j| = -v/o^+T 2 = i 


(1/V2)i + (1/V2)j| = v /(l/^) 2 + (l/v / 2) 2 = 1 


u| = y/a 2 /(a 2 + b 2 ) + b 2 /(a 2 + b 2 ) = 1. Since quadrant of u, v are the same, their directions will be 

6 


., • , _i yja 2 + b 2 , -i ^ 

the same since tan —— — tan —. 


y/a 2 + b 2 

v | = VT3 u = v/|v| = (2/\/l3)i + (3/v / 13)j 

v| = y/2 u = v/|v| = (1/V2)i - (l/v^)j 

v| = 5 u = v/|v| = (-3/5)i+ (4/5)j 

v| = ay/2 u = v/|v| = (l/\/2)i + (1 /a/ 2)j if a > 0 


u= -(l/V2)i-(lA/2)j 


if a < 0 


22. Use the definition of sin0 and cos0, as the y or x coordinate of a point on unit circle, 9 radians 
counter clockwise from the x-axis. 





206 Chapter 3 Vectors in M 2 and M 3 


Instructor’s Manual 


23. 

24. 

25. 

26. 

27. 

28. 
29. 


30. 

31. 


32. 

33. 

34. 

35. 

36. 


37 . 


|v| = v/2 2 + (—3) 2 = VU sin# = —3/%/l3 cos0 = 2/\/T3 

|v| = v/73 sin 9 = 8/\/73 cos 9 = -3/v/73 
|u| = V2 v = -(l/x/2)i - (1/V2)j 

|u| = vTI v = —(2/-\/l3)i + (3/VT3)j (Notice direction v =direction u — tt!). 
|u| = 5 v = (3/5)i - (4/5)j 
|u| = v/13 v = (2/\/l3)i - (3/\/l3)j 
(a) u + v = i-j (u + v)/|u+ v| = (l/v^)i - (1/V2)j 


(b) 2u - 3v = 7i - 12j 

(c) 3u + 8v = —2i + 7j 


(2u - 3v)/|2u - 3v| = (7/>/l93)i - (12/v / l93)j 
(3u + 8v)/|3u + 8v| = —(2/V53)i + (7/V§3)j 


| PQ | = a/(c + a - c) 2 + (d + b - d) 2 = i/a 2 + 6 2 

An equation of the line passing through the points O and R is bx — ay — 0. An equation of the line 
passing through the points P and Q is bx — ay + ad — be — 0. Since the lines are parallel, the direction 

of PQ is the same as the direction of the vector (a, 6). 

v = (3 cos 7r/6, 3 sin tt/ 6) = (3\/3/2,3/2) 

v = (8 cos 7 t/ 3, 8 sin 7r/3) = (4,4\^) 

v = (cos 7 t/ 4, sin rr/4) = (l/\/2 ,I/a/2) 

v = (6cos2ir/3,6sin27r/3) = (—3,3\/3) 

Let u = (ui,u 2 ) and v = (tq,n 2 ). Show that Uiv x + u 2 v 2 < \/{u\ + u$)(v\ + v\) by squaring both 
sides. Then 

|u + v| 2 = I(ui,u 2 ) + (wi, n 2 )| 2 = (ui + Vi) 2 + (u 2 + v 2 ) 2 
= u\ + u\ + 2(uivi + u 2 v 2 ) +vj+v 2 

< |u| 2 + 2y / (u 2 + ii 2 )(^+n|) + |v| 2 

= (M + M ) 2 


Taking square roots, we obtain |u + v| < |u| + |v|. 

Let u = (ui,u 2 ) and v = (vi,v 2 ). Suppose |u + v| = |u| + |v|. The proof in problem 36 shows that 
|u + v| 2 = |u| 2 + |v| 2 +2(tiivi +« 2 n 2 ); hence we must have (u x vi +u 2 v 2 ) = |u||v| > 0, as neither u nor 
v is the zero vector. Squaring both sides of («iiq + u 2 v 2 ) = |u||v| and simplifying gives u x v 2 = « 2 t>i- 

We may assume v x ± 0. Then u = (tii,u 2 ) = — (v x ,v 2 ) = av. But plugging into u x vi + u 2 v 2 > 0 

Vi 

gives a > 0. Conversely, suppose u = av for some a > 0. Then |u + v| = |(a + l)v| = (a + l)|v| = 
a|v| + |v| = |av| + |v| = |u| + |v|. 
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CALCULATOR SOLUTIONS 3.1 

The problems in this section ask you to compute the magnitude and direction (in radians and degrees) for four 
groups of vectors; within each group the vectors differ only by the signs of their coordinates. One way to solve 
these is to solve all four problems (in radian form) by: 

[x-value,y-value] (STO- 1 varname (ENTER) to enter the first in the group (and to check the accuracy of your 
entry). 

varname (2nd) (VECTR) (F4~) <OPS> [F3] <-Pol> (ENTER) to convert to polar form (magnitude and 
angle - say in radians) 

(2nd] (ENTRY] to recall the previous entry (which will include the function -Pol) 

Then use the arrow keys and (DEL) or (2nd) (INS) to delete or insert the - signs in the appropriate 
places, and then (ENTER) will produce the (same) magnitude and new direction. 

Repeat the (2nd] (ENTRY) and editing steps for the remaining sign changes. 

Now change to degree mode by (2nd) (MODE) 0 0 0 0 (ENTER) (EXIT) (or just omit the Q 
if TI-85 is already in degree mode and you wish to return to radian mode). 

Then repeat the [2nd] (ENTRY] and editing steps to get the magnitudes and directions in degrees for the 
four problems in the group. 

In our solutions below we indicate input and answers in radians and degrees for each separate problem, without 
describing the mechanism for changing between these two modes, or recalling the previous entry (or answer) 
for editing. 

38. Enter [1.735,2.437] (STO-) A3138 [ENTER] and then in radian mode A3138 <- Pol > yields: 

[2.99152034925Z. 95210120347] or in degrees: [2.99152034925Z54.5513806263°] 

39. Enter [1.735,-2.437] [STO’-) A3139 (ENTER) and then A3139 <- Pol > (the menu item) yields: 

[2.99152034925Z-.95210120347] or in degrees: [2.99152034925Z-54.5513806263°] . 
Notice negating the y coordinate in problem 38 just negates the angle. 

40. Enter [-1.735, 2. 437] [STO-) A3140 (ENTER) and then A3140 <- Pol > (the menu item) yields: 

[2.99152034925Z2.18949145015] or in degrees: [2.99152034925Z125.448619374°] . 
Notice that negating both coordinates (from A313 9) just adds k radians (or 180°) to the (negative) angle. 

41. Enter [-1.735,-2.437] (STO-) A3141 [ENTER] and then A3141 <-Pol> (the menu item) yields: 

[2.9915203 4925Z-2.18949145015] or in degrees: 

[2.99152034925Z-125.448619374°] . Notice that negating the x coordinate (from A3139) just 
complements the (negative) angle with respect to -it radians (or -180°). 

42. Enter [-58,99] [STO-) A3142 [ENTER] and then A3142 <>Pol> yields: 

[114.73 883 3 879Z2.10075283 072] or in degrees: [ 114.73883 3879Z120.3 64271°] 


43. Enter [-58,-99] [STO-1 A3143 


and then A3143 <-Pol> yields: 
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[ 114 .738833879Z-2.10075283 072] or in degrees: [114.738833 87 9Z-120.3 64271°] 

44. Enter [58,99] (STO) A3 144 [ENTER 1 and then A3 144 <>Pol> yields: 

[ . 848066624741Z1.04083982287] or in degrees: [ 114.738833 879Z59.63 57289998°] 

45. Enter [58,-99] [STO) A3145 [ENTER] and then A3145 <‘>Pol> yields: 

[114.73883 3 879Z-1.04083982287] or in degrees: [114.738833 879Z-59.63 57289998°] 

46. Enter [0.01468,-0.08517] (STO) A3146 [ENTER] and then A3146 <>Pol> yields: 

[ . 08642587170 5Z-1.40011222941] or in degrees: [ . 0864258717 0 5Z-80.2205215899°] 

47. Enter [0.014168,0.08517] [STO | A3147 [ENTER] and then A3147 <>Pol> yields: 

[ .086425871705Z1.40011222941] or in degrees: [ . 086425871705Z80.2205215899°] 

48. Enter [-0.014168,-0.08517] [STO] A3148 [ENTER] and then A3148 <»Pol> yields: 

[ .086425871705Z-1.74148042418] or in degrees: [. 086425871705Z-99.7794784101°] 

49. Enter [-0.014168,0.08517] [STO] A3145 [ENTER] and then A3145 <»Pol> yields: 

[ . 086425871705Z-1.74148042418] or in degrees: [. 086425871705Z99.7794784101°] 
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1. (a) Notice that for vectors in the second or third quadrant, we must add 7r to the arctangent in order 
to get the direction. 

» v = [4; 4] ; '/. Problem 1. 

» norm(v) 
axis = 

5.6569 

» direction = atan( v(2)/v(l) ) 
direction = 

0.7854 

» deg = direction*180/pi 
deg = 

45 

» v = [4; -4]; */. Problem 3. 

» norm(v) 
ans = 

5.6569 

» direction = atan( v(2)/v(l) ) 
direction = 

-0.7854 

» deg = direction*180/pi 
deg = 

-45 

» v = [sqrt(3); 1]; '/. Problem 5. 

» norm(v) 
ans = 

2 

» direction = atan( v(2)/v(l) ) 
direction = 

0.5236 

» deg = direction*180/pi 
deg = 

30.0000 

» v = [-1; sqrt(3)] ; 7. Problem 7. 

» norm(v) 
ans = 

2 

» direction = atan( v(2)/v(l) ) + pi 
direction = 

2.0944 

» deg = direction*180/pi 
deg = 

120.0000 

» v = [-1; -sqrt(3)]; '/. Problem 9. 

» norm(v) 
ans = 


2 
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» direction = atan( v(2)/v(l) ) + pi 
direction = 

4.1888 

» deg = direction*180/pi 
deg = 

240.0000 

» v = [-5; -8]; '/. Problem 11. 

» norm(v) 
ans = 

9.4340 

» direction = atan( v(2)/v(l) ) + pi 
direction = 

4.1538 

» deg = direction*180/pi 
deg = 

237.9946 

(b) 


» v = [ 1.735; 2.437]; '/. Problem 38. 

» norm(v) 
ans = 

2.9915 

» direction = atan( v(2)/v(l) ) 
direction = 

0.9521 

» deg = direction*180/pi 
deg = 

54.5514 

» v = [ -1.735; 2.437]; */. Problem 40. 

» norm(v) 
ans = 

2.9915 

» direction = atan( v(2)/v(l) ) + pi 
direction = 

2.1895 

» deg = direction*180/pi 
deg = 

125.4486 

» v = [ -58; 99]; '/. Problem 42. 

» norm(v) 
ans = 

114.7388 

» direction = atan( v(2)/v(l) ) + pi 
direction = 

2.1008 

» deg = direction*180/pi 
deg = 

120.3643 
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» v = [58; 99]; '/. Problem 44. 

>> norm(v) 
ans = 

114.7388 

» direction = atan( v(2)/v(l) ) 
direction = 

1.0408 

» deg = direction*180/pi 
deg = 

59.6357 

» v = [ 0.01468; -0.08517]; */. Problem 46. 

» norm(v) 
ans = 

0.0864 

» direction = atan( v(2)/v(l) ) 
direction = 

-1.4001 

>> deg = direction*180/pi 
deg = 

-80.2205 

» v = [ -0.01468; -0.08517]; '/. Problem 48. 

» norm(v) 
ans = 

0.0864 

» direction = atan( v(2)/v(l) ) + pi 
direction = 

4.5417 

» deg = direction*180/pi 
deg = 

260.2205 


2. (a) 


» u = [2; .5] ; v = [-1;2] ; 

» w = u+v; ww = u-v; aa = [u’ v’ w’ ww’]; H = max(abs(aa)); 
» axis(’square 1 ); axis([-M M -MM]) 

>> hold on 

» plot( [0 v(l>], [0 v(2)], [0 u(l)], [0 u(2)] ) 

» grid 
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» 

a = 1; b = 1; 





» 

z = a*u+b*v; 





» 

plot([0 z(l)3, 

CO 

z(2)3. 

’ :c5‘ 

) 

» 

a = . 5; b = 1; 





» 

z = a*u+b*v; 





» 

plot([0 z(l)]. 

CO 

z(2)], 

’ :cS’ 

) 

» 

a = .5; b = .5; 





» 

z = a*u+b*v; 





» 

plot(Co z(l)], 

CO 

z(2)]. 

' :c5 ! 

’) 

» 

a = .2; b = .8; 





» 

z = a*u+b*v; 





» 

plot(CO z(l)3, 

CO 

z(2 )], 

’ :c5 ‘ 

’) 

» 

a = .7; b = .2; 





» 

z = a*u+b*v; 





» 

plot(CO z(l)], 

CO 

z(2)3. 

•:cS‘ 

’) 



If many more a and b were chosen, with 0 < a,b < 1, then the parallelagram between u and v 
would start to be filled in. 

» a = 1; b = -1; 

» z = a*u+b*v; 

» plot(CO z(l)3, CO z(2)3, ’:c6’) 

» a = .1; b = -1; 
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» z = a*u+b*v; 

» plot([0 z(l)] , [0 z(2)], ’—c6’) 
» a = . 5; b - -. 5; 

» z = a*u+b*v; 

» plot([0 z(l)], [0 z(2)], ’—c6’) 

» a = .2; b = -.8; 

» z = a*u+b*v; 

» plot([0 z(l)], CO z(2)], ’—c6’) 
» a = .7; b = -.2; 

» z - a*u+b*v; 

» plotCCO z(l)], Co z(2)], ’—c6’) 



If many more a and b were chosen, with 0 < a < 1 and — 1 < 6 < 0, then the parallelagram be¬ 
tween u and —v would start to be filled in. 

» a = -1; b = 1; 

» z = a*u+b*v; 

>> plot(CO z(l)], CO z(2)], ’-.c6’) 

»a=-.5;b=l; 

» z = a*u+b*v; 

» plot(CO z(l)], CO z(2)3, ’-.c6 ’) 

» a = -1; b = .5; 

» z = a*u+b*v; 

» plot(CO z(l)], CO z(2)], ’-.c6’) 

» a = -.6; b = .2; 

» z = a*u+b*v; 

» plot(C0 z(l)], CO z(2)], ’-.c6’) 

» a = -.4; b = .7; 

» z - a*u+b*v; 

» plot(C0 z(l)], CO z(2)], ’-.c6’) 

» a = -1; b = 0; 

>> z = a*u+b*v; 

» plot(CO z(l)], CO z(2)], .c6 ’ ) 
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As above, these fill in the parallelogram between —u and v. 

If we allow both a and 6 to be negative, then we will cover the fourth quarter of this parallelo¬ 
gram. If we allow a and 6 to grow, then we would get larger and larger region, which eventually 
covers everything in the plane. 

(b) If the above is repeated when u and v are parallel, the linear combinations of u and v will all lie 
on the same line through the origin. 

3. 

» u = [2;.5]; v = [-1;2]; '/, Pick two vectors. 

» w = C .5; -3]; */. Pick a third vector, or use rand(2,l). 

» lincomb(u,v,w) 


u = 12:0.5] V = [-1:2] w = [0.5;-3] 
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Section 3.2 

1. u v = (1)(1) + (1)(—1) = 0; cosp = 0 

3. u v = (—5)(0) + (0)( 18) =0; cos p = 0 


cos p = 


20 


i/29\/29 

cos p = 0 


2. u • v = (3)(0) 4- (0)(—7) = 0; 
4. u • v = (a)(0) + (0)(/?) = 0; 

20 

29 


cos p = 0 
cos p = 0 


-22 


-22 


5. u • v = (2)(5) + (5)(2) = 20; 

6. u • v = (2)(5) + (5)(—2) = 0; 

7. „ ■ v = (-3K-2) + (4)(-7) = -22 cosy = 

8. u v = (4)(5) + (5)(-4) = 0 cos p = 0 

9. u v = (a)(/?) + (/?)(—a) = 0 => cos p = 0 => p = rr/2 => u and v are orthogonal. 

10. The scalar product is an operation in which the input is two vectors and the output is a number. 

Then u v w is not defined: once we take the first scalar product, we would then need to take the 

scalar product of a number and a vector, which does not make sense. 

11. v = —2u => u and v are parallel. 

12. u v = (2)(6) + (3)(— 4) = 0 => cos p — 0 => p = tt/2 


u and v are orthogonal. 


13. u v = (2)(6) + (3)(4) = 24 cos p = 


24 24 

■ _ - 22 ,: = — =>■ u and v are not parallel and not orthogonal. 

Vl3\/52 26 


14. u v = (2)(—6) + (3)(4) = 0 => cos p = 0 => p = 7r/2 => u and v are orthogonal. 

15. u v = (7)(0) + (0)(—23) = 0 =S> cos p = 0 => p = 7t/ 2 =4> u and v are orthogonal. 

16. v = —u /2 u and v are parallel. 

17. (a) We need uv=3 + 4a = 0=>4a = —3 => a = —3/4 

(b) u/3 = i + (4/3)j => a = 4/3 

(c) We need cos p = - .= = =>■ 6 + 8a = 5\/2a 2 + 2 => 36 + 96a + 64a 2 — 25(2a 2 + 2) => 

5\/a 2 +1 2 

14a 2 + 96a — 14 = 0 => 7a 2 + 48a — 7 = 0=^ (7a — l)(a + 7) = 0 => a = 1/7 or a = —7. 
a = 1/7 => p = ir/4, a = — 7 => p = 3tt/4, so only a = 1/7. 

(d) We need cos p = —= — =>- 6 + 8a = b\/ a 2 + 1 => 36 + 96a + 64a 2 = 25a 2 + 25 =>■ 

5Va 2 + 1 2 

_^jo I or /o 

39a 2 -f 96a + ll = 0=r-a = -—- =$■ p = 7r/3. (The other gives a with p — 


18. (a) We need u • v = —2a — 10 = 0 =>■ a = 

(b) —2u/5 = (4/5)i - 2j =>■ a = 4/5 

f V w , -2a - 10 -1 

(c) We need cos p 


0 => a = 


v/29\/a 2 + 4 
80 ± 58\/3 


-5 


= — => 16a + 160a + 400 = 29a + 116 =» 13a 2 - 160a - 284 = 


13 


(d) We need cos p - 


=> p — 27r/3 
-2a - 10 _ 1 

V29Va 2 + 4 _ 2’ 


from c), we can see that there is no solution. 


19. Since the i components of u and v are both positive and fixed, it is impossible for u and v to have 
opposite directions. 

20. Since the j component of u is positive and the j component of v is negative, it is impossible for u and 
v to have the same direction. 
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In 21-31 we use proj v u = 

3 3 3 

21. proj v u = — (i + j) = -i+ -j 


23. proj v u = 0, as u-v = 0 

a + P, 


— 1 —2 3 

25. projv u = ^( 2i “ 3 J) = -jj* + 


27. projy u = 


-(i+j) 


29. projy u = —TT-IS + j) 


—5 —5 5 

22. projy u= -y( i+ j) = 2 j 

11,,. .. 44. 11. 

24. projy u = — (4x + j) = —i + —j 

5 10. 15. 

26. projy u = — (2i + 3j) = —i + —j 

28. projyu= “ + * (ai + Pj) 


30. projv u = 


a 2 + P 2 

01 ~P,- , 

— 5 — (i+j) 


31. projy u = a ' a ' 2 + (n : i + & 2 j). In order for v and proj v u to have the same direction, we need 

V a l + H 

a l a 2 + 6l&2 > 0. 

32. In order for v and proj v u to have opposite directions, we need a i<i 2 + 6162 < 0. 

_^ ^ f j yrj ^ | g g _ ¥ rj 

33. PQ = 3i + 4j; RS = -li + 5j; proj - q RS = —(3i + 4j) = —i + —j; proj - g PQ = —(-11 + 5 -5) = 

-17. 85. 

26 1+ 26 J 

_ + f 29 87 29 —+ 29 261 58 

34. PQ = 3i+j; RS = 9i + 2j; proj p - RS = -(3i+j) = _i+ -jproj^ PQ = ^(9i + 2j) = —i + -j. 

35. Let u = ai + 6 j, v = ci + dj, with a and b not both zero and c and d not both zero. Suppose cos <p — 

ac + bd - = ±1 =>■ ac+bd = i J ( a 2 + 6 2 )(c 2 + d 2 ) =$■ a 2 c 2 + 2abcd + b 2 d 2 = a 2 c 2 +a 2 d 2 + b 2 c 2 + 

Va 2 + bWc 2 + d 2 

b 2 d 2 => a 2 d 2 — 2abcd+b 2 c 2 = 0 => (ad—be) 2 = 0 => ad—be — 0 =t> c = -a. Then -u = — i-f dj = ci+dj. 

bbb 

Then a = —. Suppose u = ai + fej and v = aai + abj for some constant a. Then 
6 


cos p = 


aa 2 + ab 2 


_ a(a 2 + b 2 ) 
i /a 2 + b 2 y/a 2 a 2 + a 2 b 2 |a|(a 2 + 6 2 ) 


= ± 1 . 


Thus, the nonzero vectors u and v are parallel if and only if v = au for some constant a. 

U • V 

36. Suppose u and v are orthogonal. Then <p = tt/ 2. Then cos(7r/2) = = 0 u ■ v = 0. Suppose 

u • v = 0. Then cos ip = 0 => <p = 7r/2 =S> u and v are orthogonal. 

37. Note that (0, — c/b ) and (—c/a, 0) are points on the line. Then the direction vector for the line is u = 
c c 

-i-j. Then uv = c — c = 0=>vis orthogonal to the line ax + by + c = 0. 

a b 

c c ab 

38. The direction vector of the line is v = -i - 7 j. Then —v = fei — aj = u =>■ u is parallel to the line 

a b c 


ax + by + c = 0. 
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39. Let A, B, and C represent the points (1,3), (4,-2), and (—3,6), respectively. Also, let A, B, and C 

represent the angles at the corresponding vertices. AB = 3i — 5j; AC = —4i + 3j; 

-27 -27 — 

cos A = -. BA = —3i + 5j; 


cos B = 
cos C = 


V35V25 5a/35’ 

61 61 


VmVTW V3842’ 

52 _ 52 

^/25V'113 " 5vTl3' 


CA = 4i-3j; CB = 7i-8j; 


40. Let A, B, C represent the points (ai, 6 i), ( 02 , 62 ), and (03,63) respectively. Also let A, B, and C rep¬ 
resent the angles at the corresponding vertices. 

AB = (a 2 - aj)i + ( 6 2 - 61 )j; AC = (a 3 - ai)i + (& 3 - 6 i)j; 

(02 — ai)(a 3 — aj) + (62 — 6i)(6 3 — 61 )_ 


\A = 


\J (a 2 - a i) 2 + (62 - 6 1 ) 2 v /(a 3 - aj) 2 + (6 3 - 6 X ) 2 

(a 1 — a 2 )(a 3 — 02 ) + (61 — 6 2 )( 6 3 — 6 2 ) 


Similarly, cos B = 
and cos C — 


\/(01 - a 2 ) 2 + (61 - 6 2 ) 2 \/(a 3 - a 2 ) 2 + ( 6 3 - 6 2 ) 2 
(ai — a 3 )(a 2 — a 3 ) + (61 — 6 3 )(&2 — 6 3 ) _ 


\/(ai — a 3 ) 2 + ( 6 j — 6 3 ) 2 \/(a 2 — a 3 ) 2 -(- ( 6 2 — & 2) 2 

41. Let u = a \i + 02 j and v = 6 ii + u ■ v = |u||v| cos <p where is the angle between u and v. Then 
|u • v| = |u| |v| | cos - But |cosy?| < 1. Then |u • v| < |u||v|. That is, the Cauchy-Schwarz inequality 
is true. Equality holds if cos^ = ±1. That is, if u and v are parallel. (See 3.1, #35 and #37 also.) 

42. Let y = mx + c and (a, 6 ) be any non-vertical line and any point. Let ( x , y) be any point on the line. 
To minimize the distance between (a, 6 ) and the line, minimize d = (x — a ) 2 + (y — 6 ) 2 . 


d — (x — a ) 2 + (mx + c — 6 ) 2 . d! — 2 (x — a) + 2 (mx + c — 6 )(m) = 0 => x = 


a + 6 m — cm 
1 + m 2 


. Then 


am + bm 2 + c , ...... am 2 — bm + cm. b — am—c. 

V ~ - 7 "," -■ Let u = (a - x)i + (6 - y )j = . .., - ——1 H-—J- Let v — direction 


1 + m 2 

Q 

vector of the line = —i + cj. Then u ■ v = 
m 


1 + m 2 

acm — be + c 2 + be — acm — c 


1 + m 2 

2 

= 0. If we have a vertical 


1 + m 2 

line, then x = c. Then we need to minimize d = (c — a ) 2 + (y — 6 ) 2 . d' = 2(y — 6 ) = 0=>j/ = 6 => 
The shortest distance between a point and a line is measured along the line through the point and 
perpendicular to the line. 

43. The line through the points Q and R is given by the equation y — (—l/2)x + 13/2. The perpendicular 
line through P is then y — 2x — 1 and these lines intersect at the point R = (3, 5). The distance from 
P to R is d = ^(3 - 2 ) 2 + (5 - 3 ) 2 = V5. 

44. The line has the equation y — (—3/2)x; the perpendicular line through (3,7) is y = (2/3)ar + 5. These 

\/2l97 


lines intersect at (—30/13,45/13). Then d = 


13/ + ( 7 13/ 


13 


45. Let A = I* jj. Then a 2 + c 2 = 1, b 2 + d 2 = 1, ab + cd = 0. Then A* = A 1 A = 


a 2 + c 2 ab + cd 
ab + cd 6 2 + d 2 


-(it)- 


Thus A~ l = A*. 
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CALCULATOR SOLUTIONS 3.2 

The problems in this section ask you to compute unit vectors and projections. Our solutions for the TI-85 start with 
data enterd into appropriate variables and then compute either unitv„name or 

dot ( vecl,vec2 ) / dot { vec2,vec2 ) *vec2, as appropriate. Note that to compute proj^u you can first convert v to a 
unit vector (call it W) and then use the simpler projection formula: dot ( U, W) *W. As usual you can either use the 
VECTR MATH menu or just literal input to access the unitv and dot functions. (We shall contiue to use upper¬ 
case function names, like UNITY or DOT (, in showing literal input, since these are easier to key in.) 


46. UNITY A3 246 [ENTER] yields [ .272384259987 .96218855476 ]. 


47. UNITV A3247 [ENTER] yields [ -.88449617907 .466547435414 ]. 

48. UNITY A3248 [ENTER] yields [ .176120122067 -.984368682254 ]. 

49. UNITY A3249 [ENTER] yields [ -.27075830549 -.9626473 60152 ]. 

50. UNITY A3250 [ENTER] yields [ -.328197831068 .944609011011 ]. 


51. DOT (U3251,V3251) / DOT (V3 251,V3251) *V3251 [ENTER] yields the projection (of U3251 onto 
V3251): [ -1.42889364286 -2.66927522328 ]. (As an alternate, you can enter UN I TV V3251 
[ENTER] DOT (U3251,Ans)*Ans [ENTER] to get the same answer, where Ans must be entered in the 
mixed upper-lower case shown, or by use of the [2nd] (ANS) keys.) 



52. DOT (U3252, V3252 ) /DOT (V3252, V3252) *V3252 [ENTER] yields the projection (of U3252 onto 
V3252): [ .015768770218 2.29651652915E-4 ]. (See Problem 51 for an alternative.) 
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53. DOT (U3 2 53, V3 2 53 ) /DOT (V3253, V3253 ) *V3253 [ENTER] yields the projection (of U3253 onto 
V3253): [ -6164.3 6315451 3523.92922513 ]. 



54. DOT (U3 2 54, V3254) /DOT (V3254, V3 2 54) *V3254 [ENTER] yields the projection (of U3254 onto 
V3254): [ 17318.0303616 49128.6105864 ]. 



0 


20000 


40000 


60000 
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MATLAB 3.2 

1 . 


» u = [3; 0] ; v = [1; 1]; '/. Problem 21. 

» p = ( u' * v)/(v’ * v) * v 
P = 

1.5000 

1.5000 

» u = [0; -5]; v = [1; 1]; */. Problem 22. 

» p = ( u’ * v)/(v’ * v) * v 

P = 

-2.5000 

-2.5000 

» u = [2; 1]; v = Cl; -2]; ’/. Problem 23. 

» p = ( u' * v)/(v* * v) * v 

P = 

0 

0 


» u = [2; 3]; v = [4; 1]; '/. Problem 24. 

» p = ( u’ * v)/(v’ * v) * v 
P = 

2.5882 

0.6471 

» u = Cl; 1]; v = C2; -3]; */. Problem 25. 

» p = ( u’ * v)/(v’ * v) * v 
P = 

-0.1538 

0.2308 

» u = Cl; 1] ; v = C2; 3] ; */. Problem 26. 

» p = ( u’ * v)/(v’ * v) * v 
P = 

0.7692 

1.1538 


0 ) 


» u = C2;1]; v=C3;0]; 

» p = ( u’ * v)/(v’ * v) * v */, Part (a), the projection computed. 

P = 

2 

0 


» prjtn(u.v) 


'/, Part (b) 
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P is the projection of U onto V 



P ends at purple o; V ends at yellow * 


(ii) 


» u = [2;3] ; v=[-3;0] ; 

» p = ( u’ * v)/(v' * v) * v '/. Part (a). 

P = 

2 

0 

» prjtn(u.v) '/, Part (b) . 


P is the projection of U onto V 



P ends at purple o; V ends at yellow * 


(iii) 


» u = [2; 1] ; v= [-1; 2] ; 

» p = ( u’ * v)/(v’ * v) * v '/. Part (a). 
P = 

0 

0 


» prjtn(u,v) 


'/. Part (b). 
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P is the projection of U onto V 



-10 12 
P ends at purple o; V ends at yellow * 


» u = [2;3]; v=[-l;-2]; 

» p = ( u’ * v)/(v’ * v) * v */, Part (a). 

P = 

1.6000 

3.2000 

>> prjtn(u,v) '/• Part (b). 


P is the projection of U onto V 



P ends at purple o; V ends at yellow * 

(c) The vector u — p is the component of u which is orthogonal to v. 
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Section 3.3 

1. PQ = v/(3 - 3) 2 + (-4 - 2) 2 + (3 - 5) 2 = 2/fO 


2. PQ = y/(Z - 3) 2 + (-4 + 4) 2 + (7 - 9) 2 = 2 

3. PQ = V(-2 - 4) 2 + (1 - l) 2 + (3 - 3) 2 = 6 

4. | v | = 3 v/|v|=j cosa = 0 cos/?=l cos7 = 0 

5. j v | = 3 v/|v| = — i cos a = — 1 cos p = 0 cos7 = 0 

6. |v| = v / 4 y TFlF = Vu v/|v| = (4/yi7)i - (l/^)j 
cosa = 4/\/l7 cos/? = — 1/VT7 cos 7 = 0 

7. |v| = \/l 2 + 2 2 = a/ 5 v/|v| = (l/\/5)i + (2/\/5)k 

cosa=l/\/5 cos P = 0 cos7 = 2/\/5 

8. |v| = ^12 +(_1)2 + 12 = V3 v/|v| = (1/V3)i - (1/V3)j + (l/\/3)k 

cosa=l/\/3 cos/? = —1/\/3 cos7=l/v/3 

9. |v| = ^12+ 12 +(-1)2 = v/|v| = (1/V3)i + (l/x/3)j - (1/V3)k 

cosa=l/\/3 cos/?=1/a/3 C 0S7 = — 1 / \/3 

10. |v| = y/Z v/|v| = -(1/V3)i + (1/V3)j + (1/V3)k 
cos a — —l/y/Z cos /? = 1 /\/3 cos7 =l/V 3 


11. | v j = v/3 

cos 0=1/ \/3 

cos /? = — 1 / y/Z 

cos 7 = — \/y/Z 

12. |v| = 73 

cosa = — 1/x/3 

cos/3 = l/y/Z 

cos 7 = — 1 / y/Z 

13. jV| = y/3 

cos a = — 1/V3 

COS P = — \jy/Z 

cos 7 = \/y/Z 

14. | V | = y/% 

cos a = — \/y/Z 

cos /? = —!/ \/3 

COS 7 = — 1 / y/z 


15. |v| = v /22 + 5 2 + (-7) 2 = V78 v/|v| = (2/V78)i + (5/v / 78)j - (7/>/78)k 

cos a = 2/V78 COS p = 5/V78 cos 7 = -7/V78 

16. |v| = v^-3) 2 + (-3) 2 + 8 2 = v/82 v/|v| = —(3/V§2)i - (3/V82)j + (8/V82)k 

cos a = cos /? — —3 /a/82 cos 7 = 8/\/82 


17. |v| = v/(-2) 2 + (-3) 2 + (-4)2 = y/29 v/|v| = —(2/\/29)i - (3/V29)j - (4/^29)k 

cos a — — 2/\/29 cos ft = — 3/a/29 cos 7 = — 4/\/29 

18. Let u = ai + aj + ak. As u is a unit vector, we must have 3a 2 — l. Since the direction angles are 
between 0 and tt/2, then a = \/y/Z. 

19. 12[(l/v/3)i + (1/V3)j + (l/\/3)k] = 4V3i + 4^3j + 4^3k 


9 7T 9 7T 9 7T 3 1 1 3 , 

20. cos 2 - + cos 2 - + cos 4 = 4 + 4 + 2 = 2 ?£ l- 


21. PQ = (1, -3,4) | PQ | = v/26 PQ /| PQ | = (1/V^6, -3/V56,4/^56) 


22. PQ = (11,0,0) u = (-1,0,0) 

23. Let R = (a, 6, c). Then PR = (a + 3, b — 1, c — 7). We want PR - PQ = (a + 3) = 0. It follows that b 
and c are arbitrary and a — —3. Hence, all points of the form (—3 ,b,c) satisfy the condition. 


24. | PR | = 1 implies (6 — l) 2 + (c — 7) 2 = 1, the equation of a circle. 


223 
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25. By theorem 2, if u and v are two nonzero vectors then u • v < |u||v|. If u = 0 or v = 0, then u • v = 
|u||v|. Hence, for all vectors u and v, we have u • v < |u||v|. Then 


|u + v | 2 = (u + v) • (u + v) = |u| 2 + 2u • v + |v| 2 
< M 2 + 2|u||v| + |v| 2 = (|u| + |v|) 2 


Taking square roots, we obtain |u + v| < |u| + |v|. 


26. By the proof in problem 25, we will have equality if and only if u • v = |u||v|. Suppose v ^ 0 and u 
0. By theorem 2, u • v = |u||v| if and only if <p = 0. Using part (i) of theorem 3, we have u • v = |u| 
if and only if v = au for some a > 0. We conclude that for all vectors u and v, u ■ v = |u||v| if and 
only if u = av or v = au for some a > 0. Thus |u + v| = |u| + |v| if and only if one of u, v is a 
nonnegative scalar multiple of the other. 


27. — 6 j + 9k 

29. 8 i - 14j + 9k 

31. 16i + 29j + 42k 

33. v/1 2 + (-7) s + 3 2 = v/59 


35. 


(f — COS 


-1 


u • w 

HW 


,-l 


35 


V29V59 


0.5621 


36. 


p = COS 


t w _ _ x —10 

RR ■ cos 572V59 


1.7560 


28. 101 + 3j — 7k 

30. -13i + 28j+ 12k 

32. 2 ■ (-2) + (-3) • (-3) + 4 • 5 = 25 

34. 35-(-10) = 45 


37. proj u v = 


38. proj ( w = 


v-u _ 25 . 75 -, 

” " (x/29) 2( 1 3J _ 29* 29 J + 


u ■ 


w t. 


l*l : 


-10 3. 

' t "(6^ (3l + 4, + k)_ "5 1 ' 


4. 

5 J 


k. 



39. We have QR = |zi - z 2 1, RS = \xi - x 2 \, and PS = \yi - y 2 \. By the Pythagorean theorem, PR = 
yj{x\ — x 2 ) 2 + (j/i — y 2 ) 2 - Applying the Pythagorean theorem again to A PRQ gives 


PQ = y/{x\ - xi) 2 + (yi - yi) -2 + ( z\ - z 2 ) 2 . 


40. By the law of cosines, |u - v | 2 = |u | 2 + |v | 2 - 2|u||v| cos <p. Since |u - v | 2 = |u | 2 - 2u • v + |v| 2 , then 

U • V 

cos (p = 


u v 


u 


41. (i) Suppose u and v are parallel. As t— r = ± 7—71 then v = ±f“r u - Conversely, suppose v = au for 
W |v| |u| |u| 

u • v u • (au) au • u , , TT . „ „ 

some a ^ 0. By theorem 2, cosy = ■ = -t-tt— 7 = 1 —jr—rr = ±1- Hence, ip is 0 or i r. By 

HIM |u||au| |a||u| 2 

definition, u and v are parallel. 

(ii) By theorem 2, u and v are orthogonal if and only if u • v = 0. 


42. w • v = u • v — 


M : 


-(v -v) = u- v — u-v = 0. Thus, w and v are orthogonal. 


A.'H' 
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CALCULATOR SOLUTIONS 3.3 

The problems in this section parallel those in Sections 3.1 and 3.2, and ask you to compute magnitudes, directions 
and projections for vectors in space. For a vector in space the magnitude is computed using the norm function and 
the direction is computed by use of the unitv function. The projection formula is computed as explained in the 
Section 3.2 solutions. 

43. NORM A3343 [ENTER] yields . 707129874917 and UNITV A3343 yields 

[ .327521164379 .590980546606 -.737205453328 ] 

44. NORM A3344 [ENTER] yields 9141 .97861516 and UNITV A3344 yields 

[ -.257712263305 -.89630487501 .360862799934 ] 

45. NORM A3345 [ENTER] yields 85.2279883606 and UNITV A3345 yields 

[ .20298496225 .91988560927 .335570515627 ] 

46. NORM A3346 [ENTER] yields . 051603197575 and UNITV A3346 yields 

[ .263549559698 -.420516576871 -.868163255476 ] 

47. DOT (U3347, V3347) /DOT (V3347, V3347) *v3347 [ENTER] yields the projection (of U3347 onto 
V3347): [ -18.3995893751 -16.8662902605 11.1711792634 ]. (As an alternate, you can enter 
UNI TV V3347 [ENTER] DOT (U3347, Ans) *Ans [ENTER] to get the same answer.) 

48. DOT (U3348, V334 8) /DOT (V3348,V3348) *V3348 [ENTER] yields the projection: 

[ .298598828242 -.468401643528 -.417576311062 ]. 

49. DOT (U334 9, V3349) /DOT (V3349, V3349) *V3349 [ENTER] yields the projection: 

[ 57.4451474781 271.495923758 310.507180628 ]. 

50. DOT (U3350,V3350) /DOT (V3350, V3350) *V3350 [ENTER] yields the projection: 


[ .138911953971 -.101026875615 .058406162465 ]. 
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Section 3.4 
1 . u x v = 

3. u x v = 

5. u x v = 

7. u x v = 

9. u x v = 

11 . u x v = 

13. u x v = 

15. u x v = 

17. u x v = 

19. u x v = 

21 . u x v = 


i jk 
1 -2 0 
0 0 3 


i j k 
1 -1 0 
0 1 1 

i jk 

-2 3 0 
7 0 4 

i jk 

a 0 6 
c 0 d 

1 jk 

2 -3 1 
1 2 1 

i j k 

-3 -2 1 

6 4-2 

i j k 

1 -7 -3 
-1 7 -3 

ij k 

10 7 -3 
-3 4 -3 

1 jk 

2 -1 1 
4 2 2 

i jk 

a a a 


= —6i - 3j 

= -i-j + k 

= 12i + 8j — 21k 

= (6c — acf)j 

= —5i — j 4- 7k 

= Oi + Oj + Ok 

= 421 + 6j 

— —9i 4~ 39j 4“ 61k 


= —4i 4- 8k 


6 6 6 


Oi 4- Oj 4- Ok 


2 . u x v = 


4. u x v = 


6 . u x v 


8 . u x v = 


10 . u x v = 


12 . u x v = 


14. u x v 


16. u x v = 


18. u x v = 


20 . u x v = 


i jk 

3-7 0 
1 0 1 

ij k 

0 0-7 
0 12 

i jk 
a 6 0 
c d 0 

i jk 

0 a 6 
c 0 d 

i jk 

3-4 2 
6-3 5 


i J 

1 7 - 

-1 -7 

i j k 

2- 3 5 

3 -1 -1 

1 j 

2 4 - 
-1 -1 

i j k 

3- 1 8 

1 1 -4 

ij k 

a 6 cl 
a 6 —c 


i jk 

2-3 0 
0 4 3 


ui = 


- —9i - 6j 4- 8k; |u x v| = 7181 

6 . 8 , 9 . 6 

=J + ^===k; u 2 = —^=i 4- 


Tm 1 7T8l J+ 7i8l k;U2_ 7l8l 1+ 7l8T J 7i8l k_ Ul 


22 . u x v = 
1 


i j k 
1 1 1 
1 -1 -1 


= 2j — 2k; |u x v| = 78 = 2 a/2 


= T? ~ 7l k: U2 = 7? + 7i k = -u ‘ 


23. u x v = 


1 j k 

2 1 -1 

-3-2 4 


= 2i — 5j — k; |u x v| = \J\ 4- 25 4- 1 = \/30 


ju| = V4 4-14-1 = V6; |v| = V9 4- 4 4- 16 = 729 


sin<£> = 


730 

76729 


= —7i - 3j + 7k 

= 7i 

(ad — 6c)k 

adi + 6cj — ack 

= — 14i — 3j 4- 15k 
k 

3 — Oi 4" Oj 4“ Ok 
3 

= 8i 4- 17j 4- 7k 

k 

6 = 6i 4- 2k 
3 

= —4i 4- 20j 4- 4k 

= —26ci 4- 2acj 
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24. u • v = —6 — 2 — 4 = —12; cos<p = 


-12 

\/T74 


sin 2 ip + cos 2 <p = 5/29 + 144/174 = (30 + 144)/174 = 1 
25. u = -i - 2j + 2k; v = -2i - 4j - k 

1 J k i ,_ r 

— —6i - 5j — 8k; |u x v| = \/36 + 25 + 64 = 5V5 = Area 


U X V = 


-1 -2 2 
-2 -4 -1 


26. u = —4i - j - 2k; v = -3i - 4j + k 

i j k 

u x v = —4—1—2 
-3 -4 1 


= —9i + lOj + 13k; |u x v| = V81 + 100 + 169 = 5\/l4 = Area 


27. u = -3i - 3j - 2k; v = -4i - 3j + 3k 

i j k 

u x v = —3—3—2 
-4 -3 3 


= —15i + 17j - 3k; |u x v| = V225 +289+9 = y/523 = Area 


28. ii = lli — 3j — 9k; v = 9i — 3j — 3k 

i j k 

u x v = 111 —3 —9 
9 -3 -3 


— 18i — 48j — 6k; |u x v| = \/324 + 2304 + 36 = 6-\/74 = Area 


29. u = ai — 6j; v = —6j + ck 
i jk 
u x v = a —6 0 
0 — b c 


= —bci — acj — ab k; |u x v| = \/6 2 c 2 + a 2 c 2 + a 2 b 2 — Area 


30. u = bj — fek; v = -ai + aj 

ij k 

u x v = 0 6—6 

—a a 0 


= a6i — a6j + a6k; |u x v| = \/a 2 6 2 + a 2 6 2 + a 2 6 2 = |a6|v^ 


31. Let u = ai + 6j + ck and v = di + ej + /k. 

i j k | 

= (6/ — ce)i + (cd — af )j + (ae — bd)k 


U X V = 


a 6 c 
d e f 


|v| 2 = d 2 + e 2 + / 2 ; (u • v) 2 = (ad + be + c/) 2 
|u x v| 2 = (ae — bd) 2 + (cd — af) 2 + (6/ — ce) 2 

= a 2 e 2 — 2abde + b 2 d 2 + c 2 d 2 — 2 acdf + a 2 / 2 + 6 2 / 2 — 2bcef + c 2 e 2 
= (a 2 + 6 2 + c 2 )(d 2 + e 2 + f 2 ) - (ad + be + c/) 2 
= |u| 2 |v| 2 -(u-v) 2 
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32. Let u = ai + 6j + ck, v = di + ej + /k and w = li + mj + nk. 
i j k i j k 

uxO= a b c =0 and 0xu= 000 = 0, by property 1 of section 2.2. 

000 abc 

i j k i j k 

u x v = a b c and v x u = d e f . Then by property 4 of section 2.2, u x v = —(v x u). 
d e f a b c 

i j k i j k 

(au) x v = aa ab ac = a a b c , by property 2 of section 2.2. 
d e f d e f 

= a(u x v) 

i j k i j k i j k 

ux(v + w)= a b c = abc-\- a be, by property 3 of section 2.2. 
d + le + mf + n d e f l m n 

= (u x v) + (u x w) 


33. Let u = ai + 6j + ck, v = di + ej + /k and w = /i + mj + nk. 

i j k 

u x v — a b c = (bf — ce)i + ( cd — af) j + (ae — bd) k 
d e f 

(u x v) • w = bfl — cel + edm — afm + aen — bdn 

i j k 

v x w = d e f = (en — fm) i + (// — dn) j + (dm — el) k 
l m n 

u • (v x w) = aen — afm + bfl — bdn + edm — cel. Then (u X v) • w = u • (v x w). 

34. u • (u x v) = u • (—(v x u)) = —(u x v) • u = —u • (u x v). Thus u • (u x v) = 0. 
v • (u x v) = (v x u) ■ v = —v • (u x v). Thus v • (u x v) = 0. 

35. If u and v are parallel and neither is 0, then v = <u for some constant t. Then if u = ai + b) + ck, 

i j k 

uxv a 6c =0 by property 6 of chapter 2. 
ta tb tc 


Conversely suppose that u x v = 0 and neither u nor v is 0. Let be the angle between u and v. By 
theorem 3 sin <p = = | U |°| v | = 0. Thus ip = 0 or ir. Therefore u and v are parallel. 


36. 



a\ b\ c\ 
a 2 62 C2 

a 3 63 C 3 


k 
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1 -1 0 

37. 3 0 2 = 9 + 14 = 23; Volume = 23 

0-7 3 

-5 0 5 

38. -3 -1 3 = 30 + 30 - 25 - 30 = 5; Volume = 5 
-5 -2 6 

39. Let u = oi + bj + ck, v = di + ej + /k, w = li T mj + nk and A 

Then the volume generated by ui, v x , wi = |(.Au x Ax) ■ Aw| 
ana + 0126 + ai3C 0210 + 0226 + 0236 031a + 0326 + 033c 
and + ai2e + 013/ a2id + 022c + 023/ U3id + 032c + 033/ 
an l + ai-zm + 0130 021/ + 022m + 023” <131/ + 032m + 033 n 
= (± det j4)(volume generated by u, v and w) 

2-10 

40. (a) volume generated by u, v, w = 1 0 4 =18 

-13 2 

(b) Au = i + 9j + 2k; Av = 6i + 24j + 25k; Ayr = 9i + 3j + Ilk 

1 9 2 

volume generated by j4u, vlv, ylw = 6 24 25 = 1224 

9 3 11 

2 3 1 

(c) det 4= 4-15 = -68 

1 0 6 

(d) 1224 = —(—68)(18) 

41. Let u = ai + 6j + ek, v = di + ej + /k, and w = /i + mj + nk. 

i j k 

v x w = d e f = (en - fm) i + (// - dn)j + (dm - e/)k 
/ m n 

i j k 

ux(vxw)= a b c = ( bdm — bel — cfl + cdn)i 

en — fm fl — dn dm — el 

+ (cen — c/m — adm + ae/)j + ( afl — adn — ben + bfm) k 
= (d(6m + cn + al) — l(ad + be + c/))i 

+ (e(cn + al + bm ) - m(c/ + ad + be ))j + (/(a/ + bm + cn) - n(ad + be + c/))k 
= (u • w)v — (u • v)w 



an ai 2 013 
a 2 i a 2 2 a 2 3 • 
a 31 a 32 a 33 

a n a i2 a i3 a b c 
021 a 22 a 23 d e f 
<*3i ^32 a 33 l m n 
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CALCULATOR SOLUTIONS 3.4 

Cross products are computed on the TI-85 by use of the CROSS (yecl,vec2) function. As usual, our solutions assume 
the data for u x v have been entered into U3 4 nn and V3 4 nn, although we note that the data for Problem nn in this 
section is exactly the same as the data for Section 3.3, Problem nn + 5, .e.g. we could use U3 3 47 and V33 47 in 
Problem 42, if we still had those vectors in the memory of the TI-85. 

42. CROSS (U3442, V3442) [ENTER] yields the cross product ( U3 442 x V3 442): [ 7768 -6207 3423 

]. 

43. CROSS (U3443 ,V3443 ) (ENTER) yields the cross product: [ .294473 .676166 -.547895 ]. 

44. CROSS (U3444, V3 444) [ENTER] yields the cross product: [ -49765722 -45192844 48721811 ]. 

45. CROSS (U3449, V3449) [ENTER] yields the cross product: [ .004852 -.00404 -.018528 ]. 
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MATLAB 3.4 

1. For each pair of vectors, c is computed to be the cross product of u with v. Then c • u and c • v are 
computed to make sure that c is orthogonal to both u and v. 

» u = [1; -2; 0]; v = [0; 0; 3]; */, For problem 1. 

» '/, First, compute c = u x v: 

» c = Cu(2)*v(3) - u(3)*v(2);u(3)*v(i) - u(l)*v(3);u(l)*v(2) - u(2)*v(l)] 
c = 

-6 

-3 

0 


» c’ * u 

ans = 

0 

*/. This 

should be zero. 

> 

* 

o 

A 

A 

•/. This 

should also be zero 

ans = 




0 

» u = [3; -7; 0]; v = [1; 0; 1]; '/, For problem 2. 

» '/, First, compute c = u x v: 

» c = [u(2)*v(3) - u(3)*v(2);u(3)*v(l) - u(l)*v(3);u(l)*v(2) - u(2)*v(i)] 
c = 

-7 

-3 

7 

» c ’ * u */, This should be zero. 

axis = 

0 

» c ’ * v '/, This should also be zero. 

axis = 

0 

» u = [1; -1; 0]; v = [0; 1; 1]; '/, For problem 3. 

» '/, First, compute c = u x v: 

» c = [u(2)*v(3) - u(3)*v(2);u(3)*v(l) - u(l)*v(3);u(l)*v(2) - u(2)*v(l)] 
c = 

-1 

-1 

1 

» c ’ * u '/, This should be zero. 

ans = 

0 

» c’ * v '/, This should also be zero, 

ans = 

0 

» u = [0; 0; -7]; v = [0; 1; 2]; '/, For problem 4. 

» V, First, compute c = u x v: 

» c = [u(2)*v(3) - u(3)*v(2);u(3)*v(l) - u(l)*v(3);u(l)*v(2) - u(2)*v(l)] 


c 


7 

0 

0 
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» c’ * u '/, This should be zero, 

ans = 

0 


» c’ * v '/, This should also be zero, 

ans = 

0 


» u = [-2; 3; 0]; v = [7; 0; 4]; '/, For problem 5. 

» '/, First, compute c = u x v: 

» c = [u(2)*v(3) - u(3)*v(2);u(3)*v(l) - u(l)*v(3);u(l)*v(2) - u(2)*v(l)] 
c = 

12 

8 

-21 


» c ’ * u '/, This should be zero. 

ans = 

0 


>> c’ * v '/, This should also be zero, 

ans = 

0 


» u = [3; -4; 2]; v = [6; -3; 5] ; '/. For problem 10. 

>> '/, First, compute c = u x v: 

» c = [u(2)*v(3) - u(3)*v(2);u(3)*v(l) - u(l)*v(3);u(l)*v(2) - u(2)*v(l)] 
c = 

-14 

-3 

15 

» c ’ * u */. This should be zero. 

ans = 

0 

» c’ * v */, This should also be zero, 

ans = 

0 


2. (a) 


» u = 2*rand(3,l)-l 
u = 

0.0595 

-0.0711 

0.8820 

» v = 2*rand(3,l)-l 
v = 


-0.8998 

0.5230 

0.5404 
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» w = 2*rand(3,1)-1 
w = 

0.6556 

-0.7493 

-0.9683 


» '/, compute the cross product of v and w. 

» c = [v(2)*w(3) - v(3)*w(2);v(3)*w(l) - v(l)*w(3);v(l)*w(2) - v(2)*w(l)] 
c = 

-0.1015 

-0.5170 

0.3313 

» s = u’ * c '/, s = u . (v x w) 

s = 

0.3229 


» B = [u v w] 


0.0595 -0.8998 

-0.0711 0.5230 

0.8820 0.5404 


0.6556 

-0.7493 

-0.9683 


» det(B) 
ans = 

0.3229 


The scalar product and det (B) are the same. Proof: The determinant of B is 


det ( B ) = U 1 V 2 W 3 + U 2 V 3 W 1 + U 3 V 1 W 3 - U 1 V 3 W 2 - U 2 V 1 W 3 — U 3 V 2 W 1 

= Ui(v 2 W 3 - V3W2) + u 2 (v 3 wi - ViW 3 ) + u 3 (viw 3 - V 2 Wi ) 

= («1, u 2l u 3 ) ■ ( V2W3 — V3W2, V3W1 - V1W3, V1W3 — V2IV1) 

= u • (v x w). 


(b) 


» u = 2*rand(3,l)-i 
u = 

0.3769 

0.7365 

0.2591 

» v = 2*ramd(3,1)-1 
v = 

0.4724 

0.4508 

0.9989 

» w = 2*rand(3,1)-1 
w = 

0.7771 

-0.5336 

-0.3874 
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» A = round( 10*(2*rand(3)-l)) 
A = 

-3 7 -5 

0 -2 -2 

2 7 1 


» 

» B = [u v w] ; 

» s = abs( det(B)) 


*/, From part (a), we can compute u.(v x w) by 
'/, using det(B). 

*/. w) | 


s = 

0.6855 


» AB = [ (A*u) 
AB = 

2.7293 -3 

-1.9912 -2 

6.1684 5 


(A*v) (A*w) ] '/. 

2562 -4.1299 
8995 1.8419 
0996 -2.5683 


Use the same method 


for Au.(Av x Aw) 


>> ss = abs(det(AB)) 


'/. This is |Au. (Av x Aw)|. 


ss = 

57.5838 

» d = abs(det(A)) 
d = 

84 

» d*s */. Conjecture: d*s is the same as ss. 

ans = 

57.5838 

The above can be repeated, and in each case |Au • (Av x Aw| is the product of | det (A)| and 
|u • (v x w)|. Recall that |u • (v x w)| is the volume of the parallelepiped determined by u, v and 
w. This means that when we multiply the points in a parallelepiped by the matrix A, the volume 
of the new parallelepiped will be | det (A)| times the volume of the old parallelepiped. I.e., the 
matrix A will increase volumes by det (A). 

(c) From part (a), we know that u • (v x w) = det([uvw]). If we replace u, v and w by Au, Av 
and Aw in this equation, we get Au • (Av x Aw) = det([AuAv Aw]). From the definition 
of matrix multiplication, AS = [AuAvAw]. This, combined with the equality det (AS) = 
det (A) det (S), leads to |Au • (Av x Aw)| = | det (AS)| = | det (A) det (S)| = | det (A)| | det (S)| = 
| det (A) | |u • (v x w)|, which is the desired equality. 
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Section 3.5 

1. v = (l-.2)i + (2- l)j+(-l-3)k = -i+j-4k 

xi + y'i + zk = 2i+j + 3k + t(-i+j -4k); x = 2 -t,y = 1+t, 

Z ~ 6 -1 1 -4 

2 . v = (—1 — l)i 4- (1 + l)j + (— 1 — l)k = —2i + 2j — 2k 

xi 4- 2 /j 4- 2 k = i — j 4- k 4- <(—2i 4 - 2 j — 2k); * = 1 — 2t, y — -1 + 2t, 
x — 1 y +1 2 — 1 


2 = 1 - 2t : 


-2 


3. v = (-4 + 4)i + (0 - l)j + (1 - 3)k = -j - 2k 

xi + y'i + 2 k = —4i + j + 3k + t (-j - 2k); x - -4, y = 1 - t , 2 = 3 - 2t; 
y - l z - 3 


= -4, 


-1 


4. v = (2 - 2)i 4 - (0 - 3)j 4- (-4 + 4)k = -3j 

xi + yj + 2 k = 2i + 3j — 4k + t(-3j); x = 2, y = 3 - 3f, 2 = -4; 

x — 2 ,2 = —4 

5. v = (3 - l)i + (2 - 2)j + (1 - 3)k = 2i - 2k 

xi + yj + 2 k = i + 2j + 3k 4- <(2i — 2k); x = 1 + 2t, y = 2, 2 = 3 — 2<; 


6 . v = (-1 - 7)i + (-2 - l)j 4 - (3 - 3)k = -8i - 3j 
xi + yj 4- 2 k = 7i + j + 3k 4- t(-8i - 3j); 

x — 7 w - 1 

x = 7 - 8 t, y = 1 - 3t, 2 = 3; —— = 2 = 3 


7 . xi + 2 /j + 2 k = 2 i + 2 j + k -M( 2 i - j — k); x = 2 + 2t, y = 2 - t, 

x — 2 2 / — 2 2-1 

Z_1 ; 2 ~ -1 “ -1 

— j- 2 . v - 4 - 6 z 2 

8 . xi + yj + 2 k = -i- 6 j + 2k + <(4i+j-3k); x = — 1 + 4<, y - -6 + L 2 = 2 — 3/; - = —— = —— 

„ , y + 2 2 — 5 

9. xi+ yj + 2 k = -i - 2j + 5k + t(-3j + 7k); x = -1, y = -2 - 3<, 2 = 5 + 7t; x = -1, = - 

10. xi + yj 4- 2 k = —2i + 3j — 2k + f(4k); x = —2, y = 3, 2 = — 2 + 4t; x = —2, 2 / = 3 

x — a y — b 

11 . xi 4 - yj + 2 k = ai + bj + ck + t(di + ej); x = a + dt, y = b + et, z = c; —-— = ——, 2 = c 


12. xi + 2/j + 2 k — ai + 6 j + ck + <(dk); x = a,y = b, z = c 4- dt-, x = a, y = 6 

13. xi + yj + 2 k = 4i+j - 6 k + t(3i+6j + 2k); x = 4 + 3<, y = l + 6 t, 2 = -6 + 2t; —-— = V g ^ 

14. xi 4- 2 /j 4- 2 k = 3i + j — 2k + <(3i + 2j — 4k); x = 3 + 3t, y = 14-2/, 2 = -2-4f; g ^ 2 


15. Li is parallel to Vi = (ai, 6 i,cj) and L 2 is parallel to V 2 = (< 22 , 62 , £ 2 )- Hence, L 1 is orthogonal to L 2 
if and only if Vi • v 2 = aia 2 4- 6162 + cic 2 = 0. 

16. (2,4, —1) • (5, —2,2) = 10 — 8 - 2 = 0, using problem 15. 

17. Li is parallel to (1,2,3) and L 2 is parallel to (3, 6 ,9). Since (3, 6 ,9) = 3(1,2,3), the lines are parallel. 
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18. If t = 1 and s = —5, both sets of parametric equations give the point (2, —1, —3). (Find t, s by solv¬ 
ing 3 equations obtained by computing coordinates of L%, L 2 ). 

19. If the lines did have a point in common, we could find an s and t such that 2 — f = 1 + s, 1 + t = —2s 


-1 

-!\ 

1 2 

- 1 

\-2 -2 

3 / 


1 1 
0 1 
0 0 


1 

-2 ) . Thus the lines do not have a point in common since the system is inconsistent. 
5 


-» - . OP v 

20. We want a t such that OR v = (OP -ftv) • v = 0. Solving for t gives t =- 1 - - | —. 


21. (a) t = - 

(b) 


|v| 2 

- - (2 ’ 1 - , - 4) ' (1,1,1) = OR = (2,1,-4) + i(l, 1,1) = (7/3,4/3, -11/3); | OR | = ^ 


< = - (1,2, 3) . ( . 3 ’ 1} - = ~; OR = (1,2, -3) -i-(3, -1,-1) = (-1/11,26/11, -29/11) 


11 


I OR | = 


v/l518 

11 


(c) t = 


(-1,4,2)-(-1,1,2) _ _3 


6 


= OR = (-1,4,2)— |(-1,1,2) = (1/2,5/2,-1); | OR| = ^ 


22. We want v = (a, 6, c ) such that v • (-3,4, -5) = 0 and v • (7, -2, 3) = 0. This gives the following 


system 


f-3 4 -5 0\ (l 6 -7 0\ 
^ 7 -2 3 0/ “VO 11 -13 Oj 


. Let c = 11. Then b — 13 and a = —1. Hence the line 


x - l y + 3 


satisfies the conditions. 


-1 13 11 

23. We want v = (a, 6, c) such that v • (-4, -7, 3) = 0 and v • (3, -4, -2) = 0. This gives the system 


-4 -7 3 
3 -4 -2 


) _ ( l 11 4 

) v° 37 - 1 


If we let c = 37, then 6=1 and a = 26. So the line 


x + 4 
26 


y - 7 


37 


satisfies the conditions. 


24. As in the previous problems, we have 


-2 3 5 
4 -2 1 



to 

1 

6 


oj 

O 

r 

4 

11 

Oj 


If we let c = 8, then 6 = 


-22 and a = -13. Hence the line x = -2 - 13 1, y = 3 - 22 1, z = 4 + 8t satisfies the conditions. 


25. 


OO 

“vj 


^ -2 

1 -1 

4 -3 

t 

O 

V 0 

3 -2 


. Let c = 24. Then 6 = 16 and a = —4. Thus the line x = 4 — 4f, 


y = 6 + 16<, z — 24 1 satisfies the conditions. 

26. Let v = (a, 6 , c). v • (3,2, -1) = 0 and v • (-4,4,1) = 0 gives ( 44 ^ 


3 

2 -1 

0\ 

(1 

-6 0 

4 

4 1 

0 

1 

VO 

20 -1 


If we let c = 20, then 6=1 and a = 6. Thus v = (6,1,20) is perpendicular to both L\ and i 2 - The 
point P — (2,5,1) is on L\ and the point Q = (4, 5, —2) is on L 2 - So the distance between L\ and i 2 
is given by 


| proj v PQ | = 


PQ v 


| PA -v| 


48 

\/457 
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27. Let v = ( a,b,c ). v • (3,-4,4) = 0 and v • (-3,4,1) = 0 gives ^ J j q) -+ "q ° 

Let 6 = 3. Then v = (4,3,0) is perpendicular to both L\ and L 2 . The point P = (—2,7,2) is on L\ 
and the point Q = (1, —2, —1) is on X 2 . So the distance between L\ and L 2 is given by | proj v PQ | = 

Use (x - OP) • n = 0 in 28-37. 

28. l(x - 0) + 0 (y - 0) + 0(z - 0) = 0; x = 0 29. y = 0 30. z = 0 

31. l(z - 1) + 1 ( 2 / - 2) + 0(z - 3) = 0; x + y = 3 

32. 1(* - 1) + 0 ( 2 / - 2) + l(z - 3) = 0; x + z = 4 

33. 0(* - 1) + 1 ( 2 / - 2) + l(z - 3) = 0; y + z = 5 

34. 3(z - 2) - (y + 1) + 2(z - 6 ) = 0; 3x - y + 2z = 19 

35. —3(x + 4) - 4 (y + 7) + (z - 5) = 0; -3s - 4y + 2 = 45 

36. 4(x + 3) + (y - 11) - 7(z - 2) = 0; 4x + y - 7z = -15 

37. 2(x - 3) - 7 (y + 2) - 8 (z - 5) = 0; 2x - ly - 82 = -20 

38. Let P = (1,2,-4), Q = (2,3,7), and R = (4,-1,3). Then PQ = (1,1,11), QR = (2,-4,-4), and 

_ - i j k 

n = PQ x QR =1 111= 40i + 26j — 6 k. Thus 7 r is given by 40(x — 1) + 26(y — 2) — 6(2 + 4) = 0, 

2-4-4 

which simplifies to 20x + 13y — 3z = 58. 

39. Let P = (-7,1,0), Q = (2,-1,3), and R = (4,1,6). Then PQ = (9,-2,3), QR = (2,2,3), and 

_* _ i jk 

n = PQ x QR = 9—2 3 = —12i—21j+22k. Hence % is given by —12(x+7) —21(y—l)+22(z —0) = 0, 
2 2 3 

which simplifies to — 12x — 21y + 22z = 63. 

40. Let P = (1,0,0), Q = (0,1,0), and R = (0,0,1). As before, compute PQ and QR to find n = 

_ i j k 

PQ x QR = —1 10 = i+ j + k. Thus 7 r is given by (x - 1) + y + z = 0, which simplifies to 

0-11 

x + y + z = 1. 

41. Let P — (2,3, —2), Q = (4, —1, —1), and R = (3,1,2). Compute PQ and QR to find n = PQ x QR = 
— 14i — 7j. Then n is given by the equation 2x -f y = 7. 

42. Since the equations are equivalent, 7 Ti and X 2 are coincident. 

43. Since the equations are equivalent, 7 Ti and 7 r 2 are coincident. 

44. ni = 2i — j + k and n 2 = i + j — k. m • n 2 = 0. Thus ttj and x 2 are orthogonal. 

45. ni = 2i — j + k and n 2 = i + j + k. As ni • n 2 = 3 ^ 0, ny and 7 r 2 are not orthogonal. Since nj ^ an 2 

for any a ^ 0 , xi and 7 r 2 are not parallel. 

46. ni = 3i — 2j + 7k and n 2 = —2i + 4j + 2k. As ni • n 2 = 0, ir\ and 7 r 2 are orthogonal. 


PQ v 


I PQ v | _ 15 _ 
v| _ 5 “ 
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47 ' (2 *3 4 7) ~* (0 1 "2 3^ ■ If we let 2 = <, then the line of intersection is given by ar =- 1 +t, 

y = —3 + 21, and z = t. 



_ (1 

3 

-11 

sj 

u 

-10 

37 

18 

37. 

l 



Let z = t, then the line of intersection is given by x = — — — 

5 


5 10 


49 . ^ 4^ ® I 3 / 2 )' ^ z = t, then the line of intersection is given by x = 

- T + \ 1, y = ^ + 8< ’ and 2 = L 

50. Let Q = ( 91 , 92 , 93 ), P = (Pi,P2,P3), n = ( a,b,c ), and 7r be given by ax + by + cz = d. We want 

R = (r!, r 2 , r 3 ) on 7r and ana ^ 0 such that RQ = an. Then we will have D = | RQ |. RQ = an 
gives ri = 91 — aa, r 2 = 92 - ai, and r 3 = 93 - ac. Substituting these equations into ar x + 6r 2 + 

cr 3 = d and solving for a, we obtain a. = gl . .. Since ap x + 6p 2 + cp 3 = d, then 


a(9i ~ Pi) + 6(92 ~ P2) + c(g3 ~ Ps) _ PQ n 


. Hence, 


. .. PQ n PQn PQn 

D = |RQ I = |(aa,a 6 ,ac)|= I "]^| 2 ~ c 


PQn , . | PQ n| 

= l^F" = IprojoPQI = —|^T 

Use the result of problem 50 to solve 51-53. 

51. The point (0,—3,0) is on the plane. Then PQ = (4 — 0,0 + 3,1 — 0) = (4, 3,1), and 

1(4,3,1) -(2,-1,8)| 13 

|(2,-1,8)| V69' 

52. The point (5/2,0,0) is on the plane. Then PQ = (-7 — 5/2, —2 — 0, —1 — 0) = (—19/2, —2, —1), and 

|(—19/2,—2,—!)•(—2,0,8)| 11 

|(-2,0,8)| 2VTT 

53. The point (0,0,0) is on the plane. Then PQ = (-3,0,2), and D = l( ~ 3 ’°/ 2 ^'f~vr’ 5 ^ = -2=. 


54. Let Q = (x 0 ,yo,z 0 ). Suppose P = (zi, 2 /i,zi) is on the plane. PQ = (x 0 - £ 1 , 2/0 - yi,z 0 - z x ). By 
problem 50, we have 


| PQ n _ |a(x 0 - £ 1 ) + 6 ( 2/0 - 2 / 1 ) + c(z 0 - zi)\ 

\n\ ~ H 

_ |ax 0 + bx 0 + exp - d\ 

1 /a 2 + b 2 + c 2 
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55. 

56. 


and », = (2,-3,4); „ = cos- = cos' 1 


0.2657 


«=< 3 ' - ! ' 4) “ d = ( - 4 ' - 2 ’ 7); v = c ““ ig;- 1 M ) )ii[J:-^i = cos ~‘ “ 11319 


57. ni = (-2, -1,17) and n 2 = (2, -1, -1); <p = cos 1 


(-2,-1,17) (2,-1,-1) 
l(—2, —1,17)||(2,—1,-1) 


1.0745 


cos 


20 

\/294\/6 


58. If u, v nonzero, nonparallel vectors, in tt, then the line through w parallel to v, meets the line through 
0 and u at some point cm. Similarly the line through w parallel to u meets the line through 0 and v 
and some point /?v. Then cm, /?v are sides of a parallelogram with diagonal w, i.e. cm -f /?v = w. 

59. Suppose u, v, and w are coplanar. Since v x w is orthogonal to both v and w, then v x w is orthog¬ 
onal to u. Thus u ■ (v x w) = 0. Conversely, suppose u ■ (v x w) = 0. Then uJ_v x w. As v x w is 
orthogonal to both v and w, it follows that u lies in the plane determined by v and w. 

Use Problem 59 to solve 60-64. 


60. u • (v x w) = (2, -3, 4) • (I, -22, —17) = 0; coplanar n : x — 22y — 17z = 0 

61. u • (v x w) = (-3, 1,8)- (—58,2, -22) = 0; coplanar 7r : -58a: + 2 y — 22z = 0 => -29a: + y — llz = 0 

62. u • (v x w) = (2,1, -2) • (—4, -8,0) = -16 ^ 0; not coplanar 

63. u • (v x w) = (3, -2,1) • (9, 21,6) =-9^0; not coplanar 

64. u ■ (v x w) = (2, -1, —1) • (1, -8,10) = 0; coplanar tt : x - 8y + 10z = 0 
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Review Exercises for Chapter 3 


1. 

2 . 

3. 

4. 

5. 

6. 


= \/9 + 9 = 3-s/2; tan y = 3/3 = 1 => y = 7r/4 
= \/9 + 9 = 3\/2; tany = 3/(—3) = — 1 => y = 3rr/4 

= \/4 + l 2 = 4; tany = — = ~v^3 => y = 107r/6 

- V3TT = 2; tany - •—= => y = tt/ 6 
v3 

_12 

= \/144 + 144 = 12-s/2; tany = —— = 1 =>• y = 57r/4 

1 z 


= + 16 = \/l7; tan y = 4/l = 4=>y = tan : (4) in the first quadrant which is approximately 


76°. 

7. PQ = 2i + 2j 8. PQ = 6i + 14j 9. PQ = 4i + 2j 10. PQ = 4i - 4j 

11. (a)5u=(10,5) (b) u —v=(5,3) 

(c) —8u + 5v = (-16, -8) + (-15,20) = (-31,12) 

12. (a) —3v = 9i + 12j (b) u + v = -7i - 3j 

(c) 3u — 6v = —12i + 3j + 18i + 24j = 6i + 27j 


13. |v| = \/2; u =-^=(i+j) 


15. 

17. 

19. 

21 . 

23. 


= v ^ ;u= ^5 (2i + 5j) 

= 5; u = ^(3i + 4j) 

= |a|\/2; u = + a j) 

= ^;u=^t <- 5i -«) 

= V / l49;u=-^=(-10i+7j) 


14. |v| = x/2; u = _(_i + j) 

16. Jv| = %/58; u = —=(-7i + 3j) 

18. |v| = 2V2-, u = -^=(-i - j) 

4 —7 

20. |v| = ^65; cosy = -^=; siny = ~^= 

22. |v| = \/2; u x = -J=(i+j); u 2 = -^=(-i-j) 


„„ 7 T. . X. 

25. v = cos -i + sm - j = j 

5tt. . 5tt. —7\/3. 7. 

27. v = 7 cos —i + sin —j = —-—l + -j 

29. u • v = 0; cos ip — 0 


24. v = 2 cos — i + 2 sin — j = i + %/3j 

o O 

26. v = 4 cos Tri + 4 sin 7 rj = —4i 

28. u • v = 1 — 2 = —1; |u| = y/2; |v| = x/5; cos <p 


-22 

v/3965 

-14 


x/205 


30. u • v = 20 — 42 = —22; |u| = -y/65; |v| = v/61; cosy = 

31. u • v = -4 - 10 = -14; |u| = y/5; |v| = \/4l; cosy = 

32. v = — l/2u => u and v are parallel. 

40 

33. u • v = 20 + 20 = 40; |u| = |v| = y/41] cos y = — => u and v are not parallel and not orthogonal. 

—40 

34. u • v = -20 — 20 = —40; |u| = |v| = \/4T; cosy = =>■ u and v are not parallel and not orthogonal. 


35. u = —7v => u and v are parallel. 
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36. u • v = 7 — 7 = 0;u and v are orthogonal. 

37. u = 7v => u and v are parallel. 

38. (a) u • v = 8 + 3a = 0 => a = —8/3 (b) 2u = 4i + 6 j =>■ a = 6 


(c) |u| = a/T3; |v| = /a 2 + 16; cos <p = 


3a + 8 


\/l3a 2 + 208 a/2 


= - 7 = => 18a 2 + 96a + 128 = 13a' 


5a 2 + 96a — 80 = 0 => (5a — 4)(a + 20) = 0 => a = 4/5, —20 a = —4/5 =>• <p = 7 r /4 


(d) 


3 a -j- 8 


V3 


\Zl3a2T208 


=$- 36a 2 + 192a + 256 = 39a 2 + 624 => 3a 2 - 192a + 368 = 0 => a = 


14, 


39. proj v u = — (i + j) = 7i + 7j 

r 1 c; 1 n 

41. p,oj v u=-(3i+2j) = -i+-j 

29 —3 7 

43. proj v « = jjg (~3i “ 7 J) = ■y 1 ~ 2 j 


14 

40. proj v u = y(i- j) = 7i- 7j 
42. p,oj v u=^(i-3j)==ii+^j 

44. proj v u=^(-3i-j) = ^i+^j 


45. PQ = i + 9j; RS = 3i — 4j; proj^ RS = 
• ™ -33 /0 . . x -99. 132. 

pro) s PQ = —< 3 * - ‘ t| ) = —■+x J 


-33,. , „.. -33. 297. 

"82” ‘ + 9j) = IT 1 “ 82 J; 


46. /(4 + 5)2 + (-1 - l ) 2 + (7 - 3 ) 2 = Vm 

47. y/(-2 - 0)2 + (4 - 0)2 + (-8 - 6)2 = /216 = 6/6 

48. /(2 - 0)2 + (-7 - 5)2 + (0 + 8)2 = a/212 = 2/53 

3 11 

49. |v| = \/130; cos a = 0; cos/3 = - u cos 7 = 


/130’ 


— 1 —2 
50. |v| — /14; cos a = — 7 =; cos/? = — 7 =; cos 7 = 


>/l30 

-3 


/T?’ 


Vu’ 


—4 1 

51. Ivl = /53; cos a = __ ; cos 3 = —=\ cos 7 = 

/53 a/53 

52. PQ = — 7i + 2 j + 5k; | PQ | = a/78 

u = 


a/14 

6 

a/53 


-7 . 

=1 — 


2 . 5 , 

J + —k 


a/78 /78 a/78 


53. PQ = —8i + 4j - 4k; | PQ | = /96 = 4/6 

2 . 1 . 1 , 

/6 J+ a/6 

54. u — v — 4i — 4j — 2k 

55. 3v + 5w = (—9i + 6j + 15k) + (lOi — 20j + 5k) = i — 14j + 20k 

—9 27 9 45 

56. P r°j v w = 38 <~ 3i + 2j + 5k > = 38 * “ 38 j ~ 38 * 

13. ,. 26. 52. 13, 

57. proj w u = -(2i - 4j + k) = -1 - -j + -k 

58. 2u - 4v + 7w = (2i - 4j + 6k) - (—12i + 8j + 20k) + (14i - 28j + 7k) = 28i - 20j - 7k 

59. u • v - w • v = 13 - (-9) = 22 


+ 208 => 

96 ± 52a/3 
3 
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60. COS 0? = —==—•==■ — — ■■■■:- ■■ = — ■ ■'' ■- 

Vl4\/38 \/532 >/l33 

—9 —9 / —9 \ 

61. cos p — _ = _ ; p = arccos I — 7 = , which is approximately 108.6°. 

\/38v21 V798 \ V798/ 

1 j k 

62. u x v = 3-10 = —4i — 12j + 2k 

2 0 4 

i j k 

64. uxv= 4-1 7 = —5i — 41j — 3k 

-7 1-2 

i j k 

66 . ux v= 1-13 = 5i — lOj — k 

-2 -3 4 

|u x v| = \/126 = 3\/l4 

5 . 10 . 1 . 

ill = —==i-7=j-7=k; n 2 = —Ui 

3y/U 3x/l4 3\/l4 

67. u = 4i + 3j — 8 k; v = 4i — 3j — 3k; 

» J k _ 

u x v = 4 3-8 = 15i - 20j - 24k; Area = |u x v| = \/l201 

4 -3 -3 

68 . v = 4i - 7j + 2k 

vector equation: xi + J/j + ^k = 3i - 

parametric equation: x = 3 + 4t, y 

. .. x + 3 y+l 

symmetric equation: —-— = —— 

69. v = 7i-j + 7k 

vector equation: xi + yj + zk = —4i + j + t(7i - 

parametric equation: x = —4 + 7t, y = 1 — t, z 

. ,. * + 4 y-1 z 

symmetric equation: —-— = —— = — 

70. v = 3i - j - k 

vector equation: xi + yj + zk = 3i + j + 2k + t(3i — j — k) 
parametric equation: x = 3 + 3t, y = 2 — t, z = 2 — t 

x + 3 y+l z — 4 
symmetric equation: —-— = —— = —— 


- 3k + t(5i - 3j + 2k) 

2-3t, z = -3 + 24 
z + 3 
2 

0 _ g 

72. We would need 3 — 2< = —3 + s => t — —-—; 4 + < = 2 — 4s=>< = —2 — 4s, and —2 + It — 1 + 6s => 

l — ®—£ = —2 - 4s => s = —10/7, and —2 — 4s = => s = —17/22; Thus there is no 

7 2 r 

point of intersection. 


71. v — 5i — 3j + 2k 

vector equation: xi + yj + zk = i — 2j - 
parametric equation: x = 1 + 5f, y = — 
x — 1 y + 2 

symmetric equation: —-— = —— = 


- j + 7k) 
= 7 1 


- j + 4k + t(4i — 7j + 2k) 
= —1 — 7t, z = 4 + 2t 
_ z -4 
2 


1 j k 

63. u x v = 0 7 0 = —7i — 7k 

1 0 -1 

i j k 

65. u x v = -2 3 -4 = —26i - 8j + 7k 
-3 1 -10 


; <p — arccos 


ivm)’ 


which is approximately 69.7°. 
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73. The parametric equation of the line: x = 3 + 2f, y = 1 — t, z — 5-M- Then 2(3 + 2t) — (1— f) + (5 + i) = 


0=>6f+10-0=M = 5/3, a: = 19/3, y = -2/3, z = 20/3; d = 


361 4 400 - 

— + - + _ = V85 


74. v x = 4i + 3j - 2k; v 2 = 5i + j + 4k. 

|ij l| 


v = Vi X v 2 


4 3-2 

5 1 4 


= 14i — 26j — Ilk 


The line is: x = — 1 + 14t, y = 2 — 26t, z = 4 — lit. 

75. l(x - 1) + 0(y - 3) + l(z + 2) = 0 => x + z = -1 

76. 0(x - 1) + 2 (y + 4) - 3(z - 6) = 0 =► 2y - 3z = -26 

77. 2(x + 4) — 3 (y — 1) + 5(z — 6) = 0 => 2a: — 3y + 5z = 19 

78. P = (-2,4,1), Q = (3, -7,5), R = (-1, -2, -1); 


PQ = 5i — llj + 4k; QR - —4i + 5j — 6k; 


n = PQ x QR = 


i j k 

5 -11 4 

-4 5 -6 


= 46i + 14j + 69k 


46(a: + 2) + 14(y - 4) + 69(z - 1) = 0 => 46x + 14y + 69z = 33 


79. 


-1 1 1 
-4 2 -7 


1 -1 -1 

0 -2 -11 

11 


19 7 

X= 2-2 t ’ y= 2~Y t ' Z = t 


-3\ (\ 0 9/2 
-7/ \0 1 11/2 


1/2 \ 
7/2; 


80. 

81. 


ni x n 2 = 


1 j k 

-4 6 8 

2 -3 -4 


= Oi -f Oj + Ok =>■ no points of intersection 


/ 3 -1 4 

8\ A -1/3 4/3 

8/31 ^ ( 

1 0 15/6 

V-3 -1 -11 

0 ) \0 -2 -7 

s) \ 

0 1 7/2 


4 15, . 7 

X = z-Y t ' y = - A ~2 t ' z = t 


4/3 

-4 


82. (3,0,0) is a point in the plane. 

Let p = (1 - 3)i + (-2 - 0)j + (3 - 0)k = -2i - 2j + 3k, n = 2i - j - k 

—5 . -10. 5. 5, 

proj n P= — (2i-j-k) = — i+-j + -k 


d = |proj n p| = 



83. n! = -i + j + k; n 2 = -4i + 2j - 7k 


cos <p — 


-1 


-1 


-l( \ 

= cos 1 - 


s '. n = u x v = 


V3V69 3V^3 ’ ^ _ C ° S 

= 4i + 6j + 8k 


j , which is approximately 94°. 


1 j k 

1 -2 1 
3 2-3 


Plane: 4(ar - 1) + 6(y + 2) + 8(z - 1) = 0 => 4a: + 6y + 8z = 0 

Then 4(9) + 6(—2) + 8(—3) = 36 — 12 — 24 = 0. Thus u, v, and w are coplanar. 
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Chapter 4. Vector Spaces 

Section 4.2 

1 . yes; (i) the sum of two diagonal matrices is diagonal; the rest of the axioms follow from theorem 


1.5.1. 


2 . no; (iv) not every diagonal matrix has a multiplicative inverse. 

3. no: (iv) if (x, y) £ V, y < 0 then (—x, —y) £ V since — y > 0; (vi) does not hold if a < 0 and y < 0. 

4. no; (iv) if (x, y) is strictly in the first quadrant, then (—x, —y) is in the third quadrant; (vi) does not 
hold if a < 0 . 

5. yes; (i) (x, x, x) + (y, y, y) = (x + y, x + y, x + y) £ V; (iii) (0,0,0) £ V; (iv) if ( x , x, x) £ V, then 
(—x, —x, —x) £ V ; (vi) a(x, x, x) = ( ax , ax, ax) £ V ; the rest of the axioms follow from theorem 
1.5.1. 

6 . no; (i) x 4 — x 4 = 0; (iii) 0 V 

7. yes; the axioms follow from theorems 1.9.1 and 1.5.1. 


8 - ^ (0 (fco) (/? o) = (, + r + o) ; M (oo) €Kia (°6o) = (at“o) ^ the rest of 


'°a\ /0 

bOj + \f3 
the axioms follow from theorem 1.5.1. 


9. no; (i) Q “) + (£?) = 

(vi ) a Ql) = (a“ a a)^ ifa ^ 1; 


0 0 
0 0 


V\ (iv) 


1 a 

P 1 


— 1 —a 

~P -1 




10 . yes; it is a trivial vector space. 

11 . yes; (i) the sum of two polynomials with a zero constant term will have a zero constant term; (iii) 0 £ 
V\ (iv) if p(x) £ V, then — p(x) £ V; (vi) ap(x ) has a zero constant term for every scalar a; the rest of 
the axioms follow from the usual rules of addition and scalar multiplication of polynomials. 

12. no; (iii) 0^1^; (iv) if p(x) £ V, then —p(x) £ V since it does not have a positive constant term; (vi) 
does not hold if a < 0 . 


13. yes; (i) if / £ V and g £ V, then / + g is continuous and /(0) + g( 0) = /(1) + #(1) = 0; (iii) 0 £ V; 
(iv) if f £ V, then —f is continuous and (—/)(0) = (—/)( 1 ) = 0; the rest of the axioms follow from 
the usual rules of adding functions and multiplying them by real numbers. 

14. yes; (i) *i(a, b, c) + t 2 (a, b, c) = (t x + t 2 )(a, b, c ) £ V; (iii) (0,0,0) € V; (iv) if (a, /?, 7 ) = t(a, b, c) £ V, 
then (-a, —/?, — 7 ) = (— t)(a, b,c) £ V; (vi) a[t(a, b, c)] = (a<)(a, b,c) £ V for every a £ 1; the rest of 
the axioms follow from section 1.5. 


15. no; (i) for example, (1,0, -1) + (2,2,0) = (3,2, -1) is not on the line; (iii) (0,0,0) £ V; (iv) (-1,0,1) 
is not on the line; (vi) ( 2 , 0 , — 2 ) is not on the line. 

16. no; (vii) if a ^ 1 , then 


a(x + y) = a((x x , x 2 ) + (j/i, y 2 )) 

= (ax x + ayi + a, ax 2 + ay 2 + a) 

/ax + ay = (ax x + ay x ,ax 2 + ay 2 + 1 ); 


(viii) 


(a + /3)x = ((a + /3)x x , (a + /?)x 2 ) 

± ax + px = ((a + P)x 1 + 1, (a + /?)x 2 + 1 ) 
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17. yes; (iii) the zero vector is (-1,-1); (iv) if x = (x, y ) 6 V, then the additive inverse of x is 

(—x — 2, — y — 2); the rest of the axioms follow, after some careful algebra. 

18. yes; it is a trivial vector space. 

19. yes; (i) the sum of two differentiable functions defined on [0,1] is differentiable on [0,1]; (vi) if / is dif¬ 
ferentiable on [0,1], then af is differentiable on [0,1] for every scalar a; the rest of the axioms follow 
from the usual rules of adding functions and multiplying them by real numbers. 

20. yes, providing we understand that scalar now means rational number; (i) (a + by/2) + (c + dyfi) = (a + 
c) + (6 + d)\/2 £ V since the sum of two rational numbers is rational; (vi) a(a + 6\/2) = aa + aby/2 £ V 
since the product of two rational numbers is rational; the rest of the axioms follow as special cases of 
the rules for addition and multiplication for rational numbers. 

21. Suppose 0 and O' are both additive identities. Then 0 = 0 + 0' and 0' = 0 + O'. Thus, 0 = O'. 

22. Suppose x + y = 0 and x + z = 0. Sox + y = x + z. Adding y to both sides of the equation gives 

y + (x + y) = y + (x + z). Using properties (ii) and (v), we obtain y + 0 = 0 + z. Thus, y = z. 

23. Define z = (—x) + y. By properties (i) and (iv), z exists. Adding x to both sides, we obtain x + z = 
x + ((—x) + y) = (x — x) + y = 0 + y = y. Suppose z and z' are such that x + z = y and x + z' = y. 
Then adding (—x) to both yields z = (—x) + y = z'. 

24. (i) if x > 0 and y > 0, then x + y = xy > 0; (ii) (x + y) + z = xy + z — xyz = x + yz = x + (y + z); 
(iii) x + 1 = x • 1 = x = l + x = 1 • x; (iv) x + x -1 = x • x _1 = 1 ; (v) x + y = xy = yx — y + x; (vi) if 
x > 0 , then ax = x“ > 0 for any a; (vii) a(x + y) = axy = ( xy) a = x a y a = x“ + y a = ax + ay; (viii) 
(a + (3)x = x(“ +|3 ) = x a x |0 = x a + x^ = ax + /?x; (ix) a(/3x) = (/?x)“ — (x“)^ = x a P = ( a/3)x\ (x) 
lx = x 1 = x 

25. (i) Suppose j/i and 3/2 are solutions. Then 

(: yx + Vi)" + a(*)(yi + 2 / 2 )' + b(x)(yi + y 2 ) 

= y" + a(x)y[ + b(x)y x + y' 2 ' + a(x)y' 2 + 6 (x)t / 2 = 0 + 0 = 0 . 

Thus 2/1 + 3/2 is a solution. Similarly, 

(aj/i)" + a{x)(ayi)' + b(x)(ayi) = a(y " + a(x)y{ + b(x)yi) = 0. 

Hence, we have closure under addition and scalar multiplication. The additive inverse of y\ is (— 1 ) 3/1 = 
— 3 / 1 . The rest of the axioms follow from the usual rules for addition and scalar multiplication of func¬ 
tions. 
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MATLAB 4.2 


1. This problem is a demo from vetrsp.m. 

2. (a) The zero vector will be the matrix with all zero elements. 

» n = 3; m = 4; '/, Choose values for m and n. 

» X = round(10*(2*rand(n,m)-l)) '/. Some random matrices. 

X = 

7 -5 -1 -7 

-2 -2 -4 1 

7 1-66 

» Y = round(10*(2*rand(n,m)-l)) 

Y = 

-9 9 8 -7 

15 2-6 

0 17 4 

» Z = round(10*(2*rand(n,m)-l)) 

Z = 

-7 -10 4 -6 

-8 -2 9 -4 

-5 -9 -5 8 

» a = 2*rand(l)-l 7. A random scalar, 

a = 

0.3041 

» b = 2*rand(l)-2 
b = 

-1.6993 

» X+Y '/, (i) This should be an nxm matrix, 

ans = 

-2 4 7 -14 

-1 3 -2 -5 

7 2 1 10 

» (X+Y)+Z, X+(Y+Z) 7. (ii) These should be the same. 


ans = 


-9 

-6 

11 

-20 

-9 

1 

7 

-9 

2 

ans = 

-7 

-4 

18 

-9 

-6 

11 

-20 

-9 

1 

7 

-9 

2 

-7 

-4 

18 


» X+zeros(3,4), zeros(3,4)+X 
ans = 

7 -5 -1 -7 

-2 -2 -4 1 

7 1-66 

ans = 

7 -5 -1 -7 

-2 -2 -4 1 

7 1-66 


/, (iii) These should both be X. 

7, Note zeros(n, m) is the additive identity. 
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» M = -X 



% (iv) This should be an nxm matrix 

M = 

-7 5 

1 

7 


2 2 

4 

-1 


-7 -1 

» X + M 

6 

-6 

•/, This should be zero. 

ans = 

0 0 

0 

0 


0 0 

0 

0 


0 0 

» X+Y, Y+X 

0 

0 

*/, (v) These should be the same. 

ans = 

-2 4 

7 

-14 


-1 3 

-2 

-5 


7 2 

1 

10 


ans = 

-2 4 

7 

-14 


-1 3 

-2 

-5 


7 2 

» a*X 

1 

10 

*/, (vi) This should be an nxm matrix 

ans = 

2.1288 

-1.5206 

-0.3041 

-2.1288 

-0.6082 

-0.6082 

-1.2165 

0.3041 

2.1288 

0.3041 

-1.8247 

1.8247 

» a*(X+Y), 

a*X + a*Y 


*/, (vii) These should be the same. 

ans = 

-0.6082 

1.2165 

2.1288 

-4.2576 

-0.3041 

0.9124 

-0.6082 

-1.5206 

2.1288 

0.6082 

0.3041 

3.0412 

ans = 

-0.6082 

1.2165 

2.1288 

-4.2576 

-0.3041 

0.9124 

-0.6082 

-1.5206 

2.1288 

0.6082 

0.3041 

3.0412 

» (a+b)*X, 

a*X + b*X 


*/, (viii) These should be the same. 

ans = 

-9.7665 

6.9761 

1.3952 

9.7665 

2.7904 

2.7904 

5.5809 

-1.3952 

-9.7665 

-1.3952 

8.3713 

-8.3713 

ans = 

-9.7665 

6.9761 

1.3952 

9.7665 

2.7904 

2.7904 

5.5809 

-1.3952 

-9.7665 

-1.3952 

8.3713 

-8.3713 

» a*(b*X), 

(a*b)*X 


*/, (ix) These should be the same. 

ans = 

-3.6176 

2.5840 

0.5168 

3.6176 

1.0336 

1.0336 

2.0672 

-0.5168 

-3.6176 

-0.5168 

3.1008 

-3.1008 

ans = 

-3.6176 

2.5840 

0.5168 

3.6176 

1.0336 

1.0336 

2.0672 

-0.5168 

-3.6176 

-0.5168 

3.1008 

-3.1008 
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» 1*X */. (x) This should be X. 

axis = 

7 -5 -1 -7 

-2 -2 -4 1 

7 1-66 

(b) To prove that M nm is a vector space, we must check all ten of the vector space axioms. Let X = 

(xij), Y = (yij), and Z = (zij) be any m x n matrices and let a and /? be any scalars. From 
the definition of matrix addition in Section 1.5, we know (i) X + Y is in M nm , and that (ii) (X + 
Y) + Z = X + (Y + Z). (iii) The zero vector will be the m x n matrix with zero entries, so that 
X + 0 = 0 + X = X. (iv) The negative of X is the matrix whose entries are the negatives of 
those in X. (v) The entries of X + Y are x,j + y,j = which are those of Y + X. (vi) 

The scalar multiplication aX , was defined as the m x n matrix whose entries are ax,j. (vii) The 
entries of a(X + Y) are a(x,j + ) = axij + ay;j , which are the entries of aX + aY. (viii) The 

entries of (a + f3)X are (a + = ax^ + ftxij , which are the entries of aX + /3X. (ix) The 

entries of a((3X ) are a(/?x,y) = (a/?)x,y which are the entries of (a(3)X. (x) The entries of IX 
are lx.-j = x,j, which are those of X. (Section 1.5, Problems 41-43 prove some of these.) 

(c) Part (a) gives evidence that M nm is probably a vector space, but it does not prove that it is a 
vector space, since most assertions involve all X, Y, Z, a, f3 and (a) only gave some examples. 



250 Chapter 4 Vector Spaces 


Instructor’s Manual 


Section 4.3 

For each problem in which H is a subspace you should explain why Theorem 1 holds. 

1. H is not a subspace. For a < 0, a(x, y) = (ax, ay) £ H, since ay < 0 for y > 0. 

2. H is a subspace 3. H is a subspace. 

4. H is not a subspace. (1,0) ^ H, but 2(1,0) = (2,0) ^ H. 


5. H is a subspace. 

7. H is a subspace. 

9. H is a subspace. 

10. H is not a subspace. 


6 . H is a subspace. 
8 . H is a subspace. 


a 1 + a 


0 


0 


+ 


1+ o)=( a 


-f - b 2 -f- a -f* b 

0 0 


t ti¬ 


ll. H is a subspace. 

13. H is a subspace. 

15. H is not a subspace. H does not contain 0. 

17. H is not a subspace. H does not contain 0. 

19. H is a subspace. 

0 a + d 
b + c c + f 


12. H is not a subspace. H does not contain 0. 

14. H is a subspace. 

16. H is a subspace. 

18. H is a subspace. 

20. H is not a subspace. H does not contain 0. 


0 aa 
ab ac 


-<„(rx»;)=( i+ !::;),H, ; «(-)=( 

(b) ("“) 


& Hi. So Hi is a subspace of V. 


-ab 


of P. 


0 aa 


0 6 
b 0 


G Hi n Hi- So Hi n H 2 is a subspace of V. 


aa ab 
0 a -|- b 


G H 2 . So H 2 is a subspace 


a + b 


0 


G HinH 2 ] a 


0 a 
a 0 


22. Since every polynomial has a continuous first derivative, Hi H H 2 — Hi. As shown in example 10, H j 
is a subspace. 

23. Suppose x G H and y G H. Then A(x + y) = Ax + Ay = 0 + 0 = 0. Thus, x + y G H. A(ax) = 
a ■ Ax = a • 0 = 0. Thus ax G H for every scalar a. Then H is a subspace of M m . 


24. H is not a subspace since H does not contain 0. 

25. Note that ( a,b,c,d ) $ H since a 2 + b 2 + c 2 + d 2 > 0. So H is a proper subset of® 4 . Suppose 
(*i)2/i) z i> w i) € H and (x 2 ,y 2 , z 2 , w 2 ) € H. Then (zj + x 2 , yi + y 2 , z \ + z 2 , w i + ^ 2 ) € H since 
a(xi + x 2 ) + b(yi + y 2 ) + c(z x + z 2 ) + d(wi + w 2 ) = 0 + 0 = 0. Also, a(xi,yi, zi,wi) G H since 
a(axi) + b(ayi) + c(az 1 ) + d(awi) = a • 0 = 0. Thus H is a proper subspace of M 4 . (Or use Problem 
23 with A = (a b c d).) 

26. Note that (aj, a 2 , ...,a„) ^ H since a 2 + a\ +-haj > 0. So H is a proper subset of t". Given 

(xi,x 2 , and (yi, y 2 , ■ ■ ■, y n ) € H then (a?!, x 2 ,..., x n ) + ( 2 / 1 , 2 / 2 , • • •, 2/-0 G H since ai(x x + 

yi) + a 2 (x 2 + y 2 ) +-h a n (ar„ + y n ) = 0 + 0 = 0. a(xi,x 2 , ...,x n ) G H for all scalars a since 

a^aajj) + a 2 (ax 2 ) + -h a„(ax„) = a • 0 = 0. Thus H is a proper subspace of 1". (Again Problem 

23 with A = ( ai a 2 ■ ■ ■ a n ) also provides a solution.) 

27. Suppose v = Vi + V 2 G Hi + H 2 and w = wj + W 2 € Hi + H 2 . Then v + w = (vj + wi) + (v 2 + W 2 ) G 
Hi + H 2 since Vi + wj G Hi and v 2 + w 2 G H 2 . av = av x + av 2 G Hi + H 2 since avj G Hi and 
qv 2 G H 2 . Then Hi + H 2 is a subspace of V. 

28. Suppose v = avx + bv 2 G H and w = cvi + dv 2 G H. Then v + w = (a + c)v x + (b + d)v 2 G H. 
av = aav! + abv 2 G H. Then H is a subspace of® 2 . 
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29. Since Vi and v 2 are not colinear, vj ^ av 2 for any a£l. Let Vi = Xii+yJ and v 2 = x 2 i+y 2 j. Then 

x i x 2 _j_ q -phat is, ( Xl 12 ^ exists. Then, given any (c, d) G M 2 , f*?') = f Xl X2 '\ ( c V 

2 / 12/2 \y 1 y 2 J 6 ’ \bj \yi y 2 J \dj 

Thus H = M 2 . 

30. Suppose v = CUV! + a 2 v 2 + • • • + a„v„ G H and w = 61 Vi + 6 2 v 2 + • • • + 6 „v„ G H. Then 

v + w = (ai + 6 i)vj +(a 2 +6 2 )v 2 +-h(a„ + 6 „)v„ G H and av = aaiVi +aa 2 v 2 +-haa n v„ G H. 

Thus H is a subspace of V. 
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MATLAB 4.3 

1 . (a) 


(b) 


» A = round( 10*(2*rand(4)-l)); ’/, Part (a). 

» S = triu(A) + tril(A’) '/. Notice that this is symmetric. 

S = 


T = 


-12 

9 

-9 

-10 

9 

-4 

-9 

-2 

-9 

-9 

2 

-9 

-10 

-2 

-9 

-4 

B = 

round( 

10*(2*rand 

T = 

triu(B) 

+ tril(B> 

8 

1 

4 

-9 

1 

-16 

8 

5 

4 

8 

10 

-3 

-9 

5 

-3 

6 


» a = 2*rand(l)-l 
a = 

0.5128 


» a*S 
ans = 

-6.1539 

4.6154 

-4.6154 

-5.1282 




'/, Notice that this is symmetric 

4.6154 

-4.6154 

-5.1282 

-2.0513 

-4.6154 

-1.0256 

-4.6154 

1.0256 

-4.6154 

-1.0256 

-4.6154 

-2.0513 


» S+T 
ans = 


-4 

10 

-5 

-19 

10 

-20 

-1 

3 

-5 

-1 

12 

-12 

-19 

3 

-12 

2 


*/, This is also symmetric. 


This should be repeated several times. 

(c) We have varified the subspace properties for a few randomly selected matrices. This indicates 
that they may form a subspace, although it is not a proof. 

(d) We need to check the two rules from theorem 1. (i) Let S = (sjj) and T = (tij) be any two 
symmetric matrices. Since S and T are symmetric, s,y = sji and tij = tji. If we write their sum 
as S + T = (uij). We need to check that u,y = Uj ;. Using the symmetry of S and T we have 


Uij — S,j T tij — Sji + tji — llji , 

which checks rule (i). (ii) Let S = (s,j) be any symmetric matrix, and a be any scalar. If aS = 
() then we need to check that = Uj,-. Using symetry of S we have 


l/jj — CLSij — QSjj — tij j j 


which verifies rule (ii). 
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Section 4.4 


1. Given any 


€ R 2 , we want to know if there are ai and 02 such that ai f ^ j + a 2 ( 4 


0 —2 — 2 x + y 


can be backsolved, so 01,02 exist. 


2 . Toseeai^|^ + a 2 + a 3 ^ 2 ) = (y) can be solved we reduce: 

* ( l, * V Thus there are (many) solutions. 

\ 112 yy ^ 0-10 -x + yj 

3. span | ^ j ^ > ^ 2 ) ’ ( 5 )} = span { (1) } ~ {(r) :rGM } C ® 2 ’ For exam P le . 


^ span 


{(!)}• 


/1 -1 5 x\ /1 0 3 y/4 + x/2\ 

4. I 2 22 y J —»■ I 0 1 -2 y/4 — x/2 I . Thus we can solve only if z — (3/2 )y = 0, which is the 

\3 3 3 z) \0 0 0 z — (3/2)/y ) 

equation of a plane passing through the origin. Hence the vectors do not span M 3 . 


/I 0 0 x 

5. 1 1 0 y 

\ 1 1 1 z 


10 0 x\ 

0 10 y — x I . Hence the vectors span ffi 3 . 
00 1 z — x — y ) 


6 . Note that 0 = 1 - 1 and 3 = 2 1 + 1 . So 0 and 3 


span < I 1 
\ 2 


i)M 


3 \ ( l \ 

1 I and I 1 I are not parallel, their span is a plane passing through 

2/ V 1 / 


the origin. Thus the vectors do not span R 3 . (Or just use reduction as in 4 but with a 3 x 4 coeffi¬ 
cient matrix.) 

/ H0\ / 1 1 0\ ja\ /x\ 

7. Since det 1—110 1=2^0, the vectors span R 3 , since — 1 1 0 I I 6 I = y I can be solved. 

\ 2 2 1/ \ 2 2 1/ V c/ \z J 


/ 1 -1 0 x\ /I -1 0 x\ 

8 . j-1 10 y J —* ( 0 41 z — 2x1. Hence, x + y — 0, is necessary for any solutions. This is the 

\2 2 1 z/ \0 0 0 x+y) 

equation of a plane passing through the origin. Thus the span of the vectors is not R 3 . 

9. 1 — x and 3 — x 2 do not span P^. For example, x £ span {1 — x, 3 — r 2 }. In fact when we try to solve 

a(l — x) -f b( 3 — x 2 ) — x , we find a -f 36 = 0, — a = 1, — 6 = 0 which are inconsistent equations. 

10. Let ax 2 + bx + c € span {1 — x, 3 — x 2 , x}. Trying to solve a(l - x) + /?(x — x 2 ) -f 8 x = ax 2 + bx + c 

/ 1 3 0 c\ /I 3 0 c\ /I 0 0 3a+c\ 

gives 1-1 01 b I —*• I 0 1 0 -a J —*■ 10 10 -a I. So the equations are consistent 

\ 0 -1 0 a/ \0 3 1 b+cj \0 0 1 3a+b+c/ 

and thus the polynomials 1 — x, 3 — x 2 , and x span P 2 - 
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11 . 


12 . 


13. 

14. 


15. 


16. 

17. 

18. 


19. 

20 . 


21. 


Show the equations ai 




conclude the given matrices span M 22 . 



are consistent to 


They do not span M 22 . For example, 

(!!) 


equations a\ 


+ a 2 


1 2 
0 0 


+ a 3 


0 0 
0 1 

4 -1 
3 0 


$ span 


2 

00 

b 

c d 


4 -1 
3 0 


a b c 
d e f 
span M 23 . 


+ 6 


0 1 0 
0 0 0 


0 0 
0 0 0 


{(iS)-(i 

-2 5\ _ fa 
6 Oj ~ {c 

l \ ^ , /0 0 0 \ , /0 0 0 \ , 

o) +d {ioo) +e {oio) + 


-2 5 

6 0 


(The 

are not always consistent.) 


/ 


0 0 0 
0 0 1 


. Thus they 


Suppose aix 2 + b^x + ci and a 2 x 2 + b 2 x + c 2 span P 2 . Let Vj = (a;,6,-,c,) for i = 1,2. Let ax 2 + 
fix + 7 G P 2 be a nonzero polynomial such that (a,/?, 7) • v, = 0. (Note that we can find such a 
nonzero polynomial since (a, /?, 7) • v, = 0 is a homogeneous system of 2 equations and 3 unknowns.) 
Suppose that ax 2 + f3x + 7 = d\{a\x 2 + b\x + Ci) + d 2 (a 2 x 2 + b 2 x + c 2 ). Then (a, /?, 7) • (a, /?, 7) = 
(a, (3, 7) • (diVj + d 2 \ 2 ) = 0. But this is a contradiction since (a,/?,7) 0. Thus two polynomials 

cannot span P 2 . 


Suppose n + 1 > m. Let p;(x) = a in x n + a in _ ix n 1 +-h a i0 for i = 1,2,.. .,m. For each i, let 

a,- = (ai n , ai„_i,..., a 0 ). By theorem 1.4.1, there is a nonzero solution b = (b „, 6 n _i,..., fe 0 ) to the 

m / m 

homogeneous system of equations a,- • b = 0. Suppose b = ^ ( o-,a,. Then b-b = b- I y^Q,g,- 

i= 1 Vi = 1 

m 

^a,(b-aj) = 0. But this is a contradiction since b is nonzero. Hence, if q(x) = b n x n + b n ^ix n ~ 1 + 
>=1 

■ ■ ■ + b 0 , then q(x) is not contained in the span of the Pi(x). Thus n + 1 < m. 

u = ciVi+c 2 v 2 H-h c k v k and v = diV 1 +d 2 v 2 H-h d k v k . Hence, u+v = (c x +di)vi +(c 2 + d 2 )v 2 + 

-h {ck + d k )v k , and ou = (aci)vj + (ac 2 )v 2 H-1- (ac*,)vare contained in span {v 1( v 2 ,..., v fc }. 



If p(x) = a n x n + a„_ \x n ~ 1 + • • • + a\x + ao • 1, then p(x) is written as a linear combination of 
{1, x, x 2 ,..., x n }. Thus {1, x, x 2 ,.,.} spans P. 


Use induction on n. Suppose vi G H. By theorem 4.3.1, avi G H for every scalar a. Thus span 

{v x } C H. Suppose span {v x , v 2 ,..., v„) C H, and v n+ i G H. Let v = ctqv! + a 2 v 2 +-1- a„v„ + 

a„ + iv n+1 . By assumption, c*ivi +-1- a„v„ G H, and theorem 4.3.1 implies a„ + iv n+1 G H. Apply¬ 
ing theorem 4.3.1 again gives v G H. By induction, if {vi,v 2 ,..., v„} C H, then 

span {vi, v 2 ,..., v n } C H. 

Since v 2 = cvx, then v 2 G span{vi} = span{vi,v 2 }. Thus, span{vi,v 2 } = {(x,y,z) : ( x,y,z) = 
t(a?i, 2/1, zi),t G M), which is a line passing through the origin. 


Since Vi x v 2 is perpendicular to vi, v 2 , hence to the plane spanned by vi, v 2 , vj x v 2 -x = 0 is the 
equation of a plane, which contains aiVj -fi a 2 v 2 . Expanding the cross product shows 
( yi 0 2 — ziy 2 )x + (z\x 2 — x\z 2 )y + ( Xiy 2 — x 2 y\)z — 0, is an equation of a plane passing through the 
origin, which contains H = span {vi, v 2 }. Since vi,v 2 are not parallel vx x v 2 ^ 0 so this equation is 
the equation of a plane (and not just 0 = 0). 


Let v G V. Then there are scalars ax, a 2 , ...,a„ such that v = axVx + a 2 v 2 + • ■ • + a n v n since 

span{vx,..., v n } = V. Let a n+ x = 0. Then v = axVx + a 2 v 2 +-1-a n v„ + a n+ xv n+ x. Thus 

vi, v 2 ,..., v„+x span V. 
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22. Consider (oi)’ ( o — 1 ) ’ (Ji). anc * ( — 1 o ) ' ^ ote eac h matrix is invertible. 

_c\f 0 l\ _ (0 

2 Lv-io ) vi 


on oi 
1 0 ) + l -1 0 


23. Since each v,- € span {ui, u 2 ,.. .u„}, then span {vx, v 2> ..., v n } C span {ui,u 2l ... ,u n } 

. As Aw = z and det A ^ 0, we have w — A~ 



/ u >\ 


/Vl\ 

II 

* 

U 2 

, and z = 

V2 

1 

\U„ / 


\v„ / 


A~ x = B = ( bij ). For each u*, ii* = ^6,*Vi G span{v 1; v 2 ,..., v„}. So span {ui,u 2 , 


i=l 


span {vi, v 2) ..., v„}. Hence, span{ux,u 2 ,.. .,u„} = span {v x , v 2 ,..., v n }. 



. Let A 

/,. Let 

• ■•,««} c 
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MATLAB 4.4 


1. (a) See answers in Section 3.1. 

(b) This problem should be worked interactively. The following commands will produce the graph 
below. 

» ul = [1;2]; u2 = [-2;3]; u3 = [5;4]; a= -2; b=2; c= -1; 

» combo(ul,u2,u3,a,b,c) 


T = -2* ul + 2* u2 



2. (a) (i) We wish to solve c i ^ 2 ) ° 2 ( 3) = (l)’ 


which can be written as j „ Cl ) 

2 ci +0C2 J 


This system of equations has the augmented matrix 


1 -1 3 

2 3 1 


which is the same as [u v | w]. 

'2 


. This system of equations has the augmented matrix 


(ii) We wish to solve ci ^ ^ J + c 2 ^ 2 

-1 


which can be written as [ "j Cl ^ C2 

4ci +2c 2 


2 -1 - 

4 2 


l-A 

2 6 J 


which is the same as [u v | w]. 


(iii) We wish to solve Ci [ _ j 


+ c 2 


[2\ ( 8/5 \ ... . ... ( l Cl +2 c 2 

, = , , which can be written as , 

V1 y V -5 / 3 / \-lci +lc 2 


). This system of equations has the augmented matrix 

-5/3 ) 


f 1 2 8/3 \ 

V-i 1 -5/3; 
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which is the same as [u v | w]. 

(b) This generates iteractive graphics. 

» u = [1;2]; v = [-1; 3]; w = [3; 1]; 
» lincomb(u,v,B) 


u = [1 ;2] v = [-1 ;3] w = |3;1] 



Two other pictures should be generated with sets (ii) and (iii). 

3. (a) (i) We wish to solve 

C '(!) +C! (’0 +C3 (o) = (-4) 

which can be written as 



which has the augmented matrix [viv 2 v 3 |w]. This system may be solved using MATLAB: 

»A= [1-131; 110 -4]; '/, Enter the augmented matrix. 

» rref(A) 
ans = 

1.0000 0 1.5000 -1.5000 

0 1.0000 -1.5000 -2.5000 

The solution has c 3 arbitrary, and c\ — —1.5 — 1.5c 3 and c 2 = —2.5 + 1.5c 3 . 

(ii) Similarly 

» A = [ 1 -2 5 -4; 2 3 4 -1]; 

» rref(A) 
ans = 

1.0000 0 3.2857 -2.0000 

0 1.0000 -0.8571 1.0000 

The solution has c 3 arbitrary, and c\ — —2 — 3.2857c 3 and c 2 = 1 + .8571c 3 . 

(b) (i) If c 3 = 0 in system (a.i), then c\ — —1.5 and c 2 = —2.5, so that w = —1.5vj — 2.5v 2 . If c 3 = 0 
in system (a.ii), then ci = —2 and c 2 = — 1 , so that w = — 2 vi + v 2 . 

(ii) If c 2 = 0 in system (a.i), then c 3 = 2. 5/1.5 = 1.6667, and c\ = —4, so that w = —4vi + 
1.6667 v 3 . In system (a.ii), c 3 = —1/.8571 = —1.1667, and ex = 1.8334, so that w = 
1.8334VJ - 1.1667v 3 . 
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(iii) If ci = 0, in system (a.i), then c 3 = 1.5/(—1.5) = -1, and c 2 = -4, so that w - -4v 2 -v 3 . In 
system (a.ii), c 3 = 2/(—3.2857) = -0.6987, and c 2 = .4783, so that w = .4783v 2 - 0.6987v 3 . 
(c) Here are the four plots produced by combine2(vl,v2,v3,w) for the data in (a)(ii) above: (note 
that vi is labelled ui in these plots). 

» vl=[l 2]’; v2= [-2 3] ’;v3=[5 4]’;w=[-4 -1]’; 

» combine2(vl,v2,v3,w) 

» print -deps fig443c.eps 


W = -2 * 111 + 1 *U2 




w= 11/23 * u2 + -14/23 *u3 w= 11/6 * ui + -7/6 *u3 




4. (a) The equation w = ciVx + c 2 v 2 + c 3 v 3 is a system with augmented matrix. 

/ 4 7 3 3 \ 

2 1-2-3 

\9 -8 4 25/ 

and variables ci, c 2 , c 3 . The definition of linear combination says the vector w is a linear combination 
of the v’s exactly when the equation (hence the system) has a solution. 
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(b) (i) 


» A = [4733; 2 1 -2 -3; 9 -8 4 25]; 
» rref(A) 
ans = 

10 0 1 
0 10-1 

0 0 12 


» c = ans(:,4) 
c = 

1 

-1 

2 

(ii) 


» A = [4 7 3 3; 2 0 -2 -3; 9 13 4 25]; 
» rref(A) 
ans = 

10-10 
0 110 
0 0 0 1 


» '/. No solution exists 

(iii) 


» A = [8 5 10 10.5; 
» rref(A) 
ans = 

10 0 
0 10 

0 0 1 

0 0 0 


5 -3 -3 2; -5 3 -5 -14; -9 5 10 3.5]; 


0 

0 

0 

1 


(iv) 


(v) 


» '/, No solution exists. 


» A = [8 5 10 1; 5-3-31; -53-51; -9 5 10 1]; 

» rref(A) 
ans = 

10 0 0 
0 10 0 

0 0 10 

0 0 0 1 

» '/, No solution. 


» A = [435-3 -19; 582-7 -9; 3 -5 11 0 -46; -9 -1 -17 8 74]; 
» rref(A) 

1 0 2 0 -7 
0 1-10 5 
0 0 0 1 2 
0 0 0 0 0 


ans = 
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» c = [-7; 5; 0; 2] */. Pick c3 = 0. 

c = 

-7 
5 
0 
2 

(vi) 

» A = [ 4 7 3 1; 21 
» rref(A) 
ans = 

1.0000 0 

0 1.0000 

0 0 

» c = ans(:,4) 
c = 

0.2656 
0.0754 
-0.1967 

(vii) 

» A = [1 -1 1 3; 2 0 -1 2]; 

» rref(A) 
ans = 

1.0000 0 -0.5000 1.0000 

0 1.0000 -1.5000 -2.0000 

» c = [1; -2; 0] '/. Pick c3 = 0. 

c = 

1 

-2 

0 

(c) Since there was a solution to the system, w was in the span of the v’s in parts (i), (v), (vi) and 
(vii). Since there was no solution to the system, w was not in the span of the v’s in parts (ii), 
(iii) and (iv). In each case where a solution existesd, w-c(l)*vl-c(2)*v2-. .. will give 0 up to 
roundoff error. 

5. (a) (i) 

»A = [ 4 7 3; 21-2; 9-84]; 

» rref(A) 
ans = 

10 0 
0 10 

0 0 1 

(ii) 

» A =[ 9 5 -10 3; -9 7 4 5; 5 
» rref(A) 
ans = 

1.0000 0 0 

0 1.0000 0 

0 01.0000 


- 775 ]; 


1.0338 

1.3092 

1.2850 


-21; 9-841]; 


0 0.2656 

0 0.0754 

1.0000 -0.1967 
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Since in both cases, the row echelon form of A has no zero rows, any system of the form 
[A w] will have a solution. Since solutions of this system tell us how to write w as a linear 
combination of the vectors {vi,v 2 ,.. .,Vfc}, if the system has a solution, then w will be in 
the span of this set. Since this system has a solution for any w in 1", the set will span all of 
M 3 . 

(b) (i) 


» A = [10 9 -4; 0 -9 8; -5 0 1; -8 -2 -1]; 
» rref(A) 
ans = 


10 0 
0 10 
0 0 1 
0 0 0 


» A = [ 4 3 5 3; 5 8 2 -7; 3 -5 11 0; -9 -1 -17 8]; 
» rref(A) 
ans = 

10 2 0 
0 1-10 
0 0 0 1 

0 0 0 0 


(iii) 

» A = [9 5 14 -4; -9 7 -2 16; 5 7 12 2]; 
» rref(A) 
ans = 

10 1-1 
0 111 
0 0 0 0 


In each of these systems, the row echelon form of A has a zero row, so it is possible to pick a 
w so that there will be no solution. Since the system cannot be solved, w cannot be written 
as a linear combination of this set. This means that w is not in the span, so the span is not 
all of I". By experimentation, one can find such a w, for example: for sets (i) and (ii), w = 


is not in the span and for set (iii) w = 


6 . See the solution for problem 2 in Section 1.8. The matrices in (i), (iv), and (v) were invertible, and 
when they were reduced to row echelon form, they had no zero rows. The matrices in (ii), (iii), and 
(vi) were not invertible, and had zero rows in their row echelon form. If the row echelon form of A 
has no zero rows, then the row echelon form of [A w] will always be consistent, and so will always 
have a solution. This means that the columns of A will span all of M n . A square matrix is invertible 
if and only if its columns span M n . 



262 Chapter 4 Vector Spaces 


Instructor’s Manual 


7. (a) To solve this problem, we enter the matrix of v,’s and reduce it to row echelon form. 

» A = [3-27 14 1; -702-5-5; 4 -7 9 27 0; -22 1-5-1]; 

» rref(A) 
ans = 

10 0 10 
010-20 
0 0 110 
0 0 0 0 1 

Since there are no zero rows, the system [A w] will always have a solution for any w. This means 
the set will span all of ffi 4 . Since c 4 may be chosen arbitrarily, there will be always an infinite 
number of solutions. 

(b) For the first w: 

(i) 

» w = [23; -15; 33; -5]; 

» rref([ A w]) 
ans = 

10 0 10 2 
0 1 0-2 0-1 

0 0 110 2 

0 0 0 0 1 1 

The solution has c 4 arbitrary as no pivot in column 4 and c\ — 2 — C 4 , C 2 = — 1 + 204 , C 3 = 

2 — C 4 , and C 5 = 1 . 

(ii) With c 4 = 0, w = 2vj - lv 2 + 2v 3 + lv 5 . 

(iii) To verify this, recall that v* is the same as A(:, i). 

» 2*A(: , 1) - 1*A(: ,2) + 2*A(:,3) + 1*A(:,5) '/. This should be w. 
ans = 

23 

-15 

33 

-5 

For the second w: 

(i) 

» w = [-13; 18; -45; 18]; 

» rref([ A w]) 
ans = 

10 0 10-3 

0 10-206 
0 0 110 1 
0 0 0 0 1 1 

The solution is C 4 is arbitrary, and ci = — 3 — c 4 , c 2 = 6 + 2 c 4 , c 3 = 1 — C 4 , and C 5 = 1. 

(ii) With c 4 = 0, w = —3v! + 6 v 2 + lv 3 + lv 5 . 
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(iii) 

» -3*A(:,1) + 6*A(:,2) + 1*A(:,3) + i*A(:,5) */. This should be w. 
ans = 

-13 

18 

-45 

18 

(c) The fourth vector was not needed, because we could always choose C 4 to be zero. This can be 
recognized by the fact that the fourth column had no pivot. 

(d) The matrix formed from the new set will be: 

» B = [ 3 -2 7 1; -7 0 2 -5; 4 -7 9 0; -221 -1]; 

» rref(B) 
ans = 

10 0 0 
0 10 0 

0 0 10 

0 0 0 1 

Since this has no rows of zeros, any system of the form [B w] will have a solution. Since there are 
no columns without a pivot, this solution will be unique. This corresponds to the statement that 
any vector w will be in the span of columns of the new matrix and that the coefficients for the 
linear combination will be unique. 

(e) First enter the matrix of vectors: 

» A = [ 10 0 -10 -6 32; 82-4-7 32; -5 7 19 1 -5]; 

» rref(A) 
ans = 

10-102 
0 12 0 1 
0 0 0 1 -2 

As above, for any w in M 3 , the system [A w] will have a solution, and the coefficients C 3 and C 5 
may be chosen arbitrarily. 

For the first w in (b) 

0 ) 

» w = [26; 31; 17] ; 

» rref( [A w] ) 
ans = 

10-1022 
0 12 0 14 

0 0 0 1 -2 -1 

The solution has C 3 and C 5 arbitrary and c\ = 2 +IC 3 —2cs C 2 = 4— 2 c 3 —lcs and C 4 = — l+2cs. 

(ii) With C 3 and C 5 chosen to be zero, w = 2vi + 4 v 2 — IV 4 . To verify this: 

(iii) 

» 2*A(: , 1) +4*A(: ,2) -1*A(:,4) '/. This should be w. 
ans = 

26 

31 

17 



264 Chapter 4 Vector Spaces 


Instructor’s Manual 


For the second w in (b) 

» w = [2; 20; 52]; 

» rref( [A w] ) 
ans = 

1 0-1 0 2-1 

0 12 0 17 

0 0 0 1 -2 -2 

The solution has C 3 and C 5 arbitrary and cj = —1 + IC 3 — 2cs c? = 7 — 2 c 3 — lcs and c 4 = 

—2 4- 2c 5 . 

(ii) With C 3 and C 5 chosen to be zero, w = — ltq + 7 v 2 — 2 V 4 . To verify this: 

(iii) 

» -1*A(:, 1) +7*A(: ,2) -2*A(:,4) */. This should be w. 

ans = 

2 

20 

52 

For (c): the third and fifth vectors are not needed. We may span all of IR 3 with the first, second 
and fourth vectors. To check this, enter the matrix formed by the new set: 

» B = [10 0 -6; 8 2 -7; -57 1]; 

» rref(B) 
ans = 

10 0 
0 10 
0 0 1 

As in (d) above, there are no rows of zeros, and every column has a pivot, so the system [B w] 
will always have a unique solution. 

8 . (a) 

» A = [ 20; 10; 20; 10; 0]; '/, Mix A has 20 parts cement, 10 parts water, 

'/, 20 parts sand, 10 parts gravel, and 
*/, 0 parts tly ash. 

» B = [ 18; 10; 25; 5; 2]; '/. Mix B. 

» C = [ 12; 10; 15; 15; 8]; '/. Mix C. 

» v = [ 1000; 200; 1000; 500; 300]; V, The custom mix that we want, in grams. 

» rref([ A B C v]) */. Solve c_l A + c_2 B + c_3 C = v. 

ans = 

10 0 0 

0 10 0 

0 0 10 

0 0 0 1 

0 0 0 0 

Since the fourth row has zeros on the left and a one on the right, there is no solution. Hence, this 
mix cannot be made. 

(b) Let v be the vector of components in our custom mix. That the total weight is 5000 means 


+ t>2 + v 3 + w 4 + u 5 = 5000. 
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The amount of cement is tq = 1250. The ratio of water to cement is 2 to 3, or v 2 /v 4 = 2/3, 
which can be written as v 2 = §iq = 833.33. The amount of sand and gravel tells us v 3 = 1500, 
and v 4 = 1500. Plugging these values into the equation for the total weight, and solving for v 5 , 
the fly ash, we get: 

1250 + 833.333 + 1500 + 1500 + v 5 = 5000, 

whose solution is v 5 — —83.3333. Since it is impossible to have a negative amount of something, 
this cannot be made as a custom blend. 

9. (a) The vector u represents the polynomial whose constant term is —5, linear term is 3, x 2 term is 0 
and whose x 3 term is 1. This is the polynomial q. 

(b) We add polynomials by adding their terms together: 

r(x) = (2*5 — 3* l)x 3 + (2*4-3* 0)x 2 + (2 * 3 - 3 * 3)x + (2 * 1 - 3 * (-5)) = 7x 3 + 8x 2 - 3x + 17 

» v = C 1; 3; 4; 5]; u = [-5; 3; 0; 1]; 

» w = 2*v - 3*u 
w = 

17 

-3 

8 

7 

The vector w represents the polynomial r(x) because the constant term of r(x) is 17, its x term 
is —3, its x 2 term is 8 and its x 3 term is 7. 

(c) Polynomials of degree two may be represented by vectors in M 3 . 

» p = [ -1; 2; 0]; '/. This represents p(x) . 

» vl = [ -2; 0; -5]; '/. This represents the first poly, in the set. 

» v2 = [ 8; -9; -6]; '/, The second poly. 

» v3 = [9; -7; -1]; */. The third poly. 

» rref( [ vl v2 v3 p] ) I, Reduce the augmented matrix, 

ans = 

10 0 1 
0 10-1 

0 0 11 

Yes, p(x) is in the span of this set. 

p(x) = 1(—5x 2 - 2) - 1(—6x 2 - 9x + 8) + l(-x 2 - 7x + 9) 

This set does span all of P 2 since the system with augmented matrix [vl v2 v3 | b] would have a 
solution for any right hand side. 

(d) As above, we will represent P 3 by vectors in M 4 . 

» p = C -17; 29; 3; 1]; 

» vl = [-8; 8; -7; -2]; v2 = [5; 3; 9; 7]; v3 = [ -3; -1; 6; -7]; 

» rref([ vl v2 v3 p]) 
ans = 

10 0 3 

0 10 2 

0 0 11 

0 0 0 0 

Yes, p(x) is in the span of this set: p(x) = 3pi(x)+2p 2 (x) + lp 3 (x) where p,-(x) has the coefficients 
in v,. This set does not span all of P 3 . Since there is a row of zeros in the row echelon form of 
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A = [vj V 2 v 3 ], it will be possible to pick a vector (which represents a polynomial) so that the 
system [A p] does not have a solution. 

(e) 

» A = [2111; -1320; 011-1; 1120]; 

» rref(A) 
ans = 

10 0 0 
0 10 0 

0 0 10 

0 0 0 1 

Since the matrix of vectors representing these polynomials reduces to a row echelon form with no 
zero rows, this set will span all of P 3 . 

10. (a) The matrix C — A — 2 B is 

o,\ — 2a2 ci — 2c 2 ei — 2e2 \ 

b\ — 262 d\ — 2 d 2 fi — 2/2 J 

C is represented by the vector 

/ cti — 2a 2 \ 

61 — 262 

ci - 2 c 2 
di - 2 d 2 ’ 
e\ — 2 e 2 

V/ 1 - 2 / 2 / 

which is the sum v + 2w. 

(b) 

» w = [1; 29; 3; -17] '/. This vector represents the first matrix, 

w = 

1 
29 
3 

-17 

» vl = [ -2; 8; -7; 8]; 

» v2 = [ 7; 3; 9; 5]; 

» v3 = [ -7; -1; 6; -3]; 

» rref([ vl v2 v3 w]) 
ans = 

10 0 0 
0 10 0 

0 0 10 

0 0 0 1 

This system does not have a solution, so the first matrix is not in the span of the others. From 
this we can conclude that this set does not span all of M 22 , since we have found an element of 
M 22 that is not in their span. 


A Next, enter the set of vectors. 

'/. Solve cl vl + c2 v2 + c3 v3 = w. 
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(c) 


» w = [4; -2; 7; -6; -10; 1]; '/. The first matrix. 

» vl = [6; 9; 5; 3; -1; -1]; '/, The set of matrices. 

» v2 = [6; 10; 4; 9; 4; 73; v3 = [-4; -8; 1; -2; 0; 2]; 

» v4 = C 8; 7; -1; 4; 5; 6]; v5 = [ 4; 8; 5; 0; -10; -1]; 

» v6 = [ -9; 3; 4; 4; 0; -6]; 

» rref( [vl v2 v3 v4 v5 v6 w]) 
ans = 


10 0 0 
0 10 0 
0 0 10 
0 0 0 1 
0 0 0 0 
0 0 0 0 


0 

0 

0 

0 

1 

0 


0 1 

0 -1 

0 2 

0 1 

0 1 

1 0 


Yes, w is in the span, 

w = lvi - lv 2 + 2v 3 + lv 4 + lv 5 . 

This set does span all of M 23 because the system above would have a solution for any right hand 
side. 

(d) 


» vl = 

C1; • 

-i; 

0; 

23; 

v2 = [ 1; 3; 

l; 13; 

» v3 = 

[ 2; 

2; 

i; 

13; 

v4 = [ 0; 0; 

-l; 13; 

» rref([ vl 

v2 

v3 

v43: 

) 


ans = 







1 

0 


0 


0 


0 

1 


0 


0 


0 

0 


1 


0 


0 

0 


0 


1 



Since there are no zero rows, this system would have a solution for any right hand side. This 
means that we can write anything in M 22 as a linear combination of these matrices, so they do 
span M 22 . 
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-1 


so linearly independent. 


3. 




°\ 

0 I ; Linearly independent, as only the trivial solution. 

o ' 


Linearly dependent, as —2 | — 1 | + 1 ( —2 | =0. 

8, 


so linearly independent. 


5. Linearly dependent, as 3 vectors in M 2 always dependent (Theorem 2). 
= —2; Linearly independent, (Theorem 5.) 


6 . 


1 0 1 
0 1 1 
1 1 0 


1 0 0 
0 1 0 
0 0 1 


= 1; Linearly independent. 


8 . 


9. 


-3 7 1 

4-12 
2 3 8 

-3 7 1 

4 -1 1 
2 3 8 


= —140; Linearly independent. 


= —163; Linearly independent. 


10 . 


11 . 


13 0 5 
-2 0 4 0 
12-13 
1 -2 -1 -1 

13 0 5 

-2 0 4 0 

12-13 

1-2 1-1 


0; Linearly dependent. 


4; Linearly independent. 


12. Linearly dependent, as 4 vectors in M 3 always dependent (Theorem 2). 

13. ci(l — x) + c 2 x = 0; ci + (c 2 — c\)x — 0 => cj = 0; c 2 — c\ = 0; So ci = c 2 . Linearly independent. 

14. c\x + c 2 (x 2 - 2x) + c 3 (3x + 5x 2 ) = 0; (-c i - 2c 2 + 3c 3 )x + (c 2 + 5c 3 )x 2 = 0;^* ^ ^ 


1 0 -13 
0 1 5 


Linearly dependent. 


1 1 0 

15. ci(l — x) + c 2 (l +x) + c 3 x 2 = 0; (ci+c 2 ) + (—ci+c 2 )x + c 3 x 2 — 0; [-110 

0 0 1 


Linearly independent. 
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/0 -1 -1 

16. cix + c 2 (x 2 -x) + c 3 (x 3 -x) = 0; (ci-c 2 -c 3 )x + C 2 X 2 + c 3 x 3 = 0; 0 10 

\0 0 1 

Linearly independent. 

17. 2c\x + c 2 (x 3 - 3 ) 03(1 + x - Ax 3 ) + c 4 (:c 3 + 18x - 9) = 0; 

/0 -3 1 -9 

(-3c2+c 3 -9c 4 )+(2ci+c3+18c4)a:+(c2-4c3+c4)a; 3 = 0; I 2 0 1 18 

\0 1-4 1 




0 0 -11 -6 
101/2 9 
0 1-41 


'0 0 1 6/11 
1 0 0 96/11 
0 1 0 35/11 


18. cj 


2 -1 

4 0 


+ c 2 



Linearly dependent. 


+ c 3 


0 - 9 - 


0 0 
0 0 


or 


/ 2 0 4 



/I 0 2 



(\ 0 2 

°\ 

-1 -3 1 

0 


0-3 3 

0 


0 1 -1 

0 

4 1 7 

0 


0 1 -1 

0 


0 0 0 

0 

V 0 5 -5 

0/ 


VO 5 -5 

0 ) 


Vo 0 0 

0/ 


/ 2ci + 4 c 3 -ci - 3c 2 + c 3 \ 
V 4ci + c 2 + 7c 3 5 c 2 - 5c 3 J 


Linearly dependent. 


0 0 
0 0 


19. cj 


1 -1 
0 6 


+ c 2 


-1 0 
3 1 


+ c 3 


1 1 
-1 2 


+ c 4 


0 1 
1 0 


0 0 
0 0 


. As in Solution 18. 


/ 

1 

-1 

1 

0 

°V 


f 1 

-1 

1 

0 

°V 


( l 

0 

-1 

-1 


1 


-1 

0 

1 

1 

0 


0 

-1 

2 

1 

0 


0 

1 

-2 

-1 

0 



0 

3 

-1 

1 

0 


0 

3 

-1 

1 

0 


0 

0 

5 

4 

0 


V 

6 

1 

2 

0 

J 


Vo 

7 

-4 

0 

0/ 


\0 

0 

10 

7 

0 ) 

\ 


0 0 -1/5 



/I 0 0 0 

°\ 

0 10 0 

0 

0 0 10 

0 

Vo 0 0 1 

0/ 


Linearly independent. 


4 -1 


2 3 
1 4 


2 ° Cl ( 12) + C3 ( 7 g) + c 4 ( o ;)+c 5 

equations and five unknowns => Linearly dependent. 

21. ci sin x + c 2 cos x = 0; Set x = 0 =>• C 2 = 0; Then ci must also be 0. 


0 0 
0 0 


Four homogeneous 


Linearly independent. 


Ill 

22. c\x + c 2 yfx + c 3 ^fx = 0; x = 1 =>■ ci + C 2 + c 3 = 0; x = 1/64 => — c x + -c 2 + ^c 3 -- 0; 


x — 1/729 => + -yc 2 + ^c 3 = 0; 


1 1 1 
1/64 1/8 1/4 
1/729 1/27 1/9 


^ 0 => Linearly independent. 


23. 


a c 
b d 


= ad — be — 0, by Theorem 5. 


24. 


an ai 2 <213 

021 a 22 «23 
031 O32 O33 


= 0, see Solution 1.4.16. 



26. Note that —2 


=^2a+13 = 0=>>a = —13/2. 


Thus the set of vectors is linearly dependent for all real a. 
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27. If A - (viv 2 ■ • • v„), then Ac = 0 says ciVi + c 2 v 2 H-h c„v„ = 0. Hence Ac = 0 has a non-trivial 

solution if and only if vi,..., v„ dependent by the definition of dependence. 

28. If vi,..., v„ are linearly dependent, then there exists a nontrivial solution (ci,..., c„) of CiVj +-h 

c„v n = 0. Then (ci,..., c n , 0) is a nontrivial solution of ciVi + • • • + c„v„ + c„ + iv „ +1 = 0. Thus 
v i, • • • i v n, v„ + i are linearly dependent. 

29. Suppose vi,..., v* are linearly dependent. Then there exists a nontrivial solution (c x ,..., c k ) of C 1 V 1 + 

- 1 - Ck Vk = 0. Then (ci,..., c k , 0,..., 0) is a nontrivial solution of ciVi -\ -|- c k \ k + ■ ■ ■ + c n v n = 0. 

But this implies Vj,..., v n are linearly dependent and this is a contradiction. Thus Vj,..., v k are lin¬ 
early independent. 

30. Suppose Vi and v 2 are linearly dependent. Then v 2 = avi for some a ^ 0. Then -v 2 = a|v !| 2 ^ 

0, since Vj is a nonzero vector. This contradicts vj and v 2 being orthogonal. Thus vj and v 2 are lin¬ 
early independent. 

31. If ciVi + c 2 v 2 + c 3 v 3 = 0 then 0 = Ovj = ci|vi | 2 + c 2 v 2 • V! + c 3 v 3 • vi = c^vil 2 . So ci = 0 as vi ^ 0. 
Then 0 = c 2 |v 2 | 2 + c 3 v 3 • v 2 = c 2 |v 2 | 2 , so c 2 = 0. And finally, 0 = c 3 v 3 • v 3 , or c 3 = 0. Thus vi, v 2 
and V 3 are linearly independent, as only c k = c 2 = C 3 = 0 solves. 

32. Suppose V!,v 2 ,..., v„ are linearly independent. Then aiVi + a 2 v 2 -|-ha„v„ = 0 has only the trivial 

solution. So no arbitrary variables in solving. Thus every column in row echelon form has a pivot. 
Since n rows and n columns, every row has a pivot, i.e. no zero rows in echelon form. Conversely, if 
the row echelon form of A does not contain a row of zeros, this implies that the only solution to Ax = 
0 is x = 0, since n non-zero rows implies n pivots. Thus vi,v 2 ,.. .,v„ are linearly independent. 


33 . 




since x\ — —a; 2 — X3. 


34 . 


1-1 7-1 
2 3-81 


Mi 


-1 7 -1 

0 5 -22 3 


yields 



= x 3 


(~ 13/5 \ 
22/5 
1 

V 0/ 


35 . 


36 . 


1 2 -1 
2 5 4 


(l 2 -1 

V0 1 6 


+ x 4 



1 0 13/5 - 2/5 
0 1 - 22/5 3/5 


So solving in terms of X3, x 4 


1 0 -13 
0 1 6 



(1 

1 1 

-1 -1 


f \ 1 1 

-1 -1 

°L 

( l 0 

V -2 

3 1 

4 -6 

0) ( 

v 0 5 3 

l 2 -8 

oj 

Vo 1 


(Xl\ 


/- 2/5 \ 


( 7/5 \ 


/ — 3/5 \ 


X 2 


- 3/5 


- 2/5 


8/5 

and 

x 3 

= x 3 

1 

+ £4 

0 

+ £5 

0 




0 


1 


0 


V £'5 / 


\ 0 / 


\ 0/ 


V 1/ 


3/5 2/5 - 8/5 


/ Xl \ 

*2 

\xj 



+ X 3 


/ 3 \ 

0 

1 

Vo/ 


+ Z4 


/- 5 \ 

0 

0 

V 1/ 


. So *3, *4, £5 arbitrary 


37 . 


as x\ — —2x2 + 3*3 — 5^4. 
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38. (a) See 39(a) below, it does not depend on specific u. 

(b) Prom u • x = x x + 2 x 2 + 3 x 3 = 0, get x = (—2,1,0) and y = (—3,0,1). 

i j k 

(c) w = —2 10 = i + 2j + 3k. 

-3 0 1 

(d) Note that w = u. (Other choices for x, y would yield other w.) 

(e) See 39(e) below. 

39. (a) Suppose x, y (EH. Then u-(x + y) = u- x + u- y = 0 + 0 = 0. Then x + y 6 H. Suppose a 6 R. 
Then u • (ax) = a(u • x) = a(0) = 0. Then ax G H. Therefore, H is a subspace of M 3 . 

(b) Suppose that u = (a, 6 , c); Then since u # 0, at least one of a, b, or c is non-zero. Suppose that 
a is not zero. Then x = (- 6 , a,0) and y = (—c, 0,a) are linearly independent vectors in H. A 
similar process works if 6 # 0 or c # 0 . 

i j k 

(c) w = —6 a 0 = a 2 i + a&j + ack. (Key point: w = x x y is orthogonal to x and y.) 

—c 0 a 

(d) Note that w = au. 

(e) H consists of all the vectors which are perpendicular to u. Then H will be the plane for which u 
is a normal vector, w = x x y is also a vector which is perpendicular to the plane. Since u and w 
are both perpendicular to the same plane in ffi 3 , they must be linearly dependent. 

40 . Consider /i(x) = a x x 2 + b x x + c lt / 2 (x) = a 2 x 2 + b 2 x + c 2 , / 3 (x) = a 3 x 2 + 6 3 x + c 3 and / 4 (x) = a 4 x 2 + 
6 4 x + c 4 in P 2 . If we wish to solve for (k x , k 2 , k 3 , fc 4 ) in the equation ki(f x (x)) + k 2 (f 2 (x)) + k 3 (f 3 (x)) + 
l: 4 (/ 4 (x)) = 0 , we must equate coefficients of l,x,x 2 to 0 and we get three homogeneous equations 
with four unknowns. In this case, there will always be a nontrivial solution for (jfci, k 2 , k 3 , k 4 ). Thus 
any four polynomials in P 2 are linearly dependent. 

41. Suppose /i(x) and / 2 (x) span P 2 . Then for any /(x) = ax 2 + bx + c in P 2 , we would need Aq(/i(x)) + 
k 2 (h(x)) = /(*), for some k x ,k 2 G M. Therefore, if /i(x) = aix^&iX + ci and / 2 (x) = a 2 x 2 + b 2 x + c 2 , 
we would have, equating coefficients of l,x,x 2 : 

k iai + k 2 a 2 = a 
k x bi + k 2 b 2 = b 
k x c\ + k 2 c 2 = c. 

With three equations and two unknowns it is always possible to choose a, b and c so that no solu¬ 
tion exists. Thus f x and f 2 cannot span P 2 . (Specifically there will be a row of zeros in echelon form 
whose third column will say 0 is a non-trivial linear combination of a, b , c. Not all a, 6 , c will satisfy 
this condition.) 

42. Suppose fi, f 2 ...., /„, f n+ i, f n + 2 are in P n . (Note: we are using the same notation as in 40.) If we 
consider k x f x + k 2 f 2 + • • • + k n+2 f n+2 = 0, then, as in #40, if we equate coefficients we get n + 1 
equations in n + 2 unknowns. Then there will always be a nontrivial solution for (k x , k 2 ,, k n+2 ). 
Thus any n+ 2 polynomials in P n are linearly dependent. 

43. Note that if we are given any set of linearly dependent vectors, then if any vectors are added to the 
set we still have a set of linearly dependent vectors. Thus if any set has a subset which is linearly de¬ 
pendent, then the original set is linearly dependent. Then any linearly independent set cannot have a 
subset which is linearly dependent. Thus, any subset of a linearly independent set is linearly indepen¬ 
dent. 

44. Suppose A x , A 2 , A 3 , A 4 , A 5 , A 6 and A 2 are in M 32 . Consider solving a x Ai + a 2 A 2 + a 3 A 3 + a 4 A 4 + 
U 5 A 5 + ciqAq + U 7 A 7 = O for (ai,a 2 ,a 3 ,a 4 , 05 ,a 6 , 07 ). This generates six homogeneous equations with 
seven unknowns. Then, regardless of the given matrices, there will always be a nontrivial solution. 
Thus any seven matrices of M 32 are linearly dependent. 
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45. Suppose that A\,.. ., A m „+x are in M m „. Consider solving a,-j4j = O for numbers {a,}; this is ran 
homogeneous equations in mn + 1 unknowns. Therefore there will always be a nontrivial solution. 
Thus any mn + 1 matrices of M mn are linearly dependent. 

46. Note that Si fl 5 2 is a subset of both 5i and S 2 , each of which is a linearly independent set. Then by 
problem 43, S\ ft S 2 is linearly independent. (Note that the empty set of vectors is linearly indepen¬ 
dent, so you need not require 5i fl S 2 to be non-empty.) 

47. Clearly this is true for n = 1. Assume that 1, x, x 2 ,..., x n ~ l are linearly independent. Then consider 

ao + aiar-l- ha n _xx" _1 + a„ar" = 0. Note that a„ must be zero by properties of polynomial addition 

(i.e., only add like terms) or take n derivatives to get n\a n = 0. Then by our assumption we have 

a 0 = 0, ai = 0,..., a„_x = 0. Thus 1, x, x 2 ,..., x n ~ 1 ,x n are linearly independent. 

48. Consider a \Vx + a 2 (vx + v 2 ) H-h a n (vi + v 2 + ■ ■ ■ + v„) = 0. Then we have (ax + a 2 + • • • + a n )vx + 

(a 2 + • • • + a„)v 2 + • • • + a„v„ = 0. Since {vx, v 2 ,..., v„} is a linearly independent set, we have 

a i + a 2 + ' ■ • + On = 0 
u 2 + • • ■ + a n — 0 

a n — 0 

By backward substitution, we have a„ = 0, a„_ 1 = 0,..., a 2 = 0, a\ = 0. Thus vx, vx + v 2 ,..., vx + 
v 2 + • • • + v n are linearly independent. 

49. Since vx, v 2 ,..., v„ are linearly dependent, there exist 61 , & 2 ,..., b n , where 61 vx + 6 2 v 2 + ■ - ■ + 6 n v„ = 
0 with at least two of the 6 ,’s nonzero since vx, v 2 ,..., v„ are nonzero. Choose k to be the largest i 
such that bi ^ 0. Note then that 1 < k < n and, if we let ai = —bi/bk, then v*, = axVi + a 2 v 2 + • • • + 

a*_ ivjfe_i. 

50. If all the vectors are the zero vector then we are done. If not, then without loss of generality, assume 
Vx is a nonzero vector. Since {vx,v 2 } is linearly dependent, v 2 = axVi for some ax. Since {vx,V 3 } is 
linearly dependent, V 3 = a 2 vi for some a 2 . Continuing on with this process, we find that each vector 
is a multiple of Vx. 

51. f(x) = cg(x) for some c G M. Then f'(x) = cg'(x). Then W(f, g)(x) = = 0. 

c 9 \ x ) 9 

fl(x) M*)--- fn(x) 

f[(x) f 2 (x) ■ f' n {x) 

52. W(f\, f 2 , ■ ■ ■, f n ) — 

53. Consider <21 (u + v) + a 2 (u + v) + a 3 (v + w) = 0 

(ax + a 2 )u + (a x + a 3 )v + (a 2 + a 3 )w = 0 
Since u, v and w are linearly independent, we have 
ai + 0,2 = 0 ) 

ax + a 3 = 0 > => ax = 0 , a 2 = 0 , a 3 = 0 , by elimination. 
a 2 + a 3 = 0 J 

Thus u + v, u + w and v + w are linearly independent. 
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54. We need 
c / 0 . 


1 - c 1 + c 
1 + c 1 - c 


= (1 — c ) 2 — (1 + c ) 2 = —4c ^ 0. Thus the vectors are linearly independent if 


55. 


1 1 1 


1 1 1 

a 6 c 

= 

0 6 — a c — a 

a 2 b 2 c 2 


0 6 2 — ab c 2 — ca 


6 — a c — a 
6(6 — a) c(c — a) 


= (6 — a)(c — a) 


1 1 
6 c 


= (6 — a)(c — a)(c — 6 ) 

^ 0 , if a ^ 6 , a 7 ^ c and 6 ^ c. 


Thus the vectors are linearly independent. 

56. Suppose {vi,v 2 ,.. .,v„,v} is a linearly dependent set. Since {vi, v 2 ,..., v„} is a linearly indepen¬ 
dent set, then v = aivi + • • • + a„v n for some ai,..., a n G R by the solution to Problem 49. Then 
v G span {vj, v 2 ,..., v n }, which is a contradiction. Thus {vi, v 2) ..., v„, v} is a linearly independent 
set. 

( 2 \ (~ l \ ('\ (2-la\ 

57. I 1 I , I 3 I , I 1 1 . (Eliminate in I 1 3 6 1, then choose any a, 6, c making bottom row not all 

W \ 4/ / \2 4c/ 

zeros.) 

58. 1 — x 2 , 1 + x 2 , x. (Any quadratic with non-zero x term will work.) 

59. (a) Note that since the vectors u, v and w are coplanar, the points (ui,u 2 ,U 3 ), (vi,v 2 ,t/ 3 ), (uq, tc 2 ,u^) 

and (0,0,0) are all contained in some plane. Let ax + by + cz = 0 be the equation of such a plane with 

n = (a, 6, c) a normal to the plane. Note that a, 6 and c are not all zero. Then we have 


au\ + 6u 2 + cuz = 0 
av\ + 6 u 2 -f cv 3 = 0 
aw\ + bw? + cu >3 = 0. 


( Ul «2 «3 
tq V2 Vz 
Wi W 2 Wz 


; det A ^ 0 0 is the only solution to Ax = 0. But, x = 



^ 0 is a 


solution to Ax = 0. Thus det A = 0. 

(c) Note that det A* = det A = 0. Thus, A‘x = 0 has a nontrivial solution. Thus, by Theorem 3, u, 
v and w are linearly dependent. 
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1. In each case, A the augmented matrix is entered, if rrel(A) has a column on the left without a pivot 
in it, then the vectors are dependent, otherwise they are independent. 

» A = [ 1 -1 0; 2 -3 0] ; 7. Problem 1. 

» rref(A) 
ans = 

10 0 
0 10 

» A = [ 2 4 0; -1 -2 0; 4 7 0]; 7. Problem 2. 

» rref(A) 
ans = 

10 0 
0 10 
0 0 0 

» A = [ 2 4 0; -1-20; 4 8 0]; 7. Problem 3. 

» rref(A) 
ans = 

12 0 
0 0 0 
0 0 0 

» A = [ -2 4 0; 3 7 0] ; 7. Problem 4. 

» rref(A) 
ans = 

10 0 
0 10 

» A = [ -3 1 4 0; 2 10 -5 0] ; 7. Problem 5. 

» rref(A) 
ans = 

1.0000 0 -1.4062 0 

0 1.0000 -0.2188 0 

» A = [10 10; 0110; 1 1 0 0] ; 7. Problem 6. 

» rref(A) 
ans = 

10 0 0 

0 10 0 

0 0 10 

» A = [ 1 0 0 0; 0 1 0 0; 0 0 1 0]; 7. Problem 7. 

» rref(A) 
ans = 

10 0 0 

0 10 0 

0 0 10 

» A = [ -3 7 1 0; 4 -1 2 0; 2 3 8 0] ; 7. Problem 8. 

» rrerf(A) 
ans = 

10 0 0 

0 10 0 

0 0 10 



Linear Independence MATLAB 4.5 


275 


» A = [ -3 7 1 0; 4 
» rref(A) 
ans = 

10 0 
0 10 
0 0 1 

» A = [ 1 3 0 5 0; 

» rref(A) 
ans = 

10 0 
0 10 
0 0 1 

0 0 0 

» A = [ 1 3 0 5 0; 

» rref(A) 
ans = 

10 0 
0 10 
0 0 1 

0 0 0 

» A = [14-270; 
» rref(A) 
ans = 

1.0000 0 

0 1.0000 

0 0 


-1 1 0; 2 3 8 0]; 7. Problem 9. 


0 

0 

0 

-2 0 4 0 0; 12-130; 1-2-1-10]; '/. Problem 10. 


2 0 

1 0 

1 0 

0 0 

-2 0 4 0 0; 12-130; 1-21-10]; */. Problem 11. 


0 0 

0 0 

0 0 

1 0 

-1 0 3 1 0; 2 0 5 2 0]; V, Problem 12. 


0 0.0909 0 

0 1.9091 0 

1.0000 0.3636 0 


The sets which are linearly independent are 1, 2, 4, 6, 7, 8, 9, and 11. The sets which are linearly de¬ 
pendent are 3, 5, 10, and 12. 

2. In the text, it is stated “Three vectors in M 3 are linearly dependent if and only if they are coplanar.” 

(a) Since they are linearly independent, they must not be coplanar. 

(b) We need only show they are linearly dependent. To do this, we reduce the augmented matrix 
formed from the homogeneous equation. 

(i) 


»A= [1 230; 21 30; 1 340]; 

» rref(A) 
ans = 

10 10 
0 110 
0 0 0 0 

(») 

» A = [1-120 ; 2060 ; 1 14 0]; 
» rref(A) 
ans = 

10 3 0 

0 110 
0 0 0 0 


In both cases, there was a column on the left without a pivot, so the sets were dependent. 
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3. 

» m = 4; n = 3; 7, Choose values lor m and n. 

» A = 2*rand(n,m) -1 
A = 

-0.5621 0.3586 0.0388 -0.8931 

-0.9059 0.8694 0.6619 0.0594 

0.3577 -0.2330 -0.9309 0.3423 

» rref(A) 
ans = 

1.0000 0 0 4.5903 

0 1.0000 0 4.6803 

0 0 1.0000 0.2248 

The fourth column does not have a pivot, so the columns are linearly dependent. Conjecture: If a 
matrix has more columns than rows, the columns will always be linearly dependent. Proof: This fol¬ 
lows directly from Theorem 2. 

4. Refer to the answer to problem 2 in Section 1.8. The matrices in part (i), (iv), and (v) were invert¬ 
ible, and since they reduced to the identity matrix, their columns are linearly independent. The ma¬ 
trices in part (ii), (iii), and (vi) were not invertible, and their columns were dependent. We now check 
for linear independence of the rows, by reducing A*. 

» A = (1/13)* [2 7 5; 0 9 8; 7 4 0]; */. Matrix for (i) 

» rref(A') 
ans = 

10 0 
0 10 

0 0 1 

» A = [2 -4 5; 0 0 8; 7 -14 0]; 7. Matrix for (ii) 


» rref(A’) 




ans = 




1.0000 

0 

3.5000 


0 1 

.0000 

-2.1875 


0 

0 

0 


» A = [14-2 

1; 5 1 

9 7; 7 4 10 4; 0 7 

-7 7] ; 7. Matrix for (iii) 

» rref(A’) 




ans = 




1.0000 

0 

0 2.8000 


0 1 

.0000 

0 1.4000 


0 

0 

1.0000 -1.4000 


0 

0 

0 0 


» A = [1 4 6 1 

; 5 1 

97; 7484; 075 

7]; 7, Matrix for (iv) 

» rref(A’) 




ans = 




1 0 

0 

0 


0 1 

0 

0 


0 0 

1 

0 


0 0 

0 

1 



ans 
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» A = (-1/56) * [1 2 3 

0-12 
10 0 
1 1 -1 
0 0 0 

» rref(A’) 
ans = 

10 0 0 
0 10 0 

0 0 10 

0 0 0 1 

0 0 0 0 

» A = [ 1 2-1 7 5 

0-1 2-3 2 

1031-1 
1114 1 

0 0 0 0 4 ]; 

» rref(A’) 


4 5 ’/, Matrix for (v) 

-1 2 
2 -1 
1 1 
0 4 ]; 


0 

0 

0 

0 

1 

’/, Matrix for (vi) 


0.4000 

0.8000 

-0.4000 

0 

0 


1.0000 

0 

0 

0.4000 

0 

1.0000 

0 

-0.2000 

0 

0 

1.0000 

0.6000 

0 

0 

0 

0 

0 

0 

0 

0 


In each case, the invertible matrices had linearly independent rows, and the singular matrices had lin¬ 
early dependent rows. This is proved in the summing up theorem. 

5. (a) If the entries in z are {zi,z 2 ,..., z m }, and the columns of A are {vi, V 2 ,..., v m }, then w = Az = 
21 Vj + Z 2 V 2 + ... + 2 m v m . Since the z, ’s are scalars, this shows that w is a linear combination of the 

Vi’S. 

(b) (i): 


» A = [ 8 1 10; 7-7-6; -8-1 -1]; '/, The matrix of vectors. 
» z = round(10*(2*rand(3,1)—1)) '/, Generate a random vector z. 
z = 

-6 

-9 

4 


» w = A*z 
w = 

-17 

-3 

53 

» rref([ Aw]) 
ans = 

10 0-6 
0 10-9 

0 0 14 


'/. w is a linear combination of columns of A 


*/, Test if this set is linearly dependent. 


Since there is a column without a pivot in the row echelon form, the set {vi,V 2 ,V 3 ,w} is 
linearly dependent. This can be repeated for several other random vectors z. 
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(ii) 


» A = [1 -1 2; 0 2-1; 13 0; 1 14]; '/. The matrix of vectors. 
» z = round(10*(2*rand(3,l)-l)) 7. Generate a random vector z. 
z = 

4 

9 

-2 


» w = A*z 
v = 

-9 

20 

31 

5 

» rref([Aw] ) 
ans = 

10 0 4 

0 10 9 

0 0 1-2 

0 0 0 0 


'/, t is a linear combination of 


'/, Test if this set is linearly dependent. 


Since there is a column without a pivot in the row echelon form, the set {vi, v 2 , v 3 ,w} is 
linearly dependent. 


»A = [4 10 63; 3222; 2881; 0122; 24 10 6]; */, The matrix. 
» z = round(10*(2*rand(4,i)-l)) '/. Generate a random vector z. 
z = 

0 

7 

-9 

-9 


» w = A*z '/. w is a linear combination of 

w = 

-11 
-22 
-25 
-29 
-116 

» rref([ Aw]) 
ans = 

10 0 
0 1 0 

0 0 1 

0 0 0 

0 0 0 


'/, Test if this set is linearly dependent. 

0 0 

0 7 

0 -9 

1 -9 

0 0 


Since there is a column without a pivot in the row echelon form, the set {vi, v 2 , v 3 , v 4 , w} is 
linearly dependent. 

(c) If w is in the span of {vj, v 2 ,..., v m }, then {vx, v 2 ,..., v m , w} is a linearly dependent set. 
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6. (a) In each case, the matrix A is made with the vectors as its columns. Since the system with aug¬ 
mented matrix S = [A 0] has a nonzero solution, the vectors are linearly dependent. 

»S= [1-130; 1100]; '/, For problem 3i. 

» rref(S) 
ans = 

1.0000 0 1.5000 0 

0 1.0000 -1.5000 0 

» S = [ 1 -2 5 0; 2 3 4 0] ; '/, For problem 3ii. 

» rref(S) 
ans = 

1.0000 0 3.2857 0 

0 1.0000 -0.8571 0 

» '/, For problem 7a. 

» S = [ 3 -2 7 14 1 0 ; -7 0 2 -5 -5 0 ; 4 -7 9 27 0 0 ; -2 2 1 -5 -1 0 ]; 

» rref(S) 
ans = 

10 0 10 0 
0 10-200 
0 0 110 0 

0 0 0 0 1 0 

» S = [ 10 0 -10 -6 32 0; 8 2 -4 -7 32 0; -5 7 19 1 -5 0]; */. For problem 7e. 

» rref(S) 
ans = 

10-1020 
0 12 0 10 

0 0 0 1 -2 0 

(b) The equation w = cjvj + c 2 v 2 + ■ ■ --l-c*v* is equivalent to the system [A w] where A is the matrix 
whose columns are the vectors v,. If this system reduces to [i? u] in row echelon form, then [A 0] 
reduces to [/? 0], If there are an infinite number of solutions to [A w], then R will have a column 
without a pivot in it. In this case, the system [A 0] will also have an infinite number of solutions. 
Since [A 0] has a nontrivial solution, the columns of A are not linearly independent. 

7. (a) 

» m = 3; n =4; */. Choose values for m and n. 

» A = 2*rand(n,m)-l 
A = 

0.0594 -0.8663 0.8609 

0.3423 -0.1650 0.6923 

-0.9846 0.3735 0.0539 

-0.2332 0.1780 -0.8161 

» rref(A) */, Check for linear dependence, 

ans = 

10 0 
0 10 

0 0 1 

0 0 0 
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Since every column has a pivot, the columns of A are linearly independent. This will be true for 
almost all randomly chosen matrices. 

» B = A; 

» B(:,3) = 3*B(:,1) - 2*B(:,2) 

B = 

0.0594 -0.8663 1.9108 

0.3423 -0.1650 1.3570 

-0.9846 0.3735 -3.7009 

-0.2332 0.1780 -1.0554 

» rref(B) 
ans = 

1 0 3 

0 1-2 

0 0 0 

0 0 0 

The third column does not have a pivot, so the columns of B are dependent. This corresponds to 
choosing the third column of B to be a linear combination of the first and second. 

(b) The above can be repeated several times. 

(c) If a column of A is a linear combination of other columns of A, then the columns are linearly de¬ 
pendent. 

(d) See solution to problem 5 in MATLAB 1.7 

(e) If the columns of A are linearly dependent, then one column can be written as a linear combina¬ 
tion of the others. This is the converse of the statement in (c). 

(f) Proof: Let the columns of A be the vectors Vi, V 2 ,..., v„. The columns of A are linearly depen¬ 
dent if and only if there is a nontrivial solution of cjvi -1- C 2 V 2 + ... + c n v„ = 0. Pick one of the 
coefficients that is nonzero, for example, c*. This equation can be rewritten as 

-CiVjfe = CiV X + . . . + Ci-iVfc.t + Cjfc + 1 Vi + 1 + ... + c n v n . 

If we divide this by — c k , then we get 

Vi = -(ci/c i; )v 1 - ... - (c k -i/c k )vk-i ~ (ci + i/cfc)vi +1 - ... - (c n /c fc )v„, 

which means that v* is a linear combination of the other columns. Conversely, If v*, is a linear 
combination of the other columns, then 

Vi = CiVx + . . . + Ci_iVi_l + Ci + lVi + 1 + ... + c„v„. 

Bring Vi to the other side, and letting c k = —1, we get a nontrivial solution of 

0 = CjVi + ... + c„v„, 

which means that the columns are linearly dependent. 

8. (a) 

(0 

» A = Cl 0 2; 2 3 1; -1 1 -3]; 

» rref(A) 
ans = 

10 2 
0 1-1 

0 0 0 
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The third column is 2 times the first plus —1 times the second. To verify this: 

» 2*A(:,1) -1* A(:,2) '/, This should be the third column, 

ans = 

2 

1 

-3 


» A = [10 0 -10 -6 32; 82-4-7 32; -5 7 19 1 -5]; 

» rref(A) 
ans = 

10-102 
0 12 0 1 
0 0 0 1 -2 

» -1*A(;,1) + 2*A(:,2) */, This should be the third column, 

ans = 

-10 

-4 

19 

» 2*A(:,1) + i*A(:,2) -2*A(:,4) ’/, This should be the fifth column, 
ans = 

32 

32 

-5 

(iii) 

» A =[ 7 6 11 3 5; 8 1 -5 -20 9; 7 6 11 3 8; 8 2 -2 -16 6; 7 3 2 -9 7]; 
» rref(A) 

ans = 

1 0-1-3 0 

0 13 4 0 

0 0 0 0 1 

0 0 0 0 0 

0 0 0 0 0 

» -1*A(:,1) + 3*A(:,2) '/. This should be the third column, 

ans = 

11 

-5 

11 

-2 

2 

» -3*A(:,1) + 4*A(:,2) V. This should be the fourth column, 

ans = 

3 

-20 

3 

-16 

-9 
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(iv) 


» 

A= [13113; -2401 

-i; 

0-2-3 1 

9; 11215]; 

» 

R = rref(A) 




R = 

r 





1.0000 0 

0 

0 

1.0526 


0 1.0000 

0 

0 

-1.1579 


0 0 1.0000 

0 

-0.3158 


0 0 

0 

1.0000 

5.7368 

» 

c = R(:,5); 


’/, The fifth column of R gives the 

» 



'/, This should be the fifth column 

» 

c(l)*A(:,1) + c(2)*A(:,2) 

+ c 

(3)*A(:,3) 

+ c(4)*A(:,4) 


axis = 


3.0000 
- 1.0000 
9.0000 
5.0000 

(b) See answer to problem 49. 

9. (a) In each case, the matrix of vectors is reduced to row echelon form. Since every column has a pivot, 
the set is independent. Since the bottom row is all zeros, it is possible to pick a w so that the system 
[A w] does not have a solution, which means that w is not in the span of the columns of A. 

0) 


» A = C -1; 2]; 
» rref(A) 
ans = 

1 

0 


» A = [1 -1 2; 0 2 -1; 1 3 0; 1 1 4]; 
» rref(A) 
ans = 

10 0 
0 1 0 

0 0 1 

0 0 0 


(iii) 


» A = [ 4 10 6 3; 3222; 2881; 0122; 2 4 10 6]; 
» rref(A) 
ans = 

10 0 0 
0 10 0 

0 0 10 

0 0 0 1 

0 0 0 0 


(b) As above, the matrix of vectors is reduced to row echelon form. In each case, there is a column 
without a pivot, so the vectors are linearly dependent. However each row has a pivot; the system 
[A w] will always have a solution, so the set spans all of M". 
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(i) 



» A = [1 

3 -1; 2 -1 

0 ]; 


» rref(A) 

ans = 

1.0000 

0 

-0.1429 


0 

1.0000 

-0.2857 

(ii) 


» A = [1 

-1 2 1; 0 

2-1 1; 1 3 0 4]; 


» rref(A) 

ans = 

1.0000 

0 

1.5000 0 


0 

1.0000 

-0.5000 0 


0 

0 

0 1.0000 

(iii) 


» A = [4 

30711; 

-1 2 1 2 1 1; 3 2 2 7 -1 1; 122501]; 


» rref(A) 

ans = 

1.0000 

0 

0 1.0000 0 - 0.1111 


0 

1.0000 

0 1.0000 0 0.5556 


0 

0 

1.0000 1.0000 0 0 


0 

0 

0 0 1.0000 -0.2222 


(c) No it is not possible. In part (a), there was a pivot in every column, so the number of pivots was 
the same as the number of columns. However, there was a row without a pivot, so the number 
of rows was more than the number of pivots. This means that the number of rows is more than 
the number of columns. Similarly in part (b), the number of rows is less than the number of 
columns. This cannot happen for n vectors in M", where the matrix A will have the same num¬ 
ber of rows and columns. 

(d) If m < n, a set of m vectors will never span M". If m = n, the set is linearly independent if 
and only if it spans all of IR n . If m > n, the set will never be linearly independent. The proof of 
all three of these come from reducing the matrix of these vectors to row echelon form. The set 
spans M” when every row has a pivot, and the set is linearly independent when every column has 
a pivot. If m < n, there can at most be m pivots, so at least one of the n rows will not have a 
pivot. If m = n, then every row has a pivot if and only if there are n pivots. This happens if and 
only if every column has a pivot. If m > n, there can be at most n pivots, so at least one of the 
m columns will not have a pivot. 

10. (a) First, the matrix V whose columns are the vectors v; is entered. In each case, every column of the 
reduced row echelon form of V has a pivot. 

(i) 

» Vi = [ 1 -1 2; 0 2 -1; 130; 114]; 

» rref(Vi) 


10 0 
0 1 0 
0 0 1 
0 0 0 


ans 
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» Vii = [ 4 10 6 3; 3222; 2881; 0122]; 
» rref(Vii) 
ans = 

10 0 0 
0 10 0 

0 0 10 

0 0 0 1 

(iii) 

» Viii = [-1 -1; 0 0; 2 1; 3 5]; 

» rref(Viii) 
ans = 

1 0 

0 1 

0 0 

0 0 

(iv) 

» Viv = round( 10*(2*rand(4)-l)) 

Viv = 

-6 9 -9 -10 

-9 -2 -9 -2 

4 0 1-9 

4 7 3 -2 

» rref(Viv) 
ans = 

10 0 0 
0 10 0 

0 0 10 

0 0 0 1 


(b) First, a random matrix is entered. To verify that it is invertible, we check that det (^4) is nonzero. 
Then the matrix B is created whose columns are j4v,-. This is done using B = AV. Next the ma¬ 
trix B is reduced to see if the vectors are independent. In each case, the vectors 
{Avi, Av 2 , ..., Avk} are linearly independent. 

» A = round( 10*(2*rand(4)-l)) 

A = 

4 14-9 

2-885 
9 3 5 -3 

7-2-5 3 

» det (A) '/. Check that A is invertible, 

ans = 

-7290 



Linear Independence 


MATLAB 4.5 


285 


(i) 


» 

B = 

A*Vi 


B = 

-1 

1 

-29 


15 

11 

32 


11 

9 

3 


5 

-23 

28 

» 

rref(B) 


axis 

1 

0 

0 


0 

1 

0 


0 

0 

1 


0 

0 

0 


(ii) 


» B = 

A*Vii 


B = 

27 

65 

40 

0 

73 

70 

55 

133 

94 

12 

29 

4 

» rref(B) 


ans = 

i 

0 

0 

0 

1 

0 

0 

0 

1 

0 

0 

0 


(iii) 


» B = 

A*Viii 

B = 

-23 

-45 

29 

31 

-8 

-19 

-8 

3 

» rref(B) 

ans = 

i 

0 

0 

1 

0 

0 

0 

0 


(iv) 


» B = 

A*Viv 


B = 

-53 

-29 

-68 

112 

69 

77 

-73 

54 

-112 

-32 

88 

-41 


0 

8 

32 

18 


0 

0 

0 

1 


-60 

-86 

-135 

-27 
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» rref(B) 
ans = 

10 0 0 
0 10 0 

0 0 10 

0 0 0 1 

(c) This is done in the same way that (b) was. 
» A(:,3) = 2*A(:,1) - A(:,2) 


4 

1 

7 

-9 

2 

-8 

12 

5 

9 

3 

15 

-3 

7 

-2 

16 

3 


» det(A) '/, This should be zero, for A to be singular, 

ans = 

0 

(i) 


» B = 

A* Vi 


B = 

2 

10 

-29 

19 

23 

32 

21 

39 

3 

26 

40 

28 

» rref(B) 


ans = 

i 

0 

0 

0 

1 

0 

0 

0 

1 

0 

0 

0 


(ii) 


» B = A*Vii 

B = 

33 89 

64 

3 


8 105 

102 

12 


75 213 

174 

42 


54 197 

172 

39 


» rref(B) 

ans = 

1.0000 

0 

0 

1.3846 

0 

1.0000 

0 

-1.8718 

0 

0 

1.0000 

1.9359 

0 

0 

0 

0 


» B = A*Viii 
B = 


-17 

-42 

37 

35 

12 

-9 

34 

24 


(iii) 
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» rref(B) 
ans = 

1 0 

0 1 

0 0 

0 0 

(iv) 


» B = 

A*Viv 



B = 




-41 

-29 

-65 

-87 

128 

69 

81 

-122 

-33 

54 

-102 

-225 

52 

88 

-20 

-216 


» rref(B) 
ans = 

1.0000 

0 

0 

0 


0 

1.0000 

0 

0 


0 

0 

1.0000 

0 


-3.0229 

0.0629 

3.2171 

0 


The vectors from parts (i) and (iii) were still linearly independent. However, the vectors in 
part (ii) and (iv) were no longer linearly independent. 

(d) If the matrix A is invertible, and a set {vi, V 2 ,..., v*} is linearly independent, then the set 
{j4vi , Av 2 , ■ ■ ■, Av*} is also linearly independent. 

11. To solve this problem, each polynomial in P„ is represented by a vector in M n+1 , as in problem 9 in 
MATLAB 4.4. Then the matrix of these vectors is reduced to row echelon form. Finally, if any col¬ 
umn doesn’t have a pivot, the corresponding vector is written in terms of the other vectors. 


» 

» pi = [1; -1; 0]; 
» p2 = [0; 1; 0]; 

» A = Cpl p2]; 

» rref(A) 


7. Problem 13. 

'/, The first polynomial 1 - lx + 0x*2 
'/, The second poly. 0 + lx + 0x~2 


ans = 

1 0 

0 1 

0 0 

Every column has a pivot, so these polynomials are linearly independent. 


» 

» A = [0 0 0 

-1 -2 3 

0 1 53; 

» rref(A) 
ans = 

1 0 -13 

0 15 

0 0 0 


'/, Problem 14. 

'/. The constant terms of the polynomials. 
'/, The x terms. 

'/, The x"2 terms. 
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These are linearly dependent, and the third column can be written in terms of the first two. 

» -13*A(: ,1) + 5*A(:,2) 
ans = 

0 
3 
5 

In terms of the polynomials (3x + 5x 2 ) = —13(—x) + 5(x 2 — 2x). 

» '/, Problem 15. 

» A = [ 1 1 0 '/. The constant terms. 

-110 '/, The x terms. 

0 0 1]; '/. The x"2 terms. 

» rref(A) 
ans = 

10 0 

0 10 

0 0 1 

These are linearly independent 

» 

» A = [ 0 0 0 

1 -1 -1 
0 10 
0 0 1]; 

» rreT(A) 
ans = 

10 0 

0 10 

0 0 1 

0 0 0 

These are linearly independent 

» 

» A = [ 0 -3 1 -9 

2 0 1 18 

0 0 0 0 

0 1-4 1]; 

» rref(A) 
ans = 

1.0000 0 

0 1.0000 
0 0 

0 0 

These are linearly dependent. The forth polynomial is 8.7273 times the first plus 3.1818 times the 
second plus 0.5455 times the third. To verify this: 

» 8.7273*A(: , 1) + 3.1818*A(:,2) + O.S455*A(:,3) 
ans = 

-8.9999 

18.0001 

0 

0.9998 

Notice we only used 4 decimal places for the solution, and ans only agrees with A(: ,4) to about 4 
digits. 


'/, Problem 16. 

'/. The Constant terms. 
'/. The x terms. 

*/. The x"2 terms. 

'/, The x _ 3 terms. 


'/, Problem 17. 

'/, The Constant terms. 
'/, The x terms. 

'/, The x~2 terms. 

I The x~3 terms. 


0 8.7273 

0 3.1818 

1.0000 0.5455 

0 0 
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12. In order to work this problem, the matrices will be entered as vectors. 

» Ml = C 2 -1; 4 0] ; '/. question 18. 

» M2 = [ 0 -3; 1 5] ; M3 = [ 4 1; 7 -5] ; 

» vl = [ Ml(:, 1) ; Ml(:,2)] 
vl = 

2 

4 
-1 

0 

» v2 = C M2(: ,1) ; M2(:,2)] 
v2 = 

0 

1 

-3 

5 

» v3 = [ M3(: ,1) ; M3(:,2)] 
v3 = 

4 

7 

1 

-5 

» rref( [ vl v2 v3]) 
ans = 

10 2 
0 1-1 

0 0 0 

0 0 0 

These are dependent: M 3 = 2Mi — IM 2 . 

» 2*M1 - 1*M2 '/. This should be M3, 

ans = 

4 1 

7 -5 

» Ml = [1 -1; 0 6]; M2 = [ -1 0; 3 1] ; */. question 19. 

» M3 = [1 1; -1 2]; M4 = [ 0 1; 1 0]; 

» vl = [ Ml( :,1) ; Ml(:,2)]; v2 = [ M2(:,l) ; M2(:,2)3; 

» v3 = [ M3(:, 1) ; M3(:,2)1; v4 = [ M4(:,l) ; M4(:,2)]; 

» rref( [ vl v2 v3 v4]) 

10 0 0 
0 10 0 

0 0 10 

0 0 0 1 


ans 
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These are linearly independent. 

» Ml = [ -1 0; 1 2] ; M2 = [2 3; 7 -4]; ’/, question 20. 

» M3 = [ 8 -5; 7 6]; M4 = [ 4 -1; 2 3]; M5 = [ 2 3; -1 4]; 

» vl = [ Ml(:,1) ; Ml(:,2)]; v2 = [ M2(:,l) ; M2(:,2)]; 

» v3 = [ M3(:,1) ; M3(:,2)]; v4 = [ M4(:,l) ; M4(:,2)]; 

» v5 = [ M5(:,1) ; M5(:,2)]; 

» R = rref( [ vl v2 v3 v4 v5]) 

R = 

1.0000 000 0.9697 

0 1.0000 0 0 0.0303 

0 0 1.0000 0 - 1.2121 

000 1.0000 3.1515 

These are dependent. The fifth matrix is a linear combination of the first four. 

» c = R(:,5); '/. The coefficients. 

» c(l)*Ml + c(2)*M2 + c(3)*M3 + c(4)*M4 */, This should be M5. 
ans = 

2.0000 3.0000 

-1.0000 4.0000 


13. (a) In order to work this problem, we will need to convert the 2x2 matrices into a vectors in M 4 . 

» A = round(10*(2*rand(2)-1) ) */. Generate a random matrix. 

A = 

4 5 

8 -5 

» a = A(:) '/. This converts a matrix to a single column, 

a = 

4 
8 

5 
-5 

The two commands above are repeated for B, C, D, and E. Next we check the linear dependence 
of a, 6, c, d, and e. 

»M = [abcde] 

M = 

49-9 -10 4 

8 -2 -9 -2 2 

501-99 
-5 7 3 -2 7 

» R = rref(M) 

R = 

1.0000 0 0 

0 1.0000 0 

0 0 1.0000 

0 0 0 


0 7.2042 

0 5.3266 

0 4.2263 

1.0000 3.4719 
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From R, we see that e is a linear combination of the first four vectors. This corresponds to E 
being a linear combination of the first four matrices. To verify this: 

» E */. The matrix E. 

E = 

4 9 

2 7 

» R(1,5)*A + R(2,5)*B + R(3,5)*C + R(4,5)*D '/. This is E as a combination 

'/, of A, B, C and D. 

ans = 

4.0000 9.0000 

1.9999 7.0001 

This can be repeated for two other sets of random matrices. 

(b) As in (a), we will convert the 2x3 matrices into a vectors in M 6 . 

» A = round(10*(2*rand(2,3)-l)) '/. Generate a random matrix. 

A = 

-9 -3 5 

5 3 10 

» a = [ A(:,l); A(:,2); A(:,3) ] ’/, Convert a matrix into one column vector, 
a = 

-9 

5 

-3 

3 
5 

10 

This is repeated for B through G. 

» M = [abcdefg] 

M = 


-9 -3 

-9 

0 

8 

-4 

-9 




5 -5 

3 

-5 

8 

10 

0 




-3 10 

8 

-5 

-9 

0 

-2 




3 4 

-5 

-3 

8 

-5 

-4 




5 5 

-1 

-7 

0 

-8 

8 




10 3 

5 

0 

0 

9 

1 




, = rref(M) 









1.0000 

0 


0 


0 

0 

0 

0.8926 

0 1 

.0000 


0 


0 

0 

0 

-0.9856 

0 

0 

1, 

.0000 


0 

0 

0 

-0.3569 

0 

0 


0 

1.0000 

0 

0 

-0.7539 

0 

0 


0 


0 

1.0000 

0 

-1.0689 

0 

0 


0 


0 

0 

1.0000 

-0.3539 


From R, we see that g is a linear combination of the first six vectors. This corresponds to G be¬ 
ing a linear combination of the first six matrices. To verify this, compare G with the linear com¬ 
bination: 

» G '/, The matrix G. 

G = 

-9 -2 8 

0-4 1 
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» R(i,7)*A + R(2,7)*B + R(3,7)*C + R(4,7)*D + R(5,7)*E+ R(6,7)*F 
ans = 

-9.0000 -2.0000 8.0000 

0.0000 -4.0000 1.0000 

(c) Any set of 9 or more matrices in M 42 is linearly dependent. This can be tested in the same man¬ 
ner as in (a) and (b). 

(d) See solution for 45. 

14. (a) 


» A = zeros(6,8); 

» A(1,1) = -1; A(2,l) = 1 

» A(2,2) = -1; A(3,2) = 1 

» A(4,3) = -1; A(5,3) = 1 

» A(5,4) = -1; A(6,4) = 1 

» A(1,5) = -1; A(6,5) = 1 

» A(5,6) = -1; A(l,6) = 1 

» A(5,7) = -1; A(2,7) = 1 

» A(3,8) = -1; A(4,8) = 1 

A = 

-10 0 0 

1-10 0 

0 10 0 

0 0-10 

0 0 1-1 

0 0 0 1 

(b) 

» rref([A(: , 1) A(:,7) A(:,4) A(:,5)]) 
ans = 

10 0 1 

0 10-1 

0 0 11 

0 0 0 0 

0 0 0 0 

0 0 0 0 

» rre:f( [ A(:,l) A(:,7) A(:,6)]) 
ans = 

10-1 
0 1 1 

0 0 0 

0 0 0 

0 0 0 

0 0 0 

In each case, and for any closed loop, the columns are linearly dependent. 


7 , There are 6 nodes and 8 edges. 

'/. Edge 1 leaves node 1 and enters node 2. 
*/. Edge 2. 

*/. Edge 3. 

*/. Edge 4. 

*/. Edge 5. 

*/. Edge 6. 

’/. Edge 7. 

% Edge 8. 
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(c) One such set has edges 1, 2, 7, and 8. 

» rref([ A(:,l) A(:,2) A(:,7) A(:,8) ]) 
ans = 

10 0 0 
0 10 0 

0 0 10 

0 0 0 1 

0 0 0 0 

0 0 0 0 

As long as there are no closed loops, the set columns will be linearly independent. 

(d) 

» A = zeros(5,8); */. There are 5 nodes and 8 edges. 

» A(l, 1) = -1; A(l,3) = 1; A(l,6) = 1; A(l,4) = -1; 7. Node 1. 

» A(2,l) = 1; A(2,2) = -1; 7. Node 2. 

» A(3,4) = 1; A(3,7) = -1; A(3,5) = -1; 7. Node 3. 

» A(4,2) = 1; A(4,3) = -1; A(4,7) = 1; A(4,8) = 1; 7. Node 4. 

» A(5,8) = -1; A(5,6) = -1; A(5,5) = 1 7. Node 5. 

A = 

-10 1-10 10 0 
1 -1 000000 
0 0 0 1 -1 0 -1 0 

01 -1 00011 

0 0 0 0 1 -1 0 -1 

» rref([ A(:,4) A(:,S) A(:,6)]) 7. Edges 4, 5 and 6 form a cycle, 
ans = 

10-1 
0 1-1 

0 0 0 

0 0 0 

0 0 0 

» rref([ A(:,l) A(:,3) A(:,6) A(:,4)] ) 7. Edges 1, 3, 6 and 4 have no loops, 
ans = 

10 0 0 

0 10 0 

0 0 10 

0 0 0 1 

0 0 0 0 

The columns corresponding to a loop were dependent, and those corresponding to a set with no 
loops were independent. 

(e) If A is the incidence matrix for a digraph, then its columns are linearly independent if and only if 
the digraph has no cycles. 
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Section 4.6 

1. no; two polynomials cannot span P- 2 , see Solution 4.5.41. 

/ 0 1-5\ 

2. yes; they are independent since det I —3 0 0 1 = 3(1 + 5) = 18 ^ 0; they span since 

\ 01 1 / 

- 5 \ 

and | 0 I span M 3 . 

1 / 


3. 

4. 


5. 

6 . 


7. 


8 . 

9. 

10 . 

11 . 

12 . 

13. 

15 . 


no; as x 2 — 3 — (x 2 — 1) + (x 2 
yes; as det ° J J ° Q = 1 # 

Vo 0 0 1/ 

rem 5. 

no; three polynomials cannot span P 3 . (Any linear combination of these three will have ax 3 — 4ax + 
bx 2 + c. So x 3 or x not in span.) 


— 2 ), they are dependent. 


0, they are independent and span the 4 dimensional space P3, by Theo- 


0 0 ,. 

n°; 1 ! o ) £ s P an 


3 2 
0 0 


-5 1 

0 6 


- 0 } 


(Show a , ( Q g J + a 2 f Q Q 


-5 1 

0 6 


{(!! 

= Can no * a ^ wa ^ s so ^ ve( i) 

As abed ^ 0, then a, b, c, and d are all nonzero. Thus, c\ 0 ) + C2 (o 0 ) + C3 ( c 0 ) "^~ C4 (0 d) = 
0 implies c,- = 0 for each i- = f(So)" + 'f(oo) + 5 (^o) + 5 (o 2 )' Hence they are 


independent and span, so form a basis for M 22 . 


As M 22 has a basis consisting of 4 matrices, then theorem 2 implies every basis for M 22 contains 4 
matrices. Thus the given set of matrices is not a basis for M 2 2 - (Any 5 matrices in M 2 are depen¬ 
dent.) 

yes; given ( x,y ) G H, then (x,y) = (z, -x) - x(l,—l) 

no; they are dependent since (—3, 3) = —3(1, —1), so not a basis. 



As dimM 2 = 2, a proper subspace H must have dimension 1. Thus, H = span {(£ 0 , yo)} for some 
(z 0 , Vo ) € M 2 . So for every (z, y) G H, (z, y) = t(z 0 , j/o) for some iGffi. Hence, x - tx 0 and y = ty 0 , 
which is the equation of a line through the origin. 
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16. (a) Suppose (xi.yi, zi.ioj) and (x 2 , J/ 2 , * 2 , u; 2 ) are in if. Then a(xi + x 2 ) + b(yi + y 2 ) + c(z x + z 2 ) + 
d(wi + w 2 ) = axi + byi + czi+dwi + ax 2 + by 2 +cz 2 + dw 2 = 0, and a(axi) + &(ayi) + c(azi) + d(au;i) = 
a(axi + byi + cz\ + dw\) — 0. Thus if is a subspace of M 4 . 

x \ / -(by + cz + dw)/a\ /-b/a\ /-c/a\ 


(b) As abed ^ 0, a is nonzero. Then 


w 


\ 


Hence a basis for if is < 



1 

0 

0 ) 


+ z 


0 

1 

0 / 


+ 


( —d/a \ 

0 
0 

1/ 

(c) dim if = 3. 

17. Let {vj, v 2 ,..., v„_x} be a basis for if. Let a = (a 1 ,a 2 ,.. .,a„). Asa-v, = 0 is a homogeneous 
system of n — 1 equations with n unknowns, there is a nontrivial solution a. Let v = (xi,x 2 ,..., x n ) 

n — 1 /n —1 \ n —1 

be in if. So v = ^T]c,v,- where c,- € ®. Then a-v = a- j ^c,v; 1 = ^c;(a• v,) = 0. Thus 

»=1 Vi=l / » = i 

a\Xi + a 2 x 2 + • • • + a n x n = 0, which proves the result, since the n — 1 dimensional space of solutions 

must concide with if. 

f X '\ 

X3 


18. 


Cj 

I 
0 
0 
0 


/ *i\ 




( 


/°\ 


/°\ 

x 2 


0 


1 


0 


0 

X3 

= Xl 

0 

+ x 2 

0 

= X 3 

1 

+ x 4 

0 

X 4 


0 


0 


0 


1 

V 2xi — 3x 2 + X3 + 4x 4 / 


\2/ 

\ —3/ 


\l ) 

uJ 


Hence the vectors 


19. 


\ 

< °\ 
1 


(°o) 

! 

1 

(°\ 

0 

) 

0 

) 

1 

, and 

0 


0 

V —3/ 


0 

\lJ 

I 

1 

1 

\4/ 

-1 

|0\ , 

(1 

-1 

0> 

1 

2 

\0j 


\0 

0 


1 


form a basis for if. 


0 = ( y ) = ^(l)' ^ us a ^asis f° r the solution space 


is 


{(!)} 


20 . 


1 -2 

3 1 


1 0 
0 1 


21 . 


1 -1 -1 

2 -1 1 


1 0 2 
0 1 3 


^ . The solution space is the trivial subspace 

2 



= z 



the solution space. 


22 . 



T 0 7/4 
0 1 1/4 
0 0 0 


= z 



A basis for the solution space is 
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/ 2 -6 4 0\ /I -3 2 0\ /x\ 

23. [ -1 3-2 0 J —► { 0 0 0 0 1 y 

\-3 9 -6 0/ \0 0 0 0/ \zj 

for the solution space. 

r / 1 0 0\ /0 0 0\ /0 0 0\ ) 

24. \ 000 , 010 , 000 J; dimD 3 = 3. 

{ \0 0 0/ \0 0 0/ \0 01/J 

25. For i = 1,2,..., n, let J3; be an nxn matrix with = 1 and 0’s everywhere else. Then {B x , B 2 ,..., B n } 
is a basis for D n . Hence dim D n = n. 

26. Let A G S„„ and B G S’™. Then A + B = A* + B i = (A + B)* . Hence A + B G S„„. Moreover, 
ai = a A 1 = (<*A)‘. So aA G 5„„. By Theorem 4.3.1, S nn is a subspace of M nn . For i < j, let B,y 
be the nxn matrix with bij = bji = 1 and 0’s elsewhere. Note that each Bij is symmetric, they are 
linearly independent, and every symmetric matrix can be written as a linear combination of the Bij’ s. 
Thus { Bij : 1 < i < j < n} is a basis for S nn , and dim S„„ = n + (n — 1) + (n — 2) + • • • + 2 + 1 = 

= n ( n + 



27. Use induction on m. Let {ui,u 2 ,.. - ,u n } be a basis for V. Suppose m = n — 1; then some u; ^ 
span {vt, v 2 ,..., v m }. By problem 4.5.56, {vi, v 2 ,..., v m , u,} is a linear independent set contain¬ 
ing n vectors. By theorem 5, {vi, v 2 ,..., v m , u,} is a basis for V. Now suppose m < n and that the 
claim holds true for m + 1 linearly independent vectors. As before, some u,- ^ span {vj, v 2 ,..., v m }. 

So {vj, v 2 ,.. .,v m ,u,} is a set of m + 1 linearly independent vectors. By the induction hypothesis, 
this set can be extended to a basis for V, which proves the claim. 

28. By problem 4.5.48, they are linearly independent. By theorem 5, they constitute a basis for V. 

29. If the vectors are linearly independent, then they form a basis for V. Hence dim V — n. If they are 
dependent, by problem 4.5.49, at least one of the vectors can be written as a linear combination of the 
vectors that precede it. Throw this vector out. Continue in this manner until m linearly independent 
vectors are obtained. By construction, this set still spans V. Thus dim V = m < n. In either case, we 
have dimV < n. 

30. Suppose there exists v G K such that v ^ H. Let {ui,u 2 ,.. .,u„} be a basis for H. Then 
{ui,u 2 ,.. .,u„,v} is a linearly independent set contained in K. This implies dim AT > n + 1 > n = 
dim if, which is a contradiction. Thus H = K. 

31. (a) (h\ + k\) + (h 2 + F 2 ) = (h\ + h 2 ) + (&i + fc 2 ) G H + K\ a(h + k) — ah + ak G H + K. 

(b) Let {ui,u 2 ,... ,u m } be a basis for H and {vt, v 2 ,..., v„} be a basis for K. Let B = {u!,u 2 ,... ,u m , 

vi,v 2 ,..., v n }. Clearly, B spans H + K. Suppose c*iUi + a 2 u 2 +-h a m u m + f3 x \ 1 + /? 2 v 2 + 

-1- P n v n = 0. Then orjui + a 2 u 2 +-1- a m u m = -/?iVi - /? 2 v 2 --/?„v„ G H D I< = {0}. 

Thus «iU! + a 2 u 2 +-h a m u m = ^V! + /? 2 v 2 H-1- /?„v„ = 0. It follows that a* = (3j = 0 for 

each i and j. So B is a basis for H + K. Hence dim (H + K) — dim H + dim if. 


32. If H = V, then K = {0}. If H = {0}, then K = V. Suppose if is a proper subspace. Let {vi, v 2 ,..., v*,} 
be a basis for H and let dim V = n. By problem 27, there exist vectors v fc+1 ,v* +2 ,.. ,,v n such that 
{vi,v 2 ,.. ,,v„} is a basis for V. Let k = span {vjt + i, v,t +2 ,..., v„}. Clearly H + K = V. Suppose 

k n k n 

V G H n K. Then v = ^ /?iV<, which gives ^ /J.-v,- = 0. Thus each 

* = 1 i=k+l * = 1 »=A: + 1 


a, = 0 and each (ij = 0, and it follows that H fl K = {0}. It is false that K is unique, for instance if 
H = HO} = x-axis in M 2 , K can be any line through 0, with non-zero slope. 




Bases and Dimension Section 4.6 


297 


33. Suppose Vi and V 2 are colinear. Then V 2 = avj for some scalar a. Thus {vi} is a basis for span{vi, V 2 } 
and dim span{vi,v 2 } = 1. Conversely, suppose dim span{vi,V 2 } = 1. Let {v} be a basis for 
span{v x ,v 2 }. Then Vi = av and v 2 = /?v. As dim span {v x , V 2 } = 1, either a ^ 0 or /? ^ 0. 


We may assume a 0. Then V 2 = —v x which shows they are colinear. 

a 


34. Suppose v x , v 2 , and v 3 are coplanar. If the vectors are parallel, dim span {v x , v 2 , v 3 } = 1. If at least 
two of the vectors are not parallel, then dim span {v x , v 2 , v 3 } = 2. Hence, in either case 

dim span {vi,v 2 ,v 3 } < 2. Conversely, suppose dim span {vj, v 2 , v 3 } < 2. If the dimension is 1, let 
{v} be a basis. Then v x = av, V 2 = /?v, and v 3 = 7 V. Since the dimension is 1, either a, /?, or 7 is 

Q j 

nonzero. We may assume a/0. Then v 2 = —v x and v 3 = —v x , which shows the vectors are parallel. 

a a 

If the dimension is 2, let {u,v} be a basis. Then v x = a x u+/? x v, v 2 = a 2 u+/? 2 v, and v 3 = a 3 u+/? 3 v. 
Thus 

v x • (v 2 x v 3 ) = v x • [a 2 a 3 (u x u) + f3 2 a 3 (v x u) + a 2J 8 3 (u x v) + /3 2 /3 3 (v x v)] 

= a x (a 2 /? 3 - f3 2 a 3 )[u-(u x v)] + /? x (a 2 ^ 3 - P 2 a 3 )[v • ( u x v)] 

= 0. 


By problem 3.5.59, v x , V 2 , and v 3 are coplanar. So in either case the vectors are coplanar. 

35. Suppose the vectors are dependent. Then we could throw out one of the vectors and still have a set 
that spans V, which would imply dim V < n. Thus the vectors are independent and, hence, form a 
basis for V. 

36. If H = V, then H has a basis. Suppose H is a proper subspace of V, then as V is finite dimen¬ 
sional, it follows that H is spanned by a finite number of vectors. Let {v x , v 2 ,..., v*,} be a subset of 
H which spans H. By the method used in problem 29, we can reduce this spanning set until we have 
a set that spans H and is linearly independent. Thus H has a basis. 


37. {(1,0,1,0), (0,1,0,1), (1,0,0,0), (0,1,0,0)} and {(1,0,1,0), (0,1,0,1), (0,0,1,0), (0,0,0,1)} 


all+a ala 

38. 10 1 = 101= —a(a — a) = 0. The vectors never form a basis for M 3 , since for all values of a 

0 a a 0 a 0 

the vectors are dependent. 
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1. (a) In each case, the matrix formed by the vectors reduces to the identity matrix in row echelon form. 
This means that they are linearly independent, and by theorem 5 they form a basis since we are deal¬ 
ing with n vectors in a space known to have dimension n. 

(i) 

» A = [ 8.25 1.01 10; 7 -7 -6.5; 8 -1 -1]; 

» rref(A) 
ans = 

10 0 
0 10 

0 0 1 

» w = 2*rand(3,1)-1 '/. For part (b). 

w = 

0.5230 
0.5404 
0.6556 

» c = A\w '/. Solve Ac = w. 

c = 

0.0825 

0.0219 

-0.0179 

» c(l)*A(:,i) + c(2)*A(: ,2) + c(3)*A(:,3) '/, Write w as a linear combination, 
ans = 

0.5230 
0.5404 
0.6556 

(ii) 

» 

» A = [1 1 2 -1 1; -1 0 4 
» rref(A) 
ans = 

10 0 0 
0 10 0 

0 0 10 

0 0 0 1 

0 0 0 0 

» w = 2*rand(5,1)-1 
w = 

-0.7493 
-0.9683 
0.3769 
0.7365 
0.2591 

» c = A\w '/, Solve Ac = w. 

-0.9345 
-2.3096 
-2.1988 
-0.5952 
6.2972 


-1 1 ; 0 3 -1 2 1 ; 2 -1 3 -1 1 ; 1 1 1 1 1 ]; 


0 

0 

0 

0 

1 

*/, For part b. 


c 
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» c(l)*A(:,l) + c(2)*A(:,2) ... '/. Write w as a linear combination. 
+ c(3)*A(:,3) + c(4)*A(:,4) + c(5)*A(:,5) 

ans = 

-0.7493 

-0.9683 

0.3769 

0.7365 

0.2591 

(iii) For this part, we must first convert the 2x2 matrices into column vectors in ]R 4 . 

» A = [ 1 -1; 1.2 2.1]; B = [ 2 1; -1 1]; '/, Enter the matrices. 

» C = [ 1 3; -2 0]; D = [ -1.5 4; 4.3 5]; 

» a = [ A(:,l); A(:,2)] '/, Convert them to vectors, 

a = 

1.0000 
1.2000 
-1.0000 
2.1000 

» b = [ B(:, 1); B(:,2)3; 

» c = [ C(:,1); C(:,2)]; 

» d = C D(: ,1); D(:,2)3; 

» H = [a b c d] '/, Form the matrix of vectors. 

M = 

1.0000 2.0000 1.0000 -1.5000 

1.2000 -1.0000 -2.0000 4.3000 

-1.0000 1.0000 3.0000 4.0000 

2.1000 1.0000 0 5.0000 

» rref(M) '/. Check for linear independence, 

ans = 

10 0 0 
0 10 0 

0 0 10 

0 0 0 1 

» W = 2*rand(2)-l '/. Make a random matrix for part (b). 

W = 

0.4724 0.9989 

0.4508 0.7771 

»w = C W(:,l); W(:,2)3 */, Convert W to a vector, 

w = 

0.4724 

0.4508 

0.9989 

0.7771 

» c = M\w '/. Solve Me = w. 

c = 

-1.0916 

1.4930 

-0.9490 

0.3153 
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» c(l)*A + c(2)*B + c(3)*C + c(4)*D */. Compare w with this linear combination, 
ans = 

0.4724 0.9989 

0.4508 0.7771 

(iv) We must convert polynomials to vectors in M 5 . 

» pl = C 1; 2; 0; -1; 1]; p2 

» P 3 = C 5; 3; -1; 4; 2]; p4 
» p5 = [ 1; 1; 1; 1; 1]; 

» A = [pl p2 p3 p4 p5] 

A = 

1 4 5 0 1 

2-1311 
0 3-1-2 1 

-10 4 11 

112 11 

» rref(A) 
ans = 

1 0 0 0 0 

0 10 0 0 

0 0 10 0 

0 0 0 1 0 

0 0 0 0 1 

» w = 2*rand(5,l)-l '/. For part (b) . 

w = 

-0.5336 
-0.3874 
-0.2980 
0.0265 
0.1822 

» c = A\w '/. Solve Ac = w. 

c = 

-0.1647 
0.1083 
-0.1884 
0.4755 
0.1399 

» c(l)*pl + c(2)*p2 + c(3)*p3 + c(4)*p4 + c(5)*p5 */, Compare with w. 
ans = 

-0.5336 
-0.3874 
-0.2980 
0.0265 
0.1822 


= C 4; -1; 3; 0; 1]; 
= [ 0 ; 1 ; - 2 ; 1 ; 1 ]; 
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2. See the answer to problem 9, MATLAB 4.5. In each case, the matrix of vectors is reduced to row ech¬ 
elon form. Since there are no zero rows, the system [A w] will have a solution for any w. Therefore 
the set spans all of K". However, since there is a column without a pivot, the vectors are not lin¬ 
early independent. Thus they are not a basis. Below, a random vector w is generated, and the system 
[A w] is reduced to echelon form. In each case there is a free variable. 

(i) 


» A = [13-1; 2-10]; 
» w = 2*rand(2,1)-1 
w = 

0.3577 

0.3586 


(ii) 


» rref([A w]) 
ans = 


1.0000 0 
0 1.0000 


-0.1429 

-0.2857 


0.2048 

0.0510 


» A =[ 1 -1 2 1; 0 2 -1 1; 1 3 0 4]; 
» w = 2*rand(3,1)-1 
w = 


0.8694 

-0.2330 

0.0388 


» rref([A w]) 
ans = 

1.0000 0 

0 1.0000 

0 0 

(iii) 


1.5000 

0 

1.2997 

-0.5000 

0 

0.0658 

0 

1.0000 

-0.3646 


» A = [43071 1; -121211; 3227-11; 122501]; 
» w = 2*rand(4,l)-l 
w = 

0.6619 
-0.9309 
-0.8931 
0.0594 

» rref([A w]) 
ans = 


1.0000 

0 

0 

1.0000 

0 

-0.1111 

1.2108 

0 

1.0000 

0 

1.0000 

0 

0.5556 

-2.5184 

0 

0 

1.0000 

1.0000 

0 

0.0000 

1.9427 

0 

0 

0 

0 

1.0000 

-0.2222 

3.3741 
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3. (a) See the answer for problem 1 above, to see how to enter these matrices. In each case, the first vec¬ 
tor is removed from the set. The new set is made from the columns of the new matrix B. The result¬ 
ing set is not a basis because the vectors no longer span. 

(i) 

» A = [ 8.25 1.01 10; 7 -7 -6.5; 8 -1 -1]; 

» B = A(:,[2:3] ) 

B = 

1.0100 10.0000 

-7.0000 -6.5000 

- 1.0000 - 1.0000 

» rref(B) 
axis = 

1 0 

0 1 

0 0 


» A = [1 1 2 -1 1; -1 0 4 -1 1; 0 3 -1 2 1; 2 -1 3 -1 1; 1 1 1 1 1]; 
» B = A ( :, [2:5] ) 

B = 

12-11 
0 4-11 

3-121 
-1 3-1 1 


» rrei(B) 
ans = 

10 0 0 
0 10 0 

0 0 10 

0 0 0 1 

0 0 0 0 

(iii) 

» M = [abed]; 

» B = M(: ,[2:4] ) 

B = 

2.0000 1.0000 -1.5000 

-1.0000 -2.0000 4.3000 

1.0000 3.0000 4.0000 

1.0000 0 5.0000 

» rref(B) 

10 0 
0 10 

0 0 1 

0 0 0 


ans 
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(iv) 


» A = [pi p2 p3 p4 p5]; 
» B = A(:,[2:5] ) 

B = 



4 

5 

0 

1 



-1 

3 

1 

1 



3 

-1 

-2 

1 



0 

4 

1 

1 



1 

2 

1 

1 



» rref(B) 






ans = 






1 

0 

0 

0 



0 

1 

0 

0 



0 

0 

1 

0 



0 

0 

0 

1 



0 

0 

0 

0 


For each set, a vector w 

is generated, and then a new matrix B = [w A] is entered. The resulting 

set is not a basis because the set is 

not linearly independent, as seen by the column without a 

pivot. 

(i) 







» A = [8, 

.25 

1.01 10; 

7 -7 -6 

.5; 8 -1 -1]; 


>> B = [ round( 5*(2*rand(3,1)- 

D) A] 


B = 






-4.0000 


8.2500 

1.0100 

10.0000 


-1.0000 


7.0000 

-7.0000 

-6.5000 


2.0000 


8.0000 

-1.0000 

-1.0000 


» rref(B) 






ans = 






1.0000 


0 

0 

-1.3120 


0 


1.0000 

0 

0.3914 


0 


0 

1.0000 

1.5074 

(ii) 







» A = [1 i 

l 2 

-1 1; -1 

0 4-11 

; 03-12 1; 2-H-l 1; 111 11]; 


» B = [ round( 5*(2*rand(5,1)- 

D) A] 


B = 






1 

1 

1 

2 -1 

1 


4 

-1 

0 

4 -1 

1 


3 

0 

3 

-1 2 

1 


0 

2 

-1 

3 -1 

1 


-4 

1 

1 

1 1 

1 


» rref(B) 






ans = 






1.0000 


0 

0 

0 0 0.0202 


0 


1.0000 

0 

0 0 0.2348 


0 


0 

1.0000 

0 00.2794 


0 


0 

0 

1.0000 0 0.3441 


0 


0 

0 

0 1.0000 0.2227 
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(iii) 

» M = [abed]; 

» B = [ round( 5*(2*rand(4,1)-1)) M] 


B = 

2.0000 

1.0000 

2.0000 

1.0000 

-1.5000 

- 1.0000 

1.2000 

- 1.0000 

-2.0000 

4.3000 

2.0000 

- 1.0000 

1.0000 

3.0000 

4.0000 

4.0000 

2.1000 

1.0000 

0 

5.0000 

» rref(B) 

ans = 

1.0000 

0 

0 

0 

-1.6629 

0 

1.0000 

0 

0 

9.2472 

0 

0 

1.0000 

0 

-7.7674 

0 

0 

0 

1.0000 

8.1135 


(iv) 


» A = [pi p2 p3 p4 p5]; 

» B = [ round( 5*(2*rand(5,1)-1)) A] 


B = 








3 

1 

4 

5 

0 

1 



-2 

2 

-1 

3 

1 

1 



-5 

0 

3 

-1 

-2 

1 



2 

-1 

0 

4 

1 

1 



-2 

1 

1 

2 

1 

1 



» rref(B) 







ans = 








1.0000 

0 


0 

0 

0 

-0.2281 


0 

1.0000 


0 

0 

0 

-0.1754 


0 

0 

1. 

.0000 

0 

0 

0.0702 


0 

0 


0 

1.0000 

0 

0.3158 


0 

0 


0 

0 

1.0000 

0.0175 


(c) Assume that A is a matrix whose columns form a basis for 1". Since the columns are in M" then 
A is an n x m matrix. We wish to show that m = n. Let R be the reduced row echelon form of 
A. Since the columns of A span M n , every row of R must have a pivot. This tells us there are n 
pivots. Since the columns of A are linearly independent, every column of R must have a pivot. 
Thus there are n columns, and the proof is done. 

4. (a) The following lines of code should be repeated 5 times. 


» M = round(10*(2*rand(3,2)-l)); 7. Generate a random matrix. 

» v = [ M(:,l); M(:,2)]; 7. Convert it to a vector. 

» '/, Alter generating a vector, do one of the 

» 7. following lines of code. Either: 

» A = v '/, Start a new list of vectors the first time. 

» 7. Or: 

» A = C A v] 7. Add v to the list of vectors. 
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A = 


3 

4 

-5 

-3 

8 

5 

5 

-1 

-7 

0 

10 

3 

5 

0 

0 

-3 

-9 

0 

8 

-4 

-5 

3 

-5 

8 

10 

10 

8 

-5 

-9 

0 

» rref(A) 





ans = 





1 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 


This set does not span, since there is a row without a pivot. Generate two more vectors and add 
them to the list using the code above, to get seven vectors. 

» A = C A v] 

A = 


3 

4 

-5 

-3 

8 

-5 

-4 

5 

5 

-1 

-7 

0 

-8 

8 

10 

3 

5 

0 

0 

9 

1 

-3 

-9 

0 

8 

-4 

-9 

-1 

-5 

3 

-5 

8 

10 

0 

9 

10 

8 

-5 

-9 

0 

-2 

-9 


ref(A) 







1.0000 

0 

0 

0 

0 

0 

-1.0064 

0 

1.0000 

0 

0 

0 

0 

2.9989 

0 

0 

1.0000 

0 

0 

0 

2.6820 

0 

0 

0 

1.0000 

0 

0 

1.3376 

0 

0 

0 

0 

1.0000 

0 

-0.2319 

0 

0 

0 

0 

0 

1.0000 

-1.2603 


This set is not linearly independent because there is a column without a pivot in it. 

(b) Assume that A is a matrix whose columns represent matrices that form a basis for M nm . A ma¬ 
trix in M nm will be represented by a vector in M nm , so there are mn rows in A. As in problem 3 
above, since the columns are linearly independent, and the span, A has the same number of rows 
as columns. But the number of columns of A is the same as the number of matrices in the basis, 
so there are nm matrices in a basis of M nm . 


5. (a) Refer to the answers to Problem 1 in this section and Problem 2 in MATLAB 1.8. In each case, 
the matrix reduces to the identity matrix, so each matrix is invertible, and the columns form a basis 
for ® n . 

(b) The columns of a matrix form a basis for ® n if and only if the matrix is an invertible n x n ma¬ 
trix. 

(c) The columns form a basis if and only if the matrix reduces to the identity matrix, when put in 
row echelon form. The matrix reduces to the identity matrix if and only if it is invertible. 
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6 . (a) (i) Since {v!,..,, v 5 } form a basis, there is always a unique solution to w = cqvi + ... + C 5 V 5 . 
(ii) Using the distributive rules for matrix mutliplication 


Aw = A(ciVj + . . . + C 5 V 5 ) = ClVlvi + . . . + C 5 A.V 5 = C\W\ + . . . + C5W5. 


(iii) From the previous formula, 


-Aw = ciwi + ... + C5W5 = [wi w 2 W3 w 4 w 5 ] 


f-1 



(b) Call W = [wi w 2 W3 W 4 Wsj. We wish to find y = Aw for the given w. From part (a), we 
know that y = Wc where c are the coefficients of w in the basis {vi,..., v 5 }. If V is the matrix 
of these vectors, then Vc = w. So to find c, we need to solve Vc = w for c. 


» W = [ 5 7 36 -10 S; 5 5 25 -2 9; 37 13 -1 5]; 

» */. The basis from l(ii) is: 

» V = [1 1 2 -1 1; -1 0 4 -1 1; 0 3 -1 2 1; 2 -1 3 -1 1; 1 1 1 1 1]; 


(i) 


» w = [0; -10; 9; - 6 ; -4]; 

» c = V\w '/, Solve Vc = w. 


-8 

-10 

-18 

-11 

43 

» y = W*c 

y = 

-433 

-131 

-102 


'/. Find y = Aw using part (a). 


(ii) 


» w = 2*rand(5,l) -1 
w = 

-0.5621 
-0.9059 
0.3577 
0.3586 
0.8694 


>> c = V\w '/, Solve Vc = w. 

c = 

0.6897 

0.1912 

0.6134 

1.0224 

-1.6475 
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» y = W*c '/, Find y = Aw using part (a). 

y = 

8.4090 

2.8686 

2.1227 

(c) The only thing that needs to be changed is the matrix W in (b). 

» W = eye(5); •/, The matrix W happens to be the identity. 

(i) 

» w = [0; 

» c = V\w 
c = 

-8 
-10 
-18 
-11 
43 

>> y = W*c */, Find y = Aw using part (a). 

y = 

-8 
-10 
-18 
-11 
43 

(ii) 

» w = 2*rand(5,l) -1 
w = 

-0.2330 
0.0388 
0.6619 
-0.9309 
-0.8931 

» c = V\w '/, Solve Vc = w. 

c = 

-1.6729 
-1.6747 
-2.3744 
-1.5172 
6.3462 

» y = W*c 

y = 

-1.6729 
-1.6747 
-2.3744 
-1.5172 
6.3462 



'/. Find y = Aw using part (a). 



308 Chapter 4 Vector Spaces 


Instructor's Manual 


Section 4.7 

For 1-15 we use p =# pivots in echelon form, v = # columns— p. We could also use v = arbitrary vari¬ 
ables in solutions to Ax = 0. 

1 . I 2 . = -2^0=>p=2,v = 2-2 = 0 


3 lo)~ > (o 4 _g ^ =>p = 2; i/=3 — 2=1, since 2 pivots. 


-13 2 

2 -6 -4 


-13 2 
0 0 0 


p — 1; j/ = 3 — 1=2, since 1 pivot. 


1 -1 2 

3 14=22^0=>/> = 3;j/=3-3 = 0 

-1 0 4 


/I -1 2 

5. 3 14 

V 5 —1 8 


1 -1 2 
0 4-2 
0 4-2 


1 -1 2 \ 

0 4-2 =»/>=2;i/ = 3-2 = l. 

0 0 0 / 


-1 2 1 
2 -4 -2 
-3 6 3 


-1 2 l\ 

0 0 0 =>p=l;i/ = 3-l = 2 

0 0 0 / 


1-12 3 
0 14 3 

1 0 6 6 


1-12 3 
0 14 3 

0 14 3 


1-12 3 
0 14 3 

0 0 0 0 


p — 2] v = 4 — 2 = 2 


1-12 3 
0 14 3 

1 0 6 5 


1-12 3 
0 14 3 

0 14 2 


1 -1 2 3\ 

0 143 1 =$•/> = 3; ^ = 4 — 3=1 

0 0 0 1 / 


( 23 
9. -11 

V 47 


2 3 \ 

0 5/2 =>p = 2;^ = 2 — 2 = 0 

0 0 / 


1-12 3 
0 10 1 
1 0 10 
0 0 0 1 


= —1^0=>p=4;j/ = 4 — 4 = 0 


1-12 1 \ 
-1 0 1 2 J 

1- 2 5 4 

2 - 11 - 1 / 

1- 12 3 

-2 2 -4 -6 

2- 246 

3- 369 


1-12 3 
0-133 
0 1-3-3 

0-133 

/I -1 2 3\ 

0 0 0 0 j 
0 0 0 0 
VO 0 0 0/ 


1-12 1 
0-133 
0 0 0 0 
0 0 0 0 


p— 2 ; ^ = 4 — 2 


=>p=l;«' = 4— 1 = 3 


- 1-1 00 \ 

0 0 2 3 1 
4 0-21 

3-1 04/ 

5=3;i/ = 4 — 3=1 


- 1-1 0 0 
0 0 2 3 
0-4-2 1 
0-4 0 4 


- 1-1 0 0 
0-4-2 1 

0 0 2 3 
0 0-2-3 


- 1-1 0 0 
0-4-2 1 
0 0 2 3 
0 0 0 0 
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14. p- 2;i/ = 3 —2 = 1 

/ 1 2 3\ / 1 2 3 \ 

15. 004)-»[004 =4-/» = 2;i/ = 3- 2=1 

\0 0 6 / \0 0 0 / 

For 16-21 choose basis for Range A as columns of A with pivots in echelon form or transposes of non-zero 
rows in echelon form of A*. 


16. Basis for Range A = 



-1 2 
1 0 


for Na = 



(A /1 -1 2 

oy ~ + vo 4-6 


(A (10 1/2 

oy “* vo i -3/2 


Q ^; Basis 


( 13 5\ (l 3 5\ /13 5\ ((1\ (0\) 

17. A* — [ — 1 1 -1 ] —► ( 0 4 4 1 —*■ [ 0 4 4 I ; Basis for Range A = < I 3 I , I 1 > 

V 24 8 y Vo-2-2y \oooy t \ 5 / \ 1 / J 


/I -1 2 
3 14 

\5 -1 8 



1 -1 2 
0 4-2 
0 0 0 



1 0 3/2 
0 1 - 1/2 
0 0 0 



Basis for Na = 



18. 


Note that c 2 = —2ci, and c 3 = —ci, then Basis for Range A = 



/-1 2 1 
2-2-4 
\-3 6 3 



-1 2 1 

0 0 0 

0 0 0 


°\ ( /2\ /on 

0 I => x\ = 2x 2 + x 3 ; Basis for /A = < 1 I , I 1 I > 

oy l\0/ \ 1/ J 


19. Note that the first, second and fourth columns of A are linearly independent. Basis for Range A = 




0 

0 

0 


10 6 6 
0 14 3 
0 0 0 1 



/I 

0 

6 

0 

°\ 

0 

1 

4 

0 

0 

\0 

0 

0 

1 

0 / 


20. Note that by problem 11, dirnCU = 2 and the first two columns of A are linearly independent. Basis 




f 

t 

i). 

f- 1 ] 

0 

-2 

1 







for Range A < 

1 

1 


1 

1 

> 







1 

l 

\ 

2 / 

\-l) 

J 







/ 1 -1 2 

1 




(l -1 


2 

1 



/! 

0 -1 -2 

°\ 

-1 0 1 

2 


0 


0 1 

- 

3 

-3 

0 


0 

1 -3 -3 

0 

1 -2 5 

4 


° 

— t 

0 0 


0 

0 

0 


0 

0 0 0 

0 

\ 2 -1 1 

-1 


0 / 


Vo 0 


0 

0 

0 / 


\0 

0 0 0 

0 / 


( l \ 

f 2 \ 


3 1 

3 


1 ’ 

° 

► 

Vo/ 

VJ 

J 


Basis for Na = { 
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21 . 


/ 1 -1 2 3 
2 2-4-6 
2-246 
\ 3 -3 6 9 


Basis for Na = < 



/I -1 2 3 
0 0 0 0 
0 0 0 0 
Vo 0 0 0 


S' 

S/. 


Basis for Range A = < 


fp' 

2 

V 3/ J 


> 


V i/J 


>, as 


! X2 ~ 2x3 — 3^4 ^ 
X2 

*3 
X 4 


gives Na- 


22. By problem 13, dimC>t = 3. Note that the first three columns of A are linearly independent. Basis 

"- 1 W!W S' 

►. Continuing the reduction in solution 13 


for Range A — l 


0 
4 

IV 3/ 




/-I -100 

°V 


/I 1 0 0 



/I 0 0 1 

°\ 

0 0 2 3 

0 


0-4-2 1 

0 


0 10-1 

0 

4 0-2 1 

0 

—► 

0 0 2 3 

0 

* 

0013/2 

0 

V 3 -1 04 

0 / 


\0 0 0 0 

0 / 


V 0 0 0 0 

0 / 


Basis for Na 



Basis: 


24. 


25. 


26. 


/ 1 — 2 3\ 


/ 1 — 2 3\ 

/ 1 -2 3\ 

2-14 


0 3 2 

| 0 3 2 

3-3 3 


0 3-6 

0 0 8 

V 2 1 0/ 


Vo 5-6/ 

Vo 0 0 / 


/1-H-1\ 
2 0 0 1 
4-2 2 1 

V7 -3 3 -1 / 


1-1 1 - 1 ^ 
0 2-23 
0 2-25 
,0 4 -4 6 / 


Basis: 


/l-l 1 - 1 \ 
0 2-2 3 
0 0 0 2 
lo 0 0 0 / 


0 

0 

►— 1 


/I 0 0 1\ 

/ 

1 10 


0 110 

[ 

2 -21 


0 2 2 0 


2 2 u 


Vo 2 2 1 / 

\ 


Basis: < 



'S' 1 

V 2 / J 




p(A) = 2^3 = p((A, b)) =$> No 


p(A) = 2 = p((A , b)) =>• Solution exists. 


29. 


1 

-2 

1 1 

2 V 

Z 1 

-2 11 

2 V 


( l 

-2 

1 1 

2 \ 

3 

0 

2 -2 

-8 

_ 0 

6 -1 -5 

-14 


0 

6 

-1 -5 

-14 

0 

4 

-1 -1 

1 

0 

4 -1 -1 

1 


0 

0 

1 -7 

-31 

5 

0 

3 -1 

-3/ 

Vo 

10 -2 -6 

-13/ 


Vo 

0 

1 -7 

-31/ 


p(A) = Z = p((A,b)) => 


Solution exists. 
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30. 


31. 

32. 

33. 

34. 

35. 


36. 

37. 

38. 


39. 

40. 

41. 


42. 


/I 

-2 

1 

1 

2 \ 

3 

0 

2 

-2 

- 8 | 

0 

4 

-1 

-1 

1 

\5 

0 

3 

-1 

0 / 

P((A 

,»>))=* 

► No 

solution 


/! 

-2 1 1 

2 \ 

0 

6 -1 -5 

-14 

0 

4 -1 -1 

1 

\0 

10 -2 -6 

- 12 / 


/I 

-2 

1 1 

2 \ 

0 

6 

-1 -5 

-14 ) 

0 

0 

1 -7 

-31 

Vo 

0 

1 -7 

-34/ 


p(A) = 3 # 4 = 


Since A is a diagonal matrix, the nonzero columns are linearly independent. Then the number of 
nonzero components on the diagonal is equal to the number of linearly independent columns of A, 
which is the rank of A. 


Since A is an upper triangular square matrix with zeros on the diagonal, bottom row is all zeros, so 
less than n-pivots in echelon form. Thus p(A) < n. 

p(A) = dimCU = dim Ra = dim Ca* = p{A l ). 

(a) p(A) = dim/?^ < m = number of rows 

(b) u(A) = n — p(A) > n — m 

Let {vi, V 2 ,..., Vjt} be a basis for Range A. Since B is invertible, {By*, Bv 2 ,..., 5V*} is a linearly 
independent set in E m and thus is a basis for BA. Then p(A) = p(BA). Since C is invertible, Range 
C = M". Then if v € Range A, there is an x 6 E" such that Ax. = v. But there also exists y 6 E n 
such that Cy = x. Then ACy = v. Then Range A C Range AC. If v E Range AC, there is an 
x E E" such that ACx = v. But then v € Range A. So Range AC C Range A. Thus Range AC = 
Range A. Thus p(A) = p(AC). 

Suppose b € Cab • Then ABx = b for some x. Then b E Ca because Ay = b for y = Bx. Then 
Cab C Ca- Thus p(AB) < p{A). Next, note that the i th row of AB is a combination of the rows of 
5. Then Rab Q Rb- Thus p{AB) < p(B). Thus p(AB) < min(p(A),p(B)). 

Since p{A) = 5, p(A.,b) = 5 for any 5-vector b. Then, by Theorem 7, Ax — b has at least one solution 
for every 5-vector b. 

Let Mi,..., M r be the matrices which represent the elementary row operations which would con¬ 
vert A to the reduced echelon form E\ That is, M r ■ ■ M\A = E\. Let N \,..., N, be the matrices 
which represent the elementary row operations which would convert B to the reduced echelon form 
E 2 . Then N, ■ ■ ■ N\B = E 2 . Note that Mj,..., M r ,N\,..., N, are all invertible matrices. Since 
p(A) = p(B), the number of nonzero pivot elements of E\ equals the number of nonzero pivot ele¬ 
ments of E 2 , and thus the first p(A) rows of each 5,- have pivot columns with leading 1. Now elemen¬ 
tary column operations on E \, E 2 will bring both into the same form with fc-ones on the diagonals of 
pivot rows and zeros elsewhere. Column operations are right multiplication by elementary matrices. 
Thus M r ,..., Mi AC i ■ ■ Ci = N, ■ ■ ■ N\BD\ ■••£>* or (N~ l ■■■N~ 1 M r --- M x )A(Ci ■ ■ ■ CD” 1 ■ ■ ■ Djf 1 ) 
= 5. 


This follows from problem 35. 

Since any k + 1 rows of A are linearly dependent, p(A) < k. Since any k rows of A are linearly inde¬ 
pendent, p(A) > k. Thus p(A) = k. 

Suppose p{A) < n. If .Ax = 0 has ony x = 0 as a solution, then by Theorem 8 , p{A) = n. This 
is a contradiction, so there must exist x ^ 0 such that Ax = 0. Suppose there exists x ^ 0 such 
that Ax = 0. If p{A) = n, then, by Theorem 8 , x = 0 is the only solution to Ax = 0. This is a 
contradiction, so p{A) < n. 

Hypotheses mean Range A = M m . Then dim Range A = m = p(A). 
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43. Suppose that B, the row echelon form of A, has k pivots in its first k rows. Since there are no other 
pivots, all the entries below the first k rows are zero. Let &i, mi , & 2 ,m 3 , • • •, denote the pivots; let 

rj, r 2 ,..., r* denote the first k rows of B and suppose that ciri + C 2 T 2 + ■ • • + = 0. By the 

definition of a pivot, the mi component in the vector 0 = ciri +-b Ck*k is ciai >mi . Since &i )Tni ^ 0, 

we conclude that ci = 0. The m 2 component of the vector is cibi p + 0262,^12 • Since ci = 0 and 62 ,m 2 7 ^ 
0, we conclude that C 2 = 0. Continuing in this manner, we see that cj = 0 for j = 1,2,..., k so the 
first k rows of B are linearly independent. Since all other rows in the row echelon form of A are zero, 
we conclude that p(A) = dim Ra = k, as ri,..., t* are a basis for Ra- 

Now, suppose that p(A) = k. Let B equal the row echelon form of A. As above, the first k rows 
of B are linearly independent and all entries below the first k rows are zero. The first nonzero entry 
in each of the first k rows of B is a pivot, for if not, it would have been made zero by the row reduc¬ 
tion of A to its row echelon form. Thus B has k pivots. 
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CALCULATOR SOLUTIONS 4.7 

The problems in this section ask you to compute the rank, range, row space and nullity of the given matrices. As 
usual, our solutions for the TI-85 assume the matrix is in Minn. Then we compute rref Ann and read off the 
solutions from the reduced row echelon form and the original matrix as follows: 

The nullity of A (v(A)) is the number of non-pivot columns in rref A. This follows from the fact that the 
description of the nullspace obtained from rref A shows that each non-pivot column contributes one vector to 
a basis of the nullspace by setting that non-pivot column variable to 1 and all other non-pivot variables to 0. So 
dim(N A ) = number of non-pivot columns. 

A basis for the Range of A (= C A - the column space of A) is given by the columns of A corresponding to the 
pivots in rref A. (This follows from the fact that the each vector in the basis for the nullspace described 
above shows how to write each non-pivot column vector from the original A as a linear combination of the 
pivot columns of the original A. This shows the non-pivot columns are redundant and the pivot columns span 
C A . The pivot columns are independent since any linear combination of columns equal to 0 with zero coeffi¬ 
cients in the non-pivot columns also must have zeros in the pivot columns from the description of N A in terms 
of rref A). 

The rank of A (p(A) or dim(C A )) is computed as the number of pivots in rref A, since each pivot con¬ 
tributes one column of the original matrix to the basis for C A described above. (Alternatively you could use 
p(A) + v(A),= # of columns of A.) 

A basis for the row space of A (R A ) is given by the non-zero rows in rref A, since those rows are indepen¬ 
dent (look at the pivot columns in those rows) and span the space R A (= R rref (A) by Theorem 5). 


44. ForA4744: 


yields: 


[[ 

[ 

[ 

[ 


[[ 

[ • 

[ . 

[ . 
1 0 

0 1 

0 0 

0 0 


.37 .48 -.7 

.46 -.39 2.09 
.52 .87 -1.57 

.29 


67 

2 

-3 

0 

0 


■ 

".37 s 


f .48' 


-1.16\ 


.46 


-.39 


.83 


.52 

* 

.87 

* 

1.04 

. 

1 67 J 


l -35J 


, ~- 33 J- 


.35 
0 ] 

0 ] 

1 ] ' 

0 ]] 


-1.16] 
.83 ] 

1.04 ] 
-.33 ]] 


rref A4744 [ENTER] 


So p(A4144) = 3, since there are 3 pivot columns and the c A 4 74 4 has a basis: 


chosen as the columns of A4744 corresponding to pivots in the reduced echelon 


form. r a47 44 has the first three (non-zero) rows of rref A4744 as a basis: {[ 1020],[01-3 
0], [ 0 0 0 1] }. Finally, v(A4744)=4-p(A4744) = l (which also is the number of non-pivot columns 
in A4744). 


[ [ 

187 

-46 

512 

653 

512 

] 

45. For A4745 = [ 

-35 

51 

-233 

-207 

-325 

] .rref A4745 [ENTER] yields: 

[ 

257 

-148 

958 

1067 

1162 

]] 


[[102 3 1.40809890249 ] 

[ 0 1 -3 -2 -5.40620663555 ] . So rank of A4745 (p(A4745)) is 2, since there are 2 pivot 
[00000 ]] 


columns and the range of A4745 (C a47 4 5 ) has a basis: < 


r-~ 

00 

r-H 

f _46> 1 

35 , 

, 51 

,257, 

,-148, 


) chosen as the columns of A4745 cor- 
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responding to pivots in the reduced echelon form. RM 745 has the non-zero rows of rref A4 7 4 5 as a basis: 
{[ 1 0 2 3 1.40809890249 ], [ 0 1 -3 -2 -5.40620663555 ]}. Finally, 
v(a4745)=5 - /?(a4745) = 3 ( which also is the number of non-pivot columns in A4 7 4 5). 


[[ 37 81 

[ -48 91 

[ 53 215 

46. For A4 7 4 6 = 

[ -85 10 

[ -80 316 
[ -71 46 


-29 58 33 -19 102 ] 

306 38 205 0 -58 ] 

-47 -11 -38 423 99 ] 

335 -20 172 19 -160 ] 

594 7 339 442 -119 ] 

-416 -83 201 -88 144 ]] 


, rref A474 6 [ENTER ) yields: 


[[1000 
[0100 
[0010 
[ 0 0 0 1 

[ 0 0 0 0 

[ 0 0 0 0 


-3.1038473473 

.625586755864 

-.198695556927 

1.57599402542 

0 

0 


2.93920187539 

1.18104420224 

.553790907848 

•3.57508816282 

0 

0 


-.151801945062 ] 
.446191742079 ] 
-.469903022938 ] 
.99737850334 ] 

0 ] 

0 ]] 


So /j(a 4746) = 4, since there are 4 pivot columns and the C A4746 has a basis: 


f 37 ) 


( 81>| 


( -29^ 


( 58n i 

-48 


91 


306 


38 

53 


215 


-47 


-11 

-85 

» 

10 

> 

335 

> 

-20 

-80 


316 


594 


7 

1-7 1; 


^ 46; 


v—416> 


1-837 


chosen as the columns of A4746 corresponding to pivots in the reduced echelon form. r a4746 has the four non¬ 
zero rows of rref A4746 as a basis. Finally, v(A4746)=7-p(A4746) = 3 ( which also is the number of non¬ 
pivot columns in A4 7 4 6 ). 


[[ 

.0284 

-.0311 

-.0207 

.0431 

.0615 

] 

[ 

-.0511 

-.1216 

-.1811 

.0904 

.031 

] 

47. For A4747 = [ 

-.0965 

-.427 

-.5847 

.3574 

.216 

] .rref A4747 [ENTER 1 

[ 

.0795 

.0905 

.1604 

-.473 

.0305 

] 

[ 

yields: 

-.011 

-.3365 

-.4243 

.3101 

.521 

11 


[[1000 45.7500000001 ] 

[0100 87.7022036283 ] 

[0010 -71.9680450647 ] . 

[0001 -1.68350168351E-12 ] 

[ 0 0 0 0 0 ] ] 


So p(A4747) = 4, since there are 4 pivot columns and the C A4747 has a basis: 


f . 0284> 


f-.0311> 


0207> 


(. 043H 

-.0511 


-.1216 


-.1811 


.0904 

-.0965 

* 

-All 

, 

-.5847 

» 

.3574 

.0795 


.0905 


.1604 


-.473 

l -.011J 


3365J 


1-.4243J 


l.310lj 


chosen as the columns of A4747 corresponding to pivots in the 


reduced echelon form. R a4747 has the 4 non-zero rows of rref A4 74 7 as a basis. Finally, 
v(a4747)=5 - />(a4747) = 1 (which also is the number of non-pivot columns in A4 7 4 7). 
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MATLAB 4.7 


1 . 

(i) Problem 7. 


» A = C 1 -1 2 3; 0 1 4 3; 1 0 6 6]; 
» rref(A) 
ans = 

10 6 6 

0 14 3 

0 0 0 0 


(a) The solution of Ax = 0 is 



/-6X 


(~ 6 \ 


-4 


-3 

X = x 3 

1 

+ %4 

0 


\ 0/ 


V i/ 


So a basis of the null space of A is 


' 

/-6x 

/-6x 


i 

-4 

~3 

. 


1 

’ 0 



\ 0/ 

V i) 



(b) Let B be the matrix whose columns are these vectors. We use the reduced echelon form of B 
to check that they are linearly independent. 

» B = [ -6 -6; -4 -3; 1 0; 0 1]; 

» rref(B) 
ans = 

1 0 

0 1 

0 0 

0 0 

(c) See below. 

(d) The dimension is 2. 

(ii) Problem 8. 

» A = [ 1 -1 2 3; 0 1 4 3; 1 0 6 5] ; 

» rref(A) 
ans = 

10 6 0 

0 14 0 

0 0 0 1 



(a) The solution of Ax = 0 is 


x = x 3 
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So a basis of the null space of A is 



(b) Let B be the matrix whose columns are these vectors. We use the reduced echelon form of B 
to check that they are linearly independent. 

» B = C -6; -4; 1; 0]; 

» rref(B) 
ans = 

1 

0 

0 

0 

(c) See below. 

(d) The dimension is 1. 

(iii) Problem 10. 

»A= [1-123; 0101; 1010; 0001]; 

» rref(A) 
ans = 

10 0 0 
0 10 0 

0 0 10 

0 0 0 1 

(a) The solution of Ax = 0 is 



The basis is the empty set. 

(b) The dimension is 0. 

(iv) Problem 11. 

» A = [1 -1 2 1; -1 0 1 2; 1 -2 5 4; 2 -1 1 -1] ; 
» rref(A) 
ans = 

1 0 - 1-2 

0 1-3-3 

0 0 0 0 

0 0 0 0 

(a) The solution of Ax = 0 is 
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So a basis of the null space of A is 



(b) Let B be the matrix whose columns are these vectors. We use the reduced echelon form of B 
to check that they are linearly independent. 

» B = C 1 2; 3 3; 1 0; 0 1] ; 

» rref(B) 
ans = 

1 0 

0 1 

0 0 

0 0 

(c) See below. 

(d) The dimension is 2. 

(v) Problem 12. 

» A = [1 -1 2 3; -2 2 -4 - 6 ; 2-246; 3-369]; 

>> rref(A) 
ans = 

1-12 3 

0 0 0 0 

0 0 0 0 

0 0 0 0 

(a) The solution of Ax = 0 is 



So a basis of the null space of A is 



(b) Let B be the matrix whose columns are these vectors. We use the reduced echelon form of B 
to check that they are linearly independent. 

» B = [ 1 -2 -3; 1 0 0 ; 0 1 0; 0 0 1]; 

» rref(B) 
ans = 

10 0 
0 10 

0 0 1 

0 0 0 
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(c) See below. 

(d) The dimension is 3. 
(vi) Problem 13. 


» A = [-1 -1 0 0; 0 0 2 3; 4 0 -2 1; 3 -1 0 4]; 
» rref(A) 


ans = 

1.0000 0 

0 1.0000 

0 0 

0 0 


0 1.0000 

0 - 1.0000 

1.0000 1.5000 

0 0 


(a) The solution of Ax = 0 is 


So a basis of the null space of A is 


X = £4 




(b) Let B be the matrix whose columns are these vectors. We use the reduced echelon form of B 
to check that they are linearly independent. 


» B = [ -1 ; 1 ; -1.5 ; 1 ]; 

» rref(B) 
ans = 

1 

0 

0 

0 


(c) See below. 

(d) The dimension is 1. 


» A = [-6 -2 -18 -2 -10; -9 0 -18 4-5; 4 7 29 2 13]; 
» rref(A) 
ans = 

1 0 2 0 1 

0 13 0 1 

0 0 0 1 1 


(a) The solution of ylx = 0 is 



(~ 2 \ 


(~ l \ 


-3 


-1 

X = £3 

1 

+ £5 

0 


0 


-1 

- 1 
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So a basis of the null space of A is 


/- 2 \ 



> 

-3 


-1 


1 

) 

0 


0 


-1 


\ 0/ 


V \) 

j 


(b) Let B be the matrix whose columns are these vectors. We use the reduced echelon form of B 
to check that they are linearly independent. 

» B = [ -2 -1; -3 -1; 1 0; 0 -1; 0 1]; 

» rref(B) 
ans = 

1 0 

0 1 

0 0 

0 0 

0 0 

(c) See below. 

(d) The dimension is 2. 

(c) Since we wrote the general solution of Ax = 0 as a linear combination of these vectors, where the 
coefficients in the combination were the arbitrary variables, the general solution of Ax = 0 is in 
the span of these vectors. Since an y vector in the null space is a solution of Ax = 0, these vectors 
span the null space. 

(d) The dimension of a vector space is the number of vectors in its basis. In this case, that is the 
number of arbitrary variables in the solution to system Ax = 0. 

2. (a) (i) See answer to Problem l(vi) above. 

(ii) 

» R = rref(A); 

» B = [ -R(l,4); -R(2,4); -R(3,4); 1] 

B = 

-1.0000 

1.0000 

-1.5000 

1.0000 

» */, Notice that B is the same as the answer in Problem l(vi). 


» A*B 
ans = 

0 

0 

0 

0 

AB = 0 since B is in the null space, 
(b) (i) See the answer to Problem l(vii). 
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(ii) 

» R = rref(A); 

» B = [[ -R(l,3); -R(2,3); 1;0;0] [ -R(l,5); -R(2,5); 0; -R(3,5); 1]] 

B = 

-2 -1 

-3 -1 

1 0 

0 -1 

0 1 

» '/, These were the same as the vectors in Problem l(vii). 

(iii) 

» A*B 
ans = 

0 0 

0 0 

0 0 


(c) 


We expect AB = 0 since the columns of B are in the null space of A. 


(i) 


=[-938 -5 -1; 
= rref(A) 

-5 0 -5 -5 

-3; -70889]; 

1.0000 

0 

0 

0 -0.2800 

0 

1.0000 

0 

-4.3333 -3.5200 

0 

0 

1.0000 

1.0000 0.8800 


(ii) 


» B = [ [-R(i,4); -R(2,4); -R(3,4); 1;0] [-R(l,5); -R(2,5); -R(3,5); 0 

B = 

0 0.2800 

4.3333 3.5200 

-1.0000 -0.8800 

1.0000 0 

0 1.0000 


» A*B 
ans = 

1.0e-15 * 

0 -0.8882 
0 0 

0 0 


'/, This should be zero. 


» A = rand(4,6); A(:,4) = 1/3*A(:,2)-2/7*A(:,3) 
A = 


0.2190 

0.9347 

0.0346 

0.3017 

0.6868 

0.5269 

0.0470 

0.3835 

0.0535 

0.1126 

0.5890 

0.0920 

0.6789 

0.5194 

0.5297 

0.0218 

0.9304 

0.6539 

0.6793 

0.8310 

0.6711 

0.0852 

0.8462 

0.4160 


;!]] 
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» R = rref(A) 

R = 

1.0000 0 

0 

0.0000 

0 

2.1212 

0 1.0000 

0 

0.3333 

0 

0.0484 

0 0 

1.0000 

-0.2857 

0 

-1.7284 

0 0 

0 

0 

1.0000 

0.1121 


» B = [ [-R(l,4>; -R(2,4); -R(3,4); 1; 0; 0] ... 

C-R(l,6); -R(2,6); -R(3,6); 0; -R(4,6); 1] ] 

B = 

0.0000 - 2.1212 

-0.3333 -0.0484 

0.2857 1.7284 

1.0000 0 

0 - 0.1121 

0 1.0000 


» A*B 
ans = 

1.0e-16 * 

0 0 

0 -0.1388 

0 0 

-0.2776 0.5551 


'/, This should be zero. 


3. (a) Refer to the answer to Problem 2. 

(i) For 2(a) 

» A = [-1 -1 0 0; 0 0 2 3; 4 0 -2 1; 3 -1 0 4]; 

» B = [ -1 ; 1 ; -1.5 ; 1 ]; 

» N = null(A) 

N = 

-0.4364 

0.4364 

-0.6547 

0.4364 

(ii) There is 1 vector in both B and N. Every basis for a vector space has the same number of 
vectors. 

(iii) 


» rref([B N]) 
ans = 

1.0000 0.4364 

0 0 

0 0 

0 0 

» rref([N B]) 

1.0000 2.2913 

0 0 

0 0 

0 0 


ans 
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The system [B | TV] can be solved. This means that the vector in TV can be written as a 
linear combination of the vectors in B. Similarly, the vector in B can be writtten in terms 
of TV. This is expected to be true since the vector in B is in the null space of A, and so we 
should be able to write it as a linear combination of the vectors in the basis TV. Similarly, 
the vector in TV is also in the null space of A, so we should be able to write it as a linear 
combination of the vectors in the basis B. 

(i) For (2b) 


» A = [-6 -2 -18 -2 -10; -9 0 -18 4-5; 4 7 29 2 13]; 
» B = [ -2 -1; -3 -1; 1 0; 0 -1; 0 1]; 

» N = null(A) 


-0.2161 -0.5252 

-0.5734 -0.5624 

0.3573 0.0372 

0.4984 -0.4508 

-0.4984 0.4508 


(ii) There are 2 vectors in both B and TV. 

(iii) 


» rrel([B N] ) 
ans = 

1.0000 0 0.3573 

0 1.0000 -0.4984 

0 0 0 

0 0 0 

0 0 0 


0.0372 

0.4508 

0 

0 

0 


» rref( [N B]) 
ans = 

1.0000 0 

0 1.0000 
0 0 

0 0 

0 0 


2.5098 -0.2072 

2.7750 1.9892 

0 0 

0 0 

0 0 


As above, the system [B \ w] can be solved where w is any of the vectors in TV. Similarly, B 
can be written in terms of TV. 


(i) For 2(c) 


» A = [-938 -5 -1; -5 0 -5 -5 -3; -70889]; 

» R = rref(A); 

» B = [ C-R(l,4); -R(2,4); -R(3,4); 1;0] [-R(l,5); -R(2,5); -R(3,5); 0;1]]; 

» N = null(A) 

N = 

-0.0936 0.1921 

0.8026 0.5230 

-0.1626 -0.1671 

0.4569 -0.4367 

-0.3344 0.6862 


(ii) There are 2 vectors in both B and TV. 
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(iii) 


(b) 


» rref([B 

■]) 



ans = 




1.0000 

0 

0.4569 

-0.4367 

0 

1.0000 

-0.3344 

0.6862 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

» rref([N 

B]) 



ans = 




1.0000 

0 

4.0976 

2.6078 

0 

1.0000 

1.9969 

2.7281 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

As above, the system [B | w] 

can be solved where w is any of the vectors in N. Similarly, B 

can be written in 

terms of N. 




» A = [ 1 -2 5 1 9; -3 6 6 3.56 3; 
» N = null(A) 

N = 

0.7108 0.5868 

-0.0921 0.6243 

0.5118 -0.3784 

0.2372 -0.1754 

-0.4101 0.3032 


4.2 -8.4 -10 4 -1]; 


» R = rref(A) 
R = 


1.0000 

-2.0000 

0 

0 

2.1822 

0 

0 

1.0000 

0 

1.2479 

0 

0 

0 

1.0000 

0.5784 


» B = [ [2;1;0;0;0] [-R(l,5);0; -R(2,5); -R(3,5); 
B = 


2.0000 -2.1822 
1.0000 0 
0 -1.2479 

0 -0.5784 

0 1.0000 


1 ]] 


» A*B 
ans = 

i.0e-04 * 

0 -0.0869 

0 0.0781 

0 -0.2821 


» A*N 
ans = 

1.0e-14 * 

-0.0444 -0.2220 

-0.1776 -0.0888 

0.2220 0.1554 
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Both AN and AB should be zero since the columns of B and N should form a basis for the null 
space of A. But due to round off error the are not exactly zero. However, as predicted in the 
problem statement, AN is much closer to zero than AB. 

4. (a) Since the ith entry of Ax is the inner product of x with the zth row of A, Ax = 0 only if the inner 
product of x with each of row of A is zero. This means that x is in the null space of A if and 
only if x is orthogonal to each row of A. Since the two subspaces are the same, they will have 
the same bases. 

For (b) through (d), we may use the null command to find a basis for the null space of A where A 
is the matrix whose rows are the given vectors. The basis is made from the columns of the matrix 
returned by null. 

(b) 

» A = [-123]; 

» null(A) 
ans = 

0.5345 0.8018 

0.7745 -0.3382 

-0.3382 0.4927 


» A = [ 2 -3 1; -10 1/2]; 

» null(A) 
ans = 

0.3841 

0.5121 

0.7682 


This is a multiple of the cross product of A(: , 1) and A(: ,2). 

(d) 


» A = [12 
>> null(A) 

-3 12; 

ans = 


0.7579 

-0.3428 

-0.2876 

-0.5899 

0.1849 

0.0342 

0.5485 

0.2625 

-0.0883 

0.6814 


» A = [0 8 -6 -5 4 -4; 924 -10 98; 57-7-2 -5 3; 1 -7 -8 -9 -6 -7]; 

» b = [ 46 29 0 -15]* ; 

» x = [12-104-2]’ ; 


» A*x '/, This should be b. 

ans = 

46 

29 

0 

-15 




» A = [1-23; -24-6; 101]; 
» R = rref(A) 

R = 

1 0 1 

0 1-1 

0 0 0 

» C = R([1 2],:) 

C = 


1 

0 


0 

1 


1 

-1 
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» B = C’ 

B = 

l o 

o i 

l -l 


(b) 

» */. Use rref(B) to check that the columns of B are linearly independent. 
» rref(B) 
ans = 

1 0 

0 1 

0 0 

(c) 

» */, To check that each original vector is a linear combination 
» */, of the vectors in B, we use rref to solve [B A(j,:)’ ] for each j. 

» rref( [ B A(l,:)’]) 
ans = 

1 0 1 

0 1-2 

0 0 0 

» rref( [ B A(2,:) ’]) 
ans = 

10-2 
0 14 

0 0 0 

» rref( [ B A(3,:)’]) 
ans = 

10 1 
0 10 

0 0 0 

(ii) (a) 


» A = [ 1 -1 0 3 -1 4; 

2 0 17 

2 1/2; 351415]; 


» R = rref(A) 

R = 

1.0000 0 

0 

2.0000 -1.0000 

4.0833 

0 1.0000 

0 

-1.0000 0 

0.0833 

0 0 

1.0000 

3.0000 4.0000 

-7.6667 

» C = R( [1:3] ,:) 

C = 

1.0000 0 

0 

2.0000 -1.0000 

4.0833 

0 1.0000 

0 

-1.0000 0 

0.0833 

0 0 

1.0000 

3.0000 4.0000 

-7.6667 
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(b) 

» B = C’; 

» % Use rref(B) to check that the columns of B are linearly independent. 


» rref(B) 
ans = 

10 0 
0 10 

0 0 1 

0 0 0 

0 0 0 

0 0 0 


» 7, To check that each original vector is a linear combination 
» */, of the vectors in B, we use rref to solve [B A(j,:)’ ] for each j. 
» rref( [ B A(l,:)']) 
ans = 

10 0 1 

0 10-1 

0 0 10 

0 0 0 0 

0 0 0 0 

0 0 0 0 

» rref( [ B A(2,:)*]) 
ans = 

10 0 2 

0 10 0 

0 0 11 

0 0 0 0 

0 0 0 0 

0 0 0 0 

» rref( [ B A(3,:)’]) 
ans = 

10 0 3 

0 10 5 

0 0 11 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0) (a) 

» A = [ 1 2 -1 3 1; -10120;... 

54-502; 1 2 3 -2 0; 6 8 -2 3 3]; 


» R = rref (A) 

R = 

1.0000 

0 

0 

-3.2500 

-0.2500 

0 1 

.0000 

0 

2.5000 

0.5000 

0 

0 

1.0000 

-1.2500 

-0.2500 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 
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= R( El: 3] ,:) 




1.0000 0 

0 

-3.2500 

-0.2500 

0 1.0000 

0 

2.5000 

0.5000 

0 0 

1.0000 

-1.2500 

-0.2500 


(b) 

» B = C’; 

» % Use rref(B) to check that the columns ol B are linearly independent. 


» rref(B) 
ans = 

10 0 
0 10 

0 0 1 

0 0 0 

0 0 0 


(c) 

» '/. To check that each original vector is a linear combination 
» '/, of the vectors in B, we use rref to solve [B A(j,:)’ ] for each j. 
» rref( [ B A(l,:)’]) 
ans = 

10 0 1 

0 10 2 

0 0 1-1 

0 0 0 0 

0 0 0 0 

» rref( [ B A(2,:)’]) 

ans = 

10 0-1 

0 10 0 

0 0 11 

0 0 0 0 

0 0 0 0 

» rref( [ B A(3,:)>]) 

ans = 

1 0 0 5 

0 10 4 

0 0 1-5 

0 0 0 0 

0 0 0 0 

» rref( [ B A(4,:)’3) 

ans = 

10 0 1 

0 10 2 

0 0 13 

0 0 0 0 

0 0 0 0 
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» rref( [ B A(5,:)>]) 
ans = 

10 0 6 
0 10 8 

0 0 1-2 

0 0 0 0 

0 0 0 0 

For part (a), we expect the columns of B , which are the rows of C to be a basis for the span of the 
vectors by the argument in example 6. For part (b), since each column has a pivot, the vectors are 
linearly independent. For part (c), each of the systems [B v] had a unique solution. The coefficients 
of the linear combination were the first three entries of the original vector. This is because the first 
three rows of B are ej, e 2 , and e 3 . 

7. (a) Since the range of a matrix is the same as its column space, by theorem 3, we may follow exam¬ 
ple 6. The nonzero rows of rref (A’) form a basis for the row space of A*. Taking transposes gives a 
basis for the range of A. 

(b) From problem 7. 

(i) 

»A= [1-123; 0143; 1066]; 

» R = rref(A’) 

R = 

10 1 
0 1 1 

0 0 0 

0 0 0 

» B = ( R([l:2], :) ) ’ '/. Turn the nonzero rows into columns. 

B = 

1 0 

0 1 

1 1 

» '/, Check that the each column of A is a combination of the columns of B: 
» rref([ B A(:,l)]) '/. The first column of A. 

ans = 

10 1 

0 10 

0 0 0 

» rref([ B A(:,2)]) 7. The second column of A. 

ans = 

10-1 
0 11 

0 0 0 

» rref([ B A(:,3)]) V, The third column of A. 

ans = 

10 2 

0 14 

0 0 0 

» rref([ B A(:,4)]) V, The fourth column of A. 

ans = 

10 3 

0 13 

0 0 0 
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(ii) From 11. 

» '/, In each case above, there was a unique solution to [B A(:,j)]. 

» A = [ 1 -1 2 1; -1 0 1 2; 1 -2 5 4; 2 -1 1 -1]; 

» R = rref(A’) 

R = 

10 2 1 
0 11-1 
0 0 0 0 

0 0 0 0 

» B = ( R( Cl: 2] , :) ) ’ '/. Turn the nonzero rows into columns. 

B = 

1 0 

0 1 

2 1 

1 -1 

» */. Check that the each column of A is a combination of the columns of B: 
» rref([ B A(:, 1)]) 7. The first column of A. 

ans = 

10 1 

0 1 -1 

0 0 0 

0 0 0 

» rref([ B A(:,2)]) 
ans = 

10-1 
0 1 0 

0 0 0 

0 0 0 

» rref([ B A(:,3)]) 
ans = 

1 0 2 

0 1 1 

0 0 0 

0 0 0 

» rref([ B A(:,4)]) */. The fourth column of A. 

ans = 

10 1 

0 12 

0 0 0 

0 0 0 

(iii) From 12. 

» ’/, In each case above, there was a unique solution to [B A(:,j)]. 

» A = [1 -1 2 3; -2 2 -4 -6; 2-246; 3-369]; 

» R = rref(A’) 

R = 

1-223 
0 0 0 0 

0 0 0 0 

0 0 0 0 


/, The second column of A. 


7. The third column of A. 
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» B = ( R([l], :) )’ 7. Turn the nonzero rows into columns. 

B = 

1 

-2 

2 

3 

» '/, Check that the each column of A is a combination of the columns of B: 
» rref([ B A(:,l)]) */. The first column of A. 

ans = 

1 1 

0 0 

0 0 

0 0 

» rref([ B A(:,2)]) 7. The second column of A. 

ans = 

1 -1 

0 0 

0 0 

0 0 

» rref([ B A(:,3)]) 7. The third column of A. 

ans = 

1 2 

0 0 

0 0 

0 0 

» rref([ B A(:,4)]) 7. The fourth column of A. 

ans = 

1 3 

0 0 

0 0 

0 0 

(iv) From 13. 

» '/, In each case above, there was a unique solution to [B A(:,j)]. 

» A = [-1 -1 0 0; 0 0 2 3; 4 0 -2 1; 3 -1 0 4]; 

» R = rref(A') 

R = 

10 0 1 

0 10 1 

0 0 11 

0 0 0 0 

» B = ( R([1:3], :) )’ 

B = 

10 0 
0 10 
0 0 1 

111 


7. Turn the nonzero rows into columns. 
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» */, Check that the 
» rref([ B A(:,1)3) 
ans = 

10 0 

0 1 0 

0 0 1 

0 0 0 

» rref([ B A(:,2)]) 
ans = 

10 0 

0 10 

0 0 1 

0 0 0 

» rref([ B A(:,3)]) 
ans = 

10 0 

0 10 

0 0 1 

0 0 0 

» rref([ B A(:,4)]) 
ans = 

10 0 

0 10 

0 0 1 

0 0 0 


each column of A is a combination of the columns of B 
*/, The first column of A. 


-1 

0 

4 

0 

'/, The second column of A. 

-1 

0 

0 

0 

'/, The third column of A. 

0 

2 

-2 

0 

'/, The fourth column of A. 

0 

3 

1 

0 


(v) 


» '/. In each case above, there was a unique solution to [B A(:,j)3. 
» A = round(10*(2*rand(5)-l)); A(:,2) = .5*A(:,1); 

» A(:,4) = A(:,1) - 1/3 *A(:,3) 


-6.0000 

-3.0000 

1.0000 

-6.3333 

1.0000 

-9.0000 

-4.5000 

3.0000 

-10.0000 

-8.0000 

4.0000 

2.0000 

-10.0000 

7.3333 

3.0000 

4.0000 

2.0000 

-2.0000 

4.6667 

-2.0000 

9.0000 

4.5000 

-9.0000 

12.0000 

4.0000 

R = rref(A’) 




1.0000 

0 

0 

-0.8617 

-0.5651 

0 

1.0000 

0 

0.2084 

-0.2866 

0 

0 

1.0000 

0.1764 

0.7575 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 
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» B = ( R([1:3], :) 

)’ 

*/, Turn the nonzero rows into 

columns. 

B = 





1.0000 

0 

0 



0 

1.0000 

0 



0 

0 

1.0000 



-0.8617 

0.2084 

0.1764 



-0.5651 

-0.2866 

0.7575 



» '/, Check 

that the each column 

of A is a combination of the 

columns of B 

» rref([ B A(:,1)3) 


*/, The first column of A. 


ans = 





1 

0 0 

-6 



0 

1 0 

-9 



0 

0 1 

4 



0 

0 0 

0 



0 

0 0 

0 



» rref([ B A(:,2)3) 


'/, The second column of A. 


ans = 





1.0000 

0 

0 

-3.0000 


0 

1.0000 

0 

-4.5000 


0 

0 

1.0000 

2.0000 


0 

0 

0 

0 


0 

0 

0 

0 


» rref([ B A(:,3)3) 


'/, The third column of A. 


ans = 





1 

0 0 

1 



0 

1 0 

3 



0 

0 1 

-10 



0 

0 0 

0 



0 

0 0 

0 



» rref([ B A(:,4)3) 


’/. The fourth column of A. 


ans = 





1.0000 

0 

0 

-6.3333 


0 

1.0000 

0 

-10.0000 


0 

0 

1.0000 

7.3333 


0 

0 

0 

0 


0 

0 

0 

0 


» rref([ B A(:,5)3) 


*/, The fifth column of A. 


ans = 





1 

0 0 

1 



0 

1 0 

-8 



0 

0 1 

3 



0 

0 0 

0 



0 

0 0 

0 




» */. In each case above, there was a unique solution to [B A(:,j)]. 
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8. (i) From problem 7. 

» A = [1 -1 2 3; 0 1 4 3; 1066]; 

(a) 

» R = rref(A) 

R = 

10 6 6 

0 14 3 

0 0 0 0 

» '/, See problem 7 lor rrel(A’) and answer to part (b) . 

(b) 

» B = R( [1:2] ,:) '/ a basis lor the row space. 

B = 

10 6 6 

0 14 3 

(d) The dimensions of the row space and the column space were both 2. 

(e) The number of pivots in rrel(A) and rrel(A’) are the same. 

(ii) From 11. 

» A = C 1 -1 2 1; -1 0 1 2; 1 -2 5 4; 2 -1 1 -1]; 

(a) 

» R = rrel(A) 

R = 

1 0-1-2 

0 1-3-3 

0 0 0 0 

0 0 0 0 

» */. See problem 7 lor rrel(A’) and answer to part (b). 

(c) A basis for the row space is given by the nonzero rows in R: 

» B = R( [1:2] ,: ) 

B = 

1 0-1-2 

0 1-3-3 

(d) The dimensions of the row space and the column space were both 2. 

(iii) From 12. 

» A = [1-123; -22-4-6; 2-246; 3-369]; 


» R = rrel(A) 

R = 

1-12 3 

0 0 0 0 

0 0 0 0 

0 0 0 0 


(a) 
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» '/, See problem 7 for rref(A’) and answer to part (b). 

(c) A basis for the row space. 

» B = R([l],:) 

B = 

1-12 3 

(d) The dimensions of the row space and the column space were both 1. 
(iv) From 13. 

» A = [-1 -1 0 0; 0 0 2 3; 4 0 -2 1; 3 -1 0 4]; 

(a) 


» R = rref(A) 

R = 

1.0000 0 

0 1.0000 
0 0 

0 0 


0 1.0000 

0 - 1.0000 

1.0000 1.5000 

0 0 


» '/, See problem 7 for rref(A’) 


and answer to part 


(b). 


(c) A basis for the row space. 


» B = R(Cl:3],:) 
B = 


1.0000 0 

0 1.0000 

0 0 


0 1.0000 

0 - 1.0000 
1.0000 1.5000 


(d) The dimensions of the row space and the column space were both 3. 

(v) 

» A = round(10*(2*rand(5)-l)); A(:,2) = .5*A(:,1); 

» A(:,4) = A(:,1) - 1/3 *A(:,3) 

A = 


8.0000 

4.0000 

-5.0000 

9.6667 

5.0000 

5.0000 

2.5000 

10.0000 

1.6667 

0 

-5.0000 

-2.5000 

4.0000 

-6.3333 

-5.0000 

-9.0000 

-4.5000 

5.0000 

-10.6667 

-5.0000 

5.0000 

2.5000 

3.0000 

4.0000 

-3.0000 


(a) 

>> R = rref(A) 
R = 


1.0000 

0.5000 

0 

1.0000 

0 

0 

0 

1.0000 

-0.3333 

0 

0 

0 

0 

0 

1.0000 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 


» See problem 7 for rref(A 


) and answer to part (b). 
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(c) A basis for the row space. 
» B = R( [1:3] ,: ) 


1.0000 

0.5000 

0 

1.0000 

0 

0 

0 

1.0000 

-0.3333 

0 

0 

0 

0 

0 

1.0000 


(d) The dimensions of the row space and the column space were both 3. 

(d) The dimensions of the row space and the column space of A will always be the same. 

(e) The number of nonzero rows in rref (A) and rref (A’) is the same. The number of nonzero rows 
is the dimension of the row space of a matrix. So this verifies (d) as row space of A' “is” column 
space of A after taking transposes. 

9. (a) See MATLAB 4.4, Problems 3 and 7. 

(b) In each case, C will be the matrix formed as in problem 6. 

(i) 

» 

» A = [ 1 -2 3; - 
» rref(A) 
ans = 

1-2 0 
0 0 1 

0 0 0 

» B = A( :, [1 3]) 

B = 

1 1 

-2 0 

3 1 

(ii) 

» rref(B) 
ans = 

1 0 

0 1 

0 0 

(iii) 

» R = rref(A’); C = R([l:2],:)’; '/. From problem 6, R has 2 non-zero rows. 

(iv) 


The first matrix. 

2 4-6; 10 1]'; 7, Note the ’ to make rows into columns 


*/, B is the 1st and 3rd columns of A. 


'/, These should be linearly independent. 


» rref([B C]), rref([C B]) 
ans = 


1.0000 0 0 

0 1.0000 1.0000 

0 0 0 


'/, Both of these systems should be solvable. 

-0.5000 

0.5000 

0 


ans = 

10 11 
0 1-20 
0 0 0 0 
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(i) The 2nd matrix. 

»A=[1 -103 -14; 20172 1/2; 351415]'; 

» rref(A) 
ans = 

10 0 
0 10 

0 0 1 

0 0 0 

0 0 0 

0 0 0 

» B = A(:, [1 2 3] ) */, B is the first 3 columns of A. 

B = 


1.0000 

2.0000 

3.0000 

-1.0000 

0 

5.0000 

0 

1.0000 

1.0000 

3.0000 

7.0000 

4.0000 

-1.0000 

2.0000 

1.0000 

4.0000 

0.5000 

5.0000 


(») 

» rref(B) '/, These should be linearly independent, 

ans = 

10 0 
0 10 

0 0 1 

0 0 0 

0 0 0 

0 0 0 

(iii) 


» R = rref(A’); C = 

R([1:3],:) 1 

1 ; '/. From problem 6 

, R has 3 non-zero rows. 

» rref([B C]), rref([C B]) 

*/. Both 

of these : 

systems should be solvable 

ans = 





1.0000 0 

0 

0.8333 

-0.1667 

-1.6667 

0 1.0000 

0 

-0.1667 

-0.1667 

1.3333 

0 0 

1.0000 

0.1667 

0.1667 

-0.3333 

0 0 

0 

0 

0 

0 

0 0 

0 

0 

0 

0 

0 0 

0 

0 

0 

0 


10 0 12 3 
0 10-105 
0 0 10 11 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 


ans 
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» A = [ 1 2 -1 

3 1; 

-10 12 

0; ... 

5 4 -S i 

D 2; 1 

23-20; 

6 8 -2 3 3]’; 

» rref(A) 




ans = 




1 0 

2 

0 3 


0 1 

-3 

0 -2 


0 0 

0 

1 1 


0 0 

0 

0 0 


0 0 

0 

0 0 


» B = A(:,[1 2 4] ) 


B is the 1st, 2nd and 4th columns of A. 

B = 



*/, Since those have pivots. 

1 -1 

1 



2 0 

2 



-1 1 

3 



3 2 

-2 



1 0 

0 



(ii) 




» rref(B) 



*/, These should be linearly independent. 

ans = 




1 0 

0 



0 1 

0 



0 0 

1 



0 0 

0 



0 0 

0 



(iii) 




» R = rref(A’) 

; C = 

R([l:3],:)’; '/, From problem 6, R has 3 non-zero rows. 

(iv) 




» rref([B C]), 

rref([C B] ) 

'/, Both of these systems should be solvable 

ans = 




1.0000 

0 

0 

-0.2S00 0.5000 -0.2500 

0 1 

.0000 

0 

-1.0000 0.5000 0 

0 

0 

1.0000 

0.2500 0 0.2500 

0 

0 

0 

0 0 0 

0 

0 

0 

0 0 0 

ans = 




1 0 

0 

1 -1 

1 

0 1 

0 

2 0 

2 

0 0 

1 

-1 1 

3 

0 0 

0 

0 0 

0 

0 0 

0 

0 0 

0 
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(c) (Solutions only given for part (i) of (b). For (b.ii) note independence of columns of B follows 
from the fact that rref (B) consists of pivot columns of rref (A). For (c) count columns and 
compare with solutions to MATLAB Problem 7. 

» A = [1 -1 2 3; 0 1 4 3; 1 0 6 6] ; ’/, Matrix (i) from #7. 

» rref(A) 
ans = 

10 6 6 

0 14 3 

0 0 0 0 

» B = A(:,[ 1 2]) 

B = 

1 -1 

0 1 

1 0 

» A =[ 1 -1 2 1; -1 0 1 2; 1 -2 5 4; 2 -1 1 -1] ; '/, Matrix (ii) from #11. 
» rref(A) 
ans = 

1 0 - 1-2 
0 1-3-3 

0 0 0 0 

0 0 0 0 

» B = A( : , [1 2]) 

B = 

1 -1 

-1 0 

1 -2 

2 -1 

» A = [1-12 3; -2 2 -4 -6; 2 -2 4 6; 3 -3 6 9]; */. Matrix (iii) from #12. 
» rref(A) 
ans = 

1-12 3 

0 0 0 0 

0 0 0 0 

0 0 0 0 

» B = A(:,[!]) 

B = 

1 

-2 
2 
3 

» A = [-1 
» rref(A) 
ans = 

1.0000 
0 
0 
0 


-1 0 0; 0 0 2 3; 4 0 -2 1; 3 -1 0 4] ; */. Matrix (iv) from #13 


0 0 1.0000 

1.0000 0 - 1.0000 

0 1.0000 1.5000 

0 0 0 
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» B = A( :, [1 2 3] ) 

B = 

-1 -1 0 

0 0 2 

4 0-2 

3-10 

» A = round(10*(2*rand(5)-l)); A(:,2) = .5*A(:,1); */. Matrix (v). 
» A(:,4) = A(:,1) - 1/3 *A(:,3) 

A = 

-6.0000 -3.0000 1.0000 -6.3333 1.0000 

-9.0000 -4.5000 3.0000 -10.0000 -8.0000 

4.0000 2.0000 -10.0000 7.3333 3.0000 

4.0000 2.0000 -2.0000 4.6667 -2.0000 

9.0000 4.5000 -9.0000 12.0000 4.0000 

» rref(A) 
ans = 

1.0000 0.5000 0 1.0000 0 

0 0 1.0000 -0.3333 0 

0000 1.0000 
0 0 0 0 0 

0 0 0 0 0 

» B = A(:, [1 3 5]) 

B = 

-6 11 
-9 3 -8 

4 -10 3 

4 -2 -2 

9-9 4 


10. (i) (a) 

» A = round(10*( 2*rand(5,3)-l)); 

» B = [A eye(5)] 

B = 

-1 7310000 

9 -7 501000 

-9 -10 5 0 0 1 0 0 

54 10 000 10 

57800001 
» rref(B) '/. Every row has a pivot so columns span, 

ans = 

Columns 1 through 7 

1.0000 0000 -0.1199 0.3628 

0 1.0000 000 0.0315 -0.3060 

0 0 1.0000 0 0 0.0473 0.0410 

000 1.0000 0 -0.4826 2.3817 

0000 1.0000 1.0631 -5.6120 

Column 8 
-0.3785 
0.3628 
0.0442 
-3.0505 
5.7256 
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(b) 


» C = B(:, [1:5]) 
C = 


-1 

7 

3 

1 

0 

9 

-7 

5 

0 

1 

-9 

-10 

5 

0 

0 

5 

4 

10 

0 

0 

5 

7 

8 

0 

0 

» ’/. The 

first 

three 

columns 

of C are the same as A. 

» rref(C) 



'/, This should be the identity: 

ans = 




'/, In fact its rref (B) ( : , 1:5) 

1 

0 

0 

0 

0 */, Therefore columns of C are a basis 

0 

1 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

1 


(ii) (a) 


» A = 

[ 1 

2 

3 1; 2 8 

9 3; -1 1 

-3 -1]’; 




» B = 

[ A 

eye(4)] 






B = 









1 


2 

-1 

1 0 

0 

0 



2 


8 

1 

0 1 

0 

0 



3 


9 

-3 

0 0 

1 

0 



1 


3 

-1 

0 0 

0 

1 



» rref 

(B) 




'/, Every row 

has a pivot 


ans = 









1.0000 


0 

0 

3.6667 


0.3333 0 

-3.3333 


0 


1.0000 

0 

- 1.0000 


0 0 

1.0000 


0 


0 

1.0000 

0.6667 


0.3333 0 

-1.3333 


0 


0 

0 

0 


0 1.0000 

-3.0000 


» C = B(: 
C = 

, [1 2 3 6]) 


1 

2 -1 

0 

2 

8 1 

0 

3 

9 -3 

1 

1 

3 -1 

0 

» */, The first three columns of C are the same as A. 

» rref(C) 


'/, This should be the identity 

ans = 



1 

0 0 

0 

0 

1 0 

0 

0 

0 1 

0 

0 

0 0 

1 


(c) Since the columns making up the identity span M”, the total set of vectors will still span M n . 
Hence the set can be reduced to a basis by taking columns in B with pivots in rref (B). 
Since the original set is linearly independent, the columns corresponding to these vectors will 
have pivots in them. 
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11. (i) From problem 7. 

» A = [1-123; 0143; 1066]; 

» R = rref(A’); B = ( R( [1:2] , :) )’;*/. Solution from problem 7. 
» C = orth(A) '/. This is an orthogonal basis. 

C = 

0.2673 0.7715 
0.5345 -0.6172 

0.8018 0.1543 


» rref([C B] ), rref([B C] ) 

ans = 

'/, Both of these show unique solutions, since 
'/, Pivots are in columns of the first matrix. 

1.0000 0 

1.0690 

1.3363 

0 1.0000 

0.9258 

-0.4629 

0 0 

ans = 

0 

0 

1.0000 0 

0.2673 

0.7715 

0 1.0000 

0.5345 

-0.6172 

0 0 

0 

0 


(ii) From 11. 

» A = [ 1 -1 2 1; -1 0 1 2; 1 -2 5 4; 2 -1 1 -1]; 

» R = rref(A’); B = ( R([l:2], :) )’; '/. Solution from problem 7. 
» C = orth(A) */, This is an orthogonal basis. 

C = 

0.3592 0.2178 
0.1796 -0.5663 

0.8980 -0.1307 

0.1796 0.7841 


ref([C B]), rref([B C]) 

'/, Both of these show unique solutions 

1.0000 0 

2.3349 

0.8980 

0 1.0000 

0.7405 

-1.4811 

0 0 

0 

0 

0 0 

0 

0 

1.0000 0 

0.3592 

0.2178 

0 1.0000 

0.1796 

-0.5663 

0 0 

0 

0 

0 0 

0 

0 


(iii) From 12. 

» A = [1 -1 2 3; -2 2-4 -6; 2-246; 3-369]; 

» R = rref(A’); B = ( R([l], :) )’; '/. Solution from problem 7. 
» C = orth(A) '/. This is an orthogonal basis. 

C = 

-0.2357 

0.4714 

-0.4714 

-0.7071 
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» rref([C B] ), rref([B C] ) '/, Both of these show unique solutions. 

ans = 

1.0000 -4.2426 

0 0 

0 0 

0 0 

ans = 

1.0000 -0.2357 

0 0 

0 0 

0 0 

(iv) From 13. 

» A = [-1 -1 0 0; 0 0 2 3; 4 0 -2 1; 3 -1 0 4]; 

» R = rref(A’); B = ( R([l:3], :) )’; '/. Solution from problem 7. 

» C = orth(A) '/. This is an orthogonal basis. 

C = 

0.1961 0.1531 -0.8295 

0 0.7464 0.4392 

-0.7845 -0.3636 0.0488 

-0.5883 0.5359 -0.3416 

» rref([C B] ), rref([B C] ) /, Both of these show unique solutions. 


ans = 


1.0000 

0 

0 

-0.3922 

-0.5883 

-1.3728 

0 

1.0000 

0 

0.6890 

1.2823 

0.1723 

0 

0 

1.0000 

-1.1711 

0.0976 

-0.2928 

0 

ans = 

0 

0 

0 

0 

0 

1.0000 

0 

0 

0.1961 

0.1531 

-0.8295 

0 

1.0000 

0 

0 

0.7464 

0.4392 

0 

0 

1.0000 

-0.7845 

-0.3636 

0.0488 

0 

0 

0 

0 

0 

0 


12. We will use the method from problem 9, once we convert to vector terms as in earlier sections. 

(a) 

» A = [3 0 4 -1; -100 -1; 0 -2 1 0; 4 1 3 0] ’; ’/, ’ allows entry as rows 

» rref(A) 
ans = 

10 0 0 

0 10 0 

0 0 10 

0 0 0 1 

» */, Since this set is linearly independent. It is a basis for its span. 

(b) 

» A = [ -6 4 -9 4; -2 7 0 -9; -18 29 -18 -19; -2240]’; 

» rref(A) 
ans = 

10 2 0 

0 13 0 

0 0 0 1 

0 0 0 0 
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» B = A(:,[l 2 4]) */. The basis is the 1st, 2nd and 4th elements. 

B = 

-6 -2 -2 

4 7 2 

-9 0 4 

4-9 0 

For part (a), the set of all four polynomials is a basis. For part (b), the set of the first, second, and 
fourth matrix form the basis. 

13. (a) 


» n = 4; 
A = 

-5 

-4 

-3 

0 


A = round(10*(2*rand(n)-l)) 

2 -5 -4 

7 -2 -6 

-2 1 -7 

7-11 


» rrei(A) 
ans = 

10 0 0 
0 10 0 

0 0 10 

0 0 0 1 

» rank(A) 
ans = 

4 

(b) 


» B = A; B(:,2) = B(:,l) - 3*B(:,4); 
» rref(B) 
ans = 


1.0000 

0 

0 

0 


0 

1.0000 

0 

0 


0 

0 

1.0000 

0 


0.3333 

-0.3333 

0 

0 


>> rank(B) 
ans = 

3 

B is not invertible since the columns are dependent, due to row of zeros. 

(c) 


» B(:,3) = 

2*B(:,2); 



» rref(B) 




ans = 




1.0000 

0 

0 

0.3333 

0 

1.0000 

2.0000 

-0.3333 

0 

0 

0 

0 

0 

0 

0 

0 
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» rank(B) 
ans = 

2 

B is still not invertible for the same reason. 

(d) Repeat for other n’s. 

(e) The rank of A is the number of pivots in rref (A). 

(f) The n x n matrix A is invertible if and only if the rank of A is n. 

(g) 

» n = 5; B = round(10*(2*rand(n)-l)); '/, Create a random matrix of size 5. 

» B(:,2) = B(:,l) - 3*B(:,4); '/, Set 5-2 columns to be multiples of others. 

» B(: ,3) = 2*B(:,2); 

» B(:,5) = 2*B(:,1) + 2*B(:,2); 

» raiik(B) 
ans = 

2 

» n = 6; B = round(10*(2*rand(n)-l)); '/, Create a random matrix of size 6. 

» B(:,2) = B(:,l) - 3*B(:,4); */. Set 6-4 columns to be multiples of others. 

» B(: ,3) = 2*B(:,2); 

» rank(B) 
ans = 

4 


14. (a) 

» A = round( 10*(2*rand(2,3)-l)); 
» rank(A), rank(A’) 
ans = 

2 

ans = 

2 

» A = round( 10*(2*rand(4,5)-l)); 
» rank(A), rank(A’) 
ans = 

4 

ans = 

4 

» A = round( 10*(2*rand(7,3)-l)); 
» rank(A), rank(A’) 
ans = 

3 

ans = 

3 

(b) 

» n = 6; 

» A = round( 10*(2*rand(n)-l)); 

» rank(A), rank(A’) 
ans = 

6 

ans = 

6 
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» A = round( 10*(2*rand(n)-l)); 

» A(:,2) = A(:,l) - 3*A(:,4); '/. reduce the rank of A. 

» A(:,3) = 2*A(:,2); 

» rank(A), rank(A’) 
ans = 

4 

ans = 

4 

» A = round( 10*(2*rand(n)-l)); 

» A(:,3) = 2*A(:,2); '/, reduce the rank of A. 

» A(:,4) = -1*A(:,3); 

» A(:,5) = A(:,3)-2*A(:,2); 

» rank(A), rank(A’) 
ans = 

3 

ans = 

3 

(c) rank(A)=rank(A’)■ 

(d) Since rank(yl) is the dimension of the column space, by problem 8, this should be the same as 
rank(yt'), which is the dimension of the row space. 

15. Using A for the augmented matrix, and C for the coefficient matrix: 

» A = [ 1 -2 3 11; 4 1-14; 2-13 10]; '/, For problem 1, section 1.3 
» C = A(:,[1:3]); 

» rank(A),rank(C) 
ans = 

3 

ans = 

3 

» A = [-2 1 6 18; 5 0 8 -16; 3 2 -10 -3]; 

» C = A( :, [1:3] ) ; 

» rank(A),rank(C) 
ans = 

3 

ans = 

3 

» */. For problem 2. 

» A = [3 6 -6 9; 2 -5 4 6; 5 28 -26 -8]; 

» C = A(:,[1:3]); 

>> rank(A),rank(C) 
ans = 

3 

ans = 

2 

» A = [1 1 -1 7; 4 -1 5 4; 6 1 3 20]; 

» C = A(:,[1:3]); 

» rank(A),rank(C) 
ans = 

3 


ans 


2 
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» '/, For problem 3. 

» A = [ 3 5 1 0; 4 2 -8 0; 8 3 -18 0]; 

» C = A(:,[l:3]); 

» rank(A),rank(C) 
ans = 

2 

ans = 

2 

» A = [ 9 27 3 3 12; 9 27 10 1 19; 13596]; 

» C = A(:,[1:4]); 

» rank(A),rank(C) 
ans = 

3 

ans = 

3 

If the rank of A and C are the same, then the system has a solution. If the augmented matrix has a 
higher rank, then the system has no solution. 

16. (a) 

» m3=magic(3);m4=magic(4);m5=magic(5);m6=magic(6);... 

» m6=magic(6);m7=magic(7);m8=magic(8);m9=magic(9); 

» Crank(m3) rank(m4) rank(m5) rank(m6) rank(m7) rank(m8) rank(m9)] 
ans = 

3 3 5 5 7 3 9 

To generate other magic squares we can take mi ’, as transposing will only interchange row and 
column sums. Or we could interchange two row, say via mi[2 1 3:i,:] and still have a magic 
square. Or any combination of transposes and row (or column) interchanges. 

As to patterns in the ranks, all of the other magic squares constructed from the mi will keep the 
same rank. So the sequence above will always be the same. Observe the odd i have rank (mi) = 
i, i.e. rank(m5) = 5 . The even i may not seem to have any clear pattern. We experiment some 
more, continuing to use the same notation. 

» ml0=magic(10);mll=magic(ll);ml2=magic(12);ml3=magic(13);ml4=magic(14); 

» [rank(mlO) rank(mll) rank(ml2) rank(ml3) rank(ml4)] 
ans = 

7 11 3 13 9 

Combined with the previous work these confirm the pattern for the odd order matrices and show 

» [ rank(m4) rank(m6) rank(m8) rank(mlO) rank(ml2) rank(ml4)] 

ans = 

3 5 3 7 3 9 

Thus it appears that rank(magic(4k)) = 3 while rank(magic(4k+2)) = 2k+3. 

(b) 

» A = [1 2 3; 4 5 6; 7 8 9]; 

» rank(A) 
ans = 

2 
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» A = [1234; 5678; 9 10 11 12; 13 14 15 16]; 

» rank(A) 
ans = 

2 

Each of the matrices will have rank 2. Since the difference between any two consecutive rows is 
n * [1 1 ... 1], the first row and [11 • • ■ 1] form a basis for the row space. Hence rank= 2, always 
(c) rank(u * v') will always be one, provided u, v are non-zero. In fact the j ’th column of u * v' is 
vju, multiple of u. Hence u is a basis for the column space of u * v' (provided some vj ^ 0, and 
u#0). So dimension of the column space is 1. 

» u = 2*rand(4,1)-1; v = 2*rand(4,1)-1; 

» A = u*v 1 ; 

» rank(A) 
ans = 

1 

These matrices will always have rank 1, since all columns are multiplies of u. (Provided u ^ 0 
and v ^ 0.) 

17. (a) 


» n = 4; A = round(10*(2*rand(n)-l)); 

» m = 5; B = round(10*(2*rand(n,m)-l)); 

» B(3,: ) = B(1,: )-B(2,: ) ; B(4,:) = B(2,:); */. reduce the rank of B. 

Note that to reduce the rank of a matrix with fewer rows than columns we must make some rows 
equal to linear combinations of other rows, rather than columns. 

» rank(A), rank(B), rank(A*B) 
ans = 

4 

ans = 

2 

ans = 

2 

If A is invertible, and B has rank k, then AB has rank k. This relates to problem 10 in MAT- 
LAB 4.5 because the rank of B is the number of linearly independent columns in B, and the 
conclusion of Problem 10 says multiplication by an A preserves independence of a collection of 
columns. 

(b) 


» n = 6; A = round(10*(2*rand(n)-l)); 

» A(3, : ) = A(l,: )-A(2,:); A(4,:) = A(2,:); */, reduce the rank of A. 

» m = 5; B = round(10*(2*rand(n,m)-l)); 

» rank(A), rank(B), rank(A*B) 
ans = 

4 

ans = 

5 


ans 


4 
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(c) Form a 5 x 7 random matrix A and make two rows by linear combinations of other rows. A rea¬ 
sonable conjecture is the rank of AB is the minumum of the ranks of A and B. 

(d) 


» A = [1 -1 0; 2 0 2; 3 1 4]; 

» B = [ 1 -3 2; 1 -3 2; -1 3 -2]; 

» rank(A), rank(B), rank(A*B) 
ans = 

2 

ans = 

1 

ans = 

0 

A refined (correct) conjecture is rank(AB) < min(rank(A), rank(5)). 
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Section 4.8 

Note most solutions compute transition matrix by computing C -1 . An alternative is to find x# = C _1 x 
by reduction (C | x) —* (/ | C _1 ,x) for x = (xi • • x n )*. 

i.e. (* + y)/2(})+(*-y)/2l(_*) = (*). 


2. C 


2 3\ -j_U-2 

- 3 - 27 ’ “5 


3 

3 2 


V U~ 2 f x \ - A-2*-3y)/5\ 

7’ 5 V 3 2) \y) V (3* + 2y)/5J 

3 \f x \_((4x + Zy)/4l\ 

V7-4 7’ _ 41 V-7 5^ 41 \7 —5y ’ 41 \7 —5 J \y J \(7x-by)/4l] 

IV f- 2 -M M - /(-2x-t,)/4\ 

1/’ \~2 17 \y) ~ \(-2x + y)/4j 


4. C = 


5. C = 


-2 27 ’° ~4 


-2 -1 
-2 


a b 
c d 




d -b 


/10 1 
6. C= 0 0 1 


7. C = 


8. C = 


9. C = 




1 


ad — be 


dx — by \ 
-cx + ay 7 


(x - j/) | 0 ) + ( 2 / - z) 

0, 




/111 x 
. Or 0 1 1 y 

\0 0 1 Z 



1 0 0 x — y ' 

0 1 0 y — z ] . So 
0 0 1 z 


1 1 -1 


0 1 1 I; C7- 1 = - ( -1 1-1 \ ;C 
1 1 1 


/a b c\ 


6 -11 10 
2 17 -7 |; C- 1 

7 13 -9 


df —bf be — dc 


6x — lit/ + 10z \ 


f u V 1/ 1 -t I U,J 1 J J I/O HO I 

0 d e ] ; C" 1 = — [ 0 af -ae ] ; C" 1 


\0 0 f) 


0 0 



= XT 2x + 17y — 7z j 
7x+ 13t/- 9z I 


The reduction method is easy for this problem. 


1 -1 -1 


/ m\ 


11. C = 0 1 0 ; C- 1 = 0 1 0 ; C~ l 

\o 0 17 V° 0 v 

1) + a 2 (x 2 - 1) = a 0 + aix + a 2 x 2 . 



dfx — bfy + (be — dc)z ' 
afy — aez 
adz 


I , i.e. (a 0 + ai + o 2 )l + aj(x - 


/ 6 2 3 \ 


15-10 -1' 


/ u 0 \ ll \ 

12. C= 0 3 4 ; C" 1 = — 0 30 -24 ; C" 1 


\o 05 7 


90 


0 0 18, 



15ao — 10ai — a 2 \ 
30aj — 24a 2 I 
18a 2 y 
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1 — 1—1 


1 


1 1 1 ' 


13. C= 1 1 0 ; C _1 = - -11-1 ; C 


0 0 1 


0 0 2 , 



a 0 + °1 + 0,2 \ 
-ao + ai — a 2 I 
2a 2 / 


14 ’ “ (-1 o) + C! (3 l) + C3 (-1 0 ) + “ (0 4 ) = (4 s) Thei, = -10/7, c, = 12/7, 
c 3 = 18/7, c 4 = 15/14. 


15. C = 


/l 1 0 0 \ 
0 110 
0 0 11 
\0 0 0 1 / 


c- 1 = 


/l-l 1 - 1 X 
0 1-11 
0 0 1-1 
Vo o o \) 


-<-1 


— 16(1) + (10(1 + x) — 5(x + x 2 ) + 2(x 2 + x 3 ) 


16. C = 


{\ 1 1 1 ' 
0 -1 -2 -3 
0 0 13 

Vo 0 0-1, 


iC - 1 = 


/I 1 1 1 ' 

0-1-2 -3 
0 0 13 

Vo 0 0-1, 



Then, 2x 3 — 3x 2 + 5x — 6 = 


8 \ 

-7 

4 

0 / 


Then, 4x 2 — x + 5 = 


8(1) — 7(1 — x) + 4(1 — x) 2 . 

17. = a n 1)’( 3 ) ~ ai2 ^ 3 ) + ° 22 ( — 1) ' ^ en ’ ° u “ 2/3, “21 = 1/5, “12 = 

! 8 . a n ( J ) + a 22 . Then, a u - 11, 


a 2 i — — 8 , 


a i 2 = -23, a 22 = 13. (x)b 3 = 


11 -23 
-8 13 




19. 




+ “22 



a i 2 — —2/11, a 22 - 6/11, a 32 = —1/11, ai 3 = 4/11, a 23 = —1/11, a 33 = 2/11. (x)b 2 = 



i I -15 18 

33 ' -3-3 6 


/ 3 10\ (l-l l\ /-1\ 

20. 2(1 - x) + 3x + 3(x 2 - x - 1) = 3x 2 - 2x - 1. C = -2 1 1 ; C” 1 = - 2 3-3 ; C~ l -2 = 

\ 00 1/ 5 \0 0 5/ V. 3/ 

/ 4/5 \ 

I -17/5 I . Then, 3x 2 - 2x - 1 = 4(3 - 2x)/5 - 17(1 + x)/5 + 3(x + x 2 ) 


21 . 

23. 


2 1 -1 
3-2 0 

5 1 6 

0-2 2 
1 2 1 
4 0 12 


= —55 =>■ linearly independent. 


= 0 => linearly dependent. 


22 . 

24. 


-3 2 4 
0-12 
1 4 0 

-2 3 6 
4 1 8 
-2 0 0 


= 32 =>• linearly independent. 


= — 36 => linearly independent. 
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25. 


26. 


27. 


28. 


1- 1 2 4 

0-3 5 6 

14 0 3 

0 5-6 7 

2- 3 1 11 

0-202 

3 7-1-5 

4 1-3-5 

14-10 

-3 4 6 0 

2 5-23 
4 0 3 0 


= —260 => linearly independent. 


= 0 =S> linearly dependent. 


= —183 => linearly independent. 


a b d g 
0 c e h 
00 / j 
0 0 0 k 


= acfk 7 ^ 0 =»• linearly independent. 


29. Pi(0) = 0 implies that the constant term is zero for each polynomial. Then the first row of the matrix 
A (as in example 4) will be a row of zeros. Then det A = 0, which implies that the polynomials are 
linearly dependent. 

30. pp^(0) = 0 implies that the coefficient of the X* term is zero for each polynomial. Then row j + 1 
of the matrix A will be a row of zeros. So A not invertible, which implies that the polynomials are 
linearly dependent. 

31. Note that the first row of matrix A (as in example 5) is a row of zeros. Then A not invertible which 
implies that the matrices are linearly dependent. 


32. 


33. 


(x',j/) = ( 1 , 0 ) corresponds to ( x,y) = (cos 6, sin #). 

(x',?/) = ( 0 , 1 ) corresponds to ( x,y ) = (— sin 9, cos 8). 

Since the basis elements (1,0) and (0,1) of the x'y'-coordinate axis correspond to (cos0,sin#) and 
(— sin #, cos #) of the xy-coordinate axis, the change of coordinate matrix is given by 

cos 6 sin# 

— sin# cos# 


34. 


36 . 


/V3/2 1/2 

V —1/2 \/3/2 

- 1/2 v ^/2 
- a / 3/2 - 1/2 


-4 

3 


)CM 


(_4/^/3+ 3)/2\ 

-2 - 3 a / 5/2 J 

—2 + 5i/3/2\ 
-2/V3-5/2 / 


35. 


a/2/2 V 2/2\ f 2\ _ /— 5v^/2\ 

- a / 2/2 x / 2 / 2 — 9 a / 2 / 2 J 


37. Note problem meant (c,-)^ = 


/ Cl ‘\ 

c 2i 

^ Cni 1 


. Since C is invertible, the n columns of C are linearly inde¬ 


pendent. Thus c, , i = 1 ,..., n are independent. Since dim V — n, then by Theorem 5 of section 4.6, 
f ?2 = {ci, C 2 ,..., c„} is a basis for V. 


38. This is from Theorem 2. 
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39. Let CA = 


rn r 12 • ' ' Tin 

r 21 r 22 ... r2n 

^*n2 ' ’ ' **nn 


. Suppose CA = 7. Then (x) B , = 7(x) Bl = CA(x) Bl , for every 


x € V. Suppose (x)b, = CA{x)b 1 for every x e V. Let B\ = {vj, v 2 ,..., v„}. Then (vi),^ — 


= CA . . But CA 


0/ \r„ i 


the first column of CA. Similarly, the second column 


of CA = . = (v 2 )bi. Continuing in this manner, we have CA = I. 
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MATLAB 4.8 

1. (a) We mimic the ’by hand’ solution by finding rref ([vl v2 w] ) 

» rref( [ 1 -1 1; 1 1 2]) 
ans = 

1.0000 0 1.5000 

0 1.0000 0.5000 

» rref( [1-1-3; 114]) 
aus = 

1.0000 0 0.5000 

0 1.0000 3.5000 

For (i), (w)b = (1.5, .5)* and for (ii) (w)b = (.5,3.5)*, which is what lincomb(vl,v2,w) shows, 
(b) To find the coefficients in (w)b, we must solve avi + 6v 2 = w. This can be written as the matrix 
equation 

[ v i v 2 ] J = w, 

whose augmented matrix is [vj v 2 | w], 

2. (a) Let A be the matrix with vectors in B as columns. 

» A = [ 1 2 3 4; 2558;1339;0-221]; 

» rank(A) '/, Since the rank is 4, this is a basis, 

ans = 

4 

(b) is the same as in problem 1. 

(c) 

» w = [12-31]’; 

» wb = A\w */, This is the solution of Ax = w. 

wb = 

42 

-9 

-9 

1 

» A*wb '/, This should be the same as w. 

ans = 

1 

2 

-3 

1 

(d) (i) 

» A = [1 2 3 4; 1 3 2 4; 1 2 4 10; .5 1 1.5 2.5]; */. (d) System (i). 

» w = round(10*(2*rand(4,1)-1)); 

» wb = A\w '/, w in the basis B. 

wb = 

-280 

64 

67 

-11 
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Computing w-A*wb will yield 0 to within roundoff error. 

(ii) 

» A = round(10*(2*rand(4,4)-l)); '/, Form B from the columns of A 
» h = round(10*(2*rand(4,1)-1)); 

» wb = A\w '/. Find coefficients of w in the basis B. 

wb = '/. Since MATLAB issues no warnings. 

-5.8277 '/, A is invertible so B is an independent set. 

-2.7421 
-0.5824 
3.0477 


3. (a) Reducing [A 7] gives the same information as reducing each of [A w,]. Since that will give the 
solution of Ax = w,, this will find the coefficients of w, in the basis B, made up of the columns of A. 

(b) 

» R = rref( [ A eye(4)] ) 


R = 



1 

0 

0 

0 

-84 

45 

-5 

21 


0 

1 

0 

0 

19 

-10 

1 

-5 


0 

0 

1 

0 

21 

-11 

1 

-5 


0 

0 

0 

1 

-4 

2 

0 

1 

» c 

= 

R(:, [5: 

: 8]); 






» c 

- 

inv(A) 




*/. This 

should 

be 

ans = 

= 









0 

0 

0 

0 






0 

0 

0 

0 






0 

0 

0 

0 






0 

0 

0 

0 






(c) 


Part (a) shows the zth column of C, say c, solves Act = w, . Combining these says AC = I since 
w, = ej, or C = A -1 . 


(i) 


» w = [1 -2 3 4] 


» rref([A w]) 
ans = 

10 0 
0 1 0 

0 0 1 

0 0 0 


(ii) (w )b = Cw = C 



'/. Wb = last column. 


. From (a) the jth column of C is (ej)s so 


(w)b = - 2(e 2 )s + 3(e 3 )fi + 4(e 4 )B 


» C^w 
ans = 
-105 
22 
26 
-4 


'/, C*w = inv(A)* w, solves Ax = w. 


(iii) The matrix C is the transition from the standard basis to B. 



356 Chapter 4 Vector Spaces 


Instructor’s Manual 


4. (a) Each part of MATLAB 4.4, problem 9, answered questions about some P n by representing the 

polynomial p„(x) = a 0 + aixH-ba„x" via the vector (a 0 ,ai,... , a„)*. The vector is just (p„)s, the 

coordinate vector for p„ with respect to the standard basis B = {1, ar, x 2 ,.. ., x"} for P n . 

(b) For problem 14. 

» A = [1 -1 
» w = [2 4 
» A\w 
ans = 

-1.4286 
1.7143 
2.5714 
1.0714 

i.e. ans(l)(_} j)+ans(2) ^ +ans(3) j)+ans(4) 

For problem 15. 

» A = [1 0 0 0; 1 1 0 0; 0 1 1 0; 0 0 1 1] ’; 

» w = [-6 5 -3 2]'; 

» A\w 7. answer, 

ans = 

-16 
10 
-5 
2 

i.e. —16(1) + 10(1 + x) — 5(x + x 2 ) + 2(x 2 + x 3 ) = —6 + 5x — 3x 2 + 2x 3 . 

(c) For problem 16. 

» A = [1 0 0 0; 1 -1 0 0; 1 
» w = [5-140]’; 

» A\w 
ans = 

8 
-7 
4 
0 

i.e. 8(1) - 7(1 - x) + 4(1 - x) 2 + 0(1 - x) 3 = 4x 2 - x + 5. 


» V = [1 1 1; 2 3 3; -3 2 3]’ 
» W = [121; -1-10; 298]’ 


-2 1 0; 1 -3 3 -1] ’; 
7, answer. 


1 0; 2 3 0 1; 0 -1 1 0; 0 0 -2 4]’; 7. (Note the ’) 
-1 6 ]’; 

7. answer. 


(a) 


» rank(V), rank(W) 
ans = 

3 

ans = 

3 


Since both ranks are 3, the columns of V, W both form bases for M 3 . 
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(b) Writing v, as a linear combination of the columns of W = [wi W 2 W 3 ] amounts to solving 
Wdj = Vj. Combining these three problems into one, we can solve them by reducing the ex¬ 
tended augmented matrix (WlK) to (J|£>), and reading off (vj)c as the j’th column of D. 

( c ) 

» rref([W V]) 


ans = 

1.0000 

0 

0 

-3.5000 

-6.0000 

12.0000 

0 

1.0000 

0 

-3.5000 

-6.0000 

13.0000 

0 

0 

1.0000 

0.5000 

1.0000 

-1.0000 


So 

» vlC = ans(:,4);v2C = ans(:,5); v3C = ans(:,6); 
» D=[vlC v2C v3C] 

D = 

-3.5000 -6.0000 12.0000 

-3.5000 -6.0000 13.0000 

0.5000 1.0000 -1.0000 

(d) 

» x = [1 -2 -3]’ 


» xb = V\x 
xb = 

-6 

2 

-1 

» xc = W\x 
xc = 

-3 

-4 

0 

» D*xb 
ans = 

-3 

-4 

0 

(e) 

» W\V 
sins = 

-3.5000 -6.0000 

-3.5000 -6.0000 

0.5000 1.0000 


» V = [ 1 2 3 4; 2 5 
» W = C 1 2 3 4; 1 3 
» rref([W V]) 

10 0 
0 1 0 

0 0 1 

0 0 0 


'/. x in basis B. 


'/, x in basis C. 


'/, Same as xc. 


*/, Same as D above. 

12.0000 

13.0000 

- 1.0000 


58 ; 1339 ; 0 - 221 ]; 

2 4; 1 2 4 10; .511.5 2.5]; 


0 

-27 

-165 

25 

-81 

0 

7 

40 

-4 

21 

0 

6 

37 

-6 

17 

1 

-1 

-6 

1 

-2 


ans 
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» vlC=ans(:,5);v2C=ans(:,6);v3C=ans(:,7);v4C=ans(:,8); 
» D=[vlC v2C v3C v4C] 


27 

-165 

25 

-81 

7 

40 

-4 

21 

6 

37 

-6 

17 

-1 

-6 

1 

-2 


» x= round(10*rand(4,l)-5) 
x = 

-3 

-5 
2 
2 

» xb = V\x 
xb = 

59 
-15 
-16 
4 

» xc = W\x 
xc = 

158 
-39 
-37 
7 

» D*xb 
ans = 

158 
-39 
-37 
7 


'/, x in basis B. Alternative: rref([V x]) 


'/. x in basis C. Alternative: rref([W x]) 


'/, Should be same as xc 


(g) D = W X V can be explained in the following two ways: 

(i) The reduction (W \ V) —► (I | D) is accomplished by (left) multiplication by W~ l since 
WD = V is solved by ID = (W~ 1 W)D = W~ l V. 

(ii) Since V is the transition matrix from B to the standard basis, and W~ l is the transition ma¬ 
trix from the standard basis to C, D = W~ 1 V is the transition from B to C. 

6 . Problem 18. 


» 

V = 

[2 7; -5 

3]; 

*/. v 

is 

the 

transition 

matrix 

from 

Bl 

to 

s. 

» 

W = 

[0 5; 3 - 

■i]; 

•/. w 

is 

the 

transition 

matrix 

from 

B2 

to 

s. 

» 

D = 

inv(W)*V 


*/. D 

is 

the 

transition 

matrix 

from 

Bl 

to 

B2 


D = 

-1.5333 1.4667 

0.4000 1.4000 


» xl = [4; -1]; 
» D*xl 
ans = 


'/, x in Bl. 
*/. x in B2. 


-7.6000 

0.2000 
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Problem 19. 

» V = [101; -1 1 0; 0 -1 1]; % V is the transition matrix from B1 to S. 

» W = [3 10; 0 2 1; 0-15]; */, W is the transition matrix from B2 to S. 

» D = inv(W)*V */. D is the transition matrix from B1 to B2. 

D = 

0.4848 -0.1818 0.3636 

-0.4545 0.5455 -0.0909 

-0.0909 -0.0909 0.1818 

» xl = [2; -1; 4]; 

» D*xl 
ans = 

2.6061 
-1.8182 
0.6364 

Problem 20. 

>> V = [1-10; 0 3 0; -1 -11]’ ; '/. V is the transition matrix from B1 to S. 

» W = [3 -2 0; 1 1 0; 0 1 1] ’ ; */, W is the transition matrix from B2 to S. 

» D = inv(W)*V '/. D is the transition matrix from B1 to B2. 

D = 

0.4000 -0.6000 0.2000 

-0.2000 1.8000 -1.6000 

0 0 1.0000 

» xl = [2; 1; 3]; 

» D*xl 
ans = 

0.8000 
-3.4000 
3.0000 

7. Let S be the standard basis. 

» U = [24 .5; 87 1; 53 .5] '/, The transition matrix from D to S. 

(a) 

» T = inv(W)*V 
T = 

-3.5000 -6.0000 

-3.5000 -6.0000 

0.5000 1.0000 

» S = inv(U)*W 
S = 

0.0000 0.0000 -2.0000 

0.0000 -1.0000 -13.0000 

2.0000 6.0000 116.0000 

» K = inv(U)*V 
K = 

-1.0000 -2.0000 2.0000 

-3.0000 -7.0000 0.0000 

30.0000 68.0000 -14.0000 


/. The transtion from B to S and then to C, see 5c, g. 

12.0000 

13.0000 

- 1.0000 


7. x in Bl. 
*/. x in B2. 


7. x in Bl. 
'/, x in B2. 
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(b) The transition from B to C, followed (on left) by transition from C to D gives the transition 
from B to D. So K = S * T. 

» S*T 
ans = 

- 1.0000 - 2.0000 2.0000 

-3.0000 -7.0000 0.0000 

30.0000 68.0000 -14.0000 

(c) Repeat with random bases. 


8 . 


» V = [11 1; 2 3 3; -3 2 3]’; 7. The transition matrix B to S, by column. 

» A = [5 -6 4; 3 -19 19; 3 -24 24]; 


(a) 

» A * V(:,l) / 3 7. This should be V(:,l). 

ans = 

1 
1 
1 

» A * V(: ,2) / 2 
ans = 

2 
3 
3 

» A * V(:,3) / 5 
ans = 

-3 
2 
3 

(b) 

» xb = [-1; 2; 4]; 

» x = V*xb 7. This is x in the standard basis, we need it 

x = 7. before we can find Ax. 

-9 
13 
17 

» z = A*x 
z = 

-55 
49 
69 

» zb = inv(V)*z 
zb = 


7. This should be V(:,2). 


7. This should be V(: ,3). 


-3 

4 

20 


7. This is z in the basis B. 
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» D = diag([3 25]); 

» D*xb '/. This should be the same as zb. 

ans = 

-3 

4 

20 

(c) We get the same result for any xb, D * xb = A * x. 

(d) 


» V*D*inv(V) 
ans = 

5-6 4 
3 -19 19 
3 -24 24 


'/, This should be the same as A. 


» V = [12 1; -1 -10; 2 9 8]’; */, Note ’ used so V can be entered by columns. 
» A = [37 -33 28; 48.5 -44.5 38.5; 12 -12 11]; 

» A * V(: , 1) / (-1) */. This should be V(:,l). 

ans = 

1 

2 

1 


» A * V(:,2) / 4 
ans = 

-1 
-1 
0 

» A * V(: ,3) / .5 
ans = 

2 
9 
8 

» xb = [-1; 2; 4]; 

» x = V*xb 7. This is x in the standard basis, 

x = 

5 

32 

31 

» z = A*x 
z = 

-3 

12 

17 

» zb = inv(V)*z '/. This is z in the basis B. 

zb = 

1 

8 

2 


*/. This should be V(:,2). 


'/, This should be V(:,3). 
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» D = diag([-1 4 .5]); 

» D*xb 
ans = 

1 
8 
2 

» V*D*inv(V) 
ans = 

37.0000 -33.0000 28.0000 

48.5000 -44.5000 38.5000 

12.0000 -12.0000 11.0000 

(f) If x = avj + fcv 2 + cv 3 then (x)b = (a, 6 ,c)‘ and D(x)b = ( ra,sb,tcY since D = diag([r s f]). 
However, z = Ax = aAvi + 6 Av 2 + cAv 3 = arvi + bsv 2 + c<v 3 . So, from the definition of the 
coordinate vector, (z )b = (ar, bs, ct)*. Thus (z )b = D(x)b- 

Now notice that the matrix D represents the transformation A in the basis B from the first part. 
So applying A should be the same as changing to the basis B, applying D and then changing 
back to the standard basis, which is the same as applying VDV~ 1 . 

9. (a) Rotation of the unit vector ei = (1,0)* by # gives the point vi = (xj.t/j)* on the unit circle whose 
coordinates are x\ = cos#, y\ = sin# from the defnitions of cos and sin either in terms of triangles 
or as coordinates of points on the unit circle. Similarly v 2 = (— sin 6, cos #)* is the rotation of e 2 = 
(0,1)*. Alternatively we could identify v 2 as the rotation of ei by 8 + 7r/2 and use trig identities like 
cos(# + 7t/2) = — sin#, sin(# + 7r/2) = cos#. 

» a = 1; b = 2; 

» M = sqrt(x’*x); 

» th = pi/2; 

» vl = [cos(th); sin(th)] 

» v2 = [-sin(th); cos(th)]; 

» V = [vl v2] 

» x = [a;b] 

» w = V*x 

» V, The next command is modified from text to produce distinct line types: 

» '/ solid=blue and dotted=red lines, visible in black and white 
» plot([0,x(l)],[0 x(2)],’-r’, C0,w(l)], [0,w(2)],’:b’) 

» axis( 1 square’); 7, Correct position for MATLAB 4.x. 

» axis([-M M -M M]); % These should precede plot in 3.5. 

» print -deps fig4_8_9.eps '/, Use this to save to a file except in PC MATLAB 

(b) Here is the sample graph from the text. The solid line is the original vector x and the dotted line 
is the rotated vector w. (Note solid=red, dotted=blue). 


7. This should be the same as zb. 


7. This should be the same as A 
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(c) (i) 


» t = pi/4; 

» B = [ cos(t) -sin(t); sin(t) cos(t)] '/, Columns of B are basis. 
B = 

0.7071 -0.7071 

0.7071 0.7071 


» t = 2*pi/3; 

» C = C cos(t) -sin(t); sin(t) cos(t)] '/, Columns of C are basis. 


C = 

-0.5000 -0.8660 

0.8660 -0.5000 

» T = C\B 
T = 

0.2588 0.9659 

-0.9659 0.2588 

» S = B\C 
S = 

0.2588 -0.9659 

0.9659 0.2588 


'/, B to Standard followed by Std to C. 


'/, C to Std followed by Std'to B. 


(ii) 


» xb = [.5 ; 3]; 
» xc = T*xb 
xc = 

3.0272 

0.2935 

» x = B*xb 
x = 

-1.7678 

2.4749 

» inv(c)*x 
ans = 

3.0272 

0.2935 


(iii) 


'/, Coordinates in Basis B. 

*/. Use T to convert from B to C. 


'/, Convert from B to the standard basis. 


'/, Convert Standard basis to C. 
*/. Same as xc. 


» xc = [2; -1.4]; */. Coordinates in C basis. 

» xb = S*xc */. Use S to convert from C to B. 

xb = 

1.8699 

1.5695 

» x = C*xc '/. Convert from C to the standard basis, 

x = 

0.2124 

2.4321 
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» inv(B)*x */. Convert from Standard bases to B. 

ans = 

1.8699 

1.5695 


(iv) 

» The labels on the x-axes in rotcoor graphs verify (ii) and (iii) 
» rotcoor(B,C,C.5 3]’) % Rotate from pi/4 to 2pi/3 coordinates 
» print -deps fig489civ.ii.eps 


u = 10.7071,0.7071] v = [-0.7071,0.7071] w = [-1.768,2.475] 




» clg 

» rotcoor(C,B, [2 -1.4]’) '/. Rotate from 2pi/3 to pi/4 coordinates 

» print -deps fig489civ.iii.eps 
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u = [-0.5,0.866] v = [-0.866,-0.5] w = [0.2124,2.432] 




10. (a) (i) Rotation about z-axis by 6 just acts on the x, y coordinates as if we were rotating in the (z, y)- 
plane. So the trig identities or basic definitions of the trig functions used in problem 9(a) above show 
v, w have the forms ^(cosdjSinfl.O)*, w = (—sin 0, cos 0,0)*. The matrix Y = [v w e 3 ] is the transi¬ 
tion matrix from the coordinates in the system rotated by 0 around the z-axis to the standard coordi¬ 
nates. 

(ii) Repeat the reasoning above, except here all rotations are in the (y, z)-plane, as the z-axis is 
fixed. R = [ei v w] is the transition matrix from new coordinates in the system rotated by a 
around the z-axis back to the standard coordinates. 

(ii) As above except now all rotations are done in the (z, z)-plane since the j/-axis is fixed. P = 

[v 62 w] represents the transition from new coordinates in the system rotated by 4> around 
the y-axis back to the standard coordinates. 

(b) Multiplying u by YR on the left is the same as first multiplying u by R on the left, which repre¬ 
sents rotation by a around the z-axis, and next multiplying the resulting vector by Y on the left, 
which represents rotation by 0 around the z-axis. To do the rotations in the other order, multi¬ 
ply by RY. The matrices YR and RY are usually not the same, because doing the rotations in 
different orders will typically yield different results. 

(c) (i) 


» ph = pi/4; 

» P = [ cos(ph) 0 sin(ph); 0 10; -sin(ph) 0 cos(ph)] '/, Pitch. 
P = 

0.7071 0 0.7071 

0 1.0000 0 

-0.7071 0 0.7071 

» al = -pi/3; 

» R = [10 0; 0 cos(al) -sin(al); 0 sin(al) cos(al)] */, Roll. 

R = 


1.0000 

0 

0 

0 

0.5000 

0.8660 

0 

-0.8660 

0.5000 





366 Chapter 4 Vector Spaces 


Instructor's Manual 


» th = pi/2; 

» Y = C cos(th) -sin(th) 0; sin(th) cos(th) 0; 0 0 1] */, The yaw matrix. 

Y = 

0.0000 -1.0000 0 

1.0000 0.0000 0 

0 0 1.0000 

» A = eye(3) '/, Start with the standard basis for the attitute matrix. 

A = 

10 0 
0 10 

0 0 1 

» A1 = Y*R*P*eye(3) ’/, Do a pitch, roll and then yaw (reading right to left). 
A1 = 

0.6124 -0.5000 -0.6124 

0.7071 0.0000 0.7071 

-0.3536 -0.8660 0.3536 

(ii) 

» A2 = P*R*Y*eye(3) */, Do a yaw, roll and then pitch. Compare with part (i). 
A2 = '/, Results are different from Al. 

-0.6124 -0.7071 0.3536 

0.5000 0.0000 0.8660 

-0.6124 0.7071 0.3536 

(iii) Repeat above with new th, al, ph and (possibly) new orders. 

(<*) 

» p = C.2; .3; -1]; 

» p2=(A2\Al)*p */, Convert from first to second coordinate system. 

p2 = 

- 0.2221 
-0.8973 
-0.5250 

» ps = Al*p 

» 

ps = 

0.5848 
-0.5657 
-0.6841 

» A2*p2 
ans = 

0.5848 
-0.5657 
-0.6841 


/. Convert from the second to standard 
*/. Same as ps above. 


/. Convert from the first coordinate system 
'/. to the standard coordinate system. 
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Section 4.9 


1 . Let Vi = Q and v 2 = ^ Then Ul = v^Vi] = ^ = ( }/^|) > v 2 = v 2 - (v 2 • ui) Ul = 

v 2 - (0)ui = v 2 , and hence u 2 = v 2 /|v 2 | = ^ • 

2. A basis for H is {(1, -1)}. Thus an orthonormal basis for H is {(1/72, -1/72)}. 

3. (i) if a = 6 = 0, {(1,0) , (0,1)} ; (ii) if a ^ 0 a nd b = 0, {(0,1)}; (iii) if a = 0 and b 7 0, {(1,0)}; (iv) if 
a 7 0 and 6 7 0, {{b/y/a? + 6 2 , —a/y/a 2 + 6 2 )} 


4. Let Vi = ( ” ) and v 2 


-(:)■ 


As ad — be 7 0, then |vj | 7 0. Hence uj = ^ + 52 

ac + bd f a/y/a 2 + b 2 \ _ (—b(ad — be) / (a 2 + b 2 )\ , ,, _ ad—be 

y/a 2 + b 2 \ b/Va 2 + 6 2 ) ~ \ a\ad - bc)/(a 2 + b 2 ) J ’ ^ 2 ' ~ ^J a i + fc 2 ’ an 


)• 


u 2 


—b/y/a 2 + b 2 
a/y/a 2 + b 2 ) ' 


5. A basis for n is 


/ 2/5 \ 

| 11 , and u 2 — 

v—1/5/ 

6 . The set of vectors < 


'2/3' 

1 

0 


O' 

1 

-1 

2 / 730 ' 
5/766 
—I/a/30; 


Hence ui = 


1/76' 


/1/V5 N 


2/VS, 


0 , V' 2 = 1 - (-2/75) 0 = 


\2/V5 y 


2/3 

1 

0, 

—2/V5\ 


forms a basis for 7 r. Thus ui = 


—2/75' 

0 

1/75, 


'2/15' 


/ 275/35 \ 


1 J , and u 2 = 375/7 . 

V 475/35/ 


3v ^ \ 1/75/ \4/15 

' 2/729 \ ) 

7. The vector [ 3 ) spans L, hence ^ | 3/729 I > is an orthonormal basis for L. 

MV29) ) 

8 . As (3, -2,1) spans L, then {(3/714, —2714, l/7l4)} is an orthonormal basis for L. 



( l \ 


( 




( l/\/5\ 


( °\ 

9. The vectors 

0 

\2> 

1 

1 

0 

\-l) 

, and 

! 

\z) 

form a basis for H. So Ui = 

0 

\ 2/y/b) 

, v 2 = 

1 

0 

V-i / 


(-2/75) 


/1/75n 

! 

\2/75> 


/ 2/5 \ 

1 

0 

\ —1/5/ 


V 3 - (va-Ui^x - (v 3 -u 2 )u 2 = 


and u 2 = 


( 2/756 

| >p 0 fj n( j U3 we compute V 3 

V-1/730/ 


/1/VS\ 

- (6/75) g 

- (-3/730) 

/ 2/730 \ 
5/730 

0 1 “ 

(~ l \ 

1/2 

1 

\ 2/75/ 


\-1/730/ 

\ 1 / 2 / 


Thus U 3 = 


/-2/716 \ 
1/716) 
2/TTo 
\ 1/716/ 
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10. As abc ^ 0, then a ^ 0. Thus 


be 




is a basis for it. Then uj = 


' -6/ 7a 2 + b 2 ' 

a/y/a 2 + b 2 

0 


—b/y/a 2 6 2 

a/y/a 2 + b 2 

0 


u 2 


y/a 2 + b 2 

—ac y /{a 2 + 6 2 )(a 2 + b 2 + c 2 ) 
—bc/y/{a 2 + b 2 )(a 2 + b 2 + c 2 ) 
k (a 2 + b 2 )/y/(a 2 + b 2 )(a 2 + b 2 + c 2 ) 


' — ca 2 /(a 2 + 6 2 ) 
—abc/a 2 + b 2 
a 


and 


11. L is spanned by the vector 


. Hence 


/ a/y/a 2 + b 2 + c 2 
b/y ja 2 + b 2 + c 2 
\ c/y/a 2 + b 2 + c 2 


is an orthonormal basis for L. 



(l) 


( °V 
1 


0 0 


12. The vectors 

0 

) 

0 

> 

1 

, and 


0 

V2/ 


0 

\-z) 


0 

\\) 



form a basis for H. Then ui = 


/1/V5\ 
0 
0 

\2/VbJ 


~ 


+ 


0 \ 

1 

0 

0 

-3/ 
1/7 \ 
3/14 
1 
0 

V 1/14/ 


75 


/i/V5\ 
0 
0 
0 


6/75 \ 


/ 6/770 \ 


/°\ 


/l/75\ 


/ 6/770 \ 

1 


5/770 


0 

2 

0 

3 

5/770 

0 

0 

, «2 = 

0 

0 

. V 3 = 

1 

0 

"75 

0 

0 

+ 770 

0 

0 

3/75/ 


\ —3/770/ 


\l) 


\ 2/75/ 


\-3/770/ 


and U3 


(v 4 • 113)113 = 


/°\ 

0 

0 

1 

\4 / 


_ 8 _ 

75 


/-2/V2lO\ 

3/v/2l0 
14/7516 
0 

l/vsioy 

/1/V5\ 
0 
0 
0 
0 

V 2/1/5/ 


To find u 4 we compute v 4 = v 4 — (v 4 • ui)ui — (v 4 • 112)112 — 


+ 


12 

770 


6/VfO\ 

5/770 

0 

0 

-3/y/foJ 


/—2/V2lO\ 

I Q /. /O 1 A l 


7210 


3/7516 

14/7*16 

0 

1/7516 V 


/—8/15\ 
4/5 
-4/15 
1 

4/15/ 


and 


hence u 4 = 


/-8/^65 \ 
12/7465 
-4/7465 
15/V^65 
V 4/7465/ 


13. A basis for the solution space is 


14. The set of vectors < 


/ 1/V2\ 

0 


0 


/1/V2\ 

0 

1/V2 

V 0 / 


IV 

0/ 

V-] 

/- 1/2 \ 


/ 1/4 

1/2 


3/4 

1/2 


-1/4 

V — 1 / 2 / 


V 1/4 



, and hence 


O 1 


7/V66\ 

1/766 > is an orthonormal basis. 

—4/\/66 / 


u 3 = 


vS/j 

1/7I5\ 

3/\Zl2 

-1/712 

1 / 712 / 


> forms a basis for M 4 . Then v!* = 


/°\ 


/l/ 72 \ 


(~ l/2 \ 

0 

O 

1 

0 

1 

+ 2 

1/2 

0 

1/72 

1/2 

\l/ 

V 0 / 


V— 1 / 2 / 
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1 

yi2 


( 

V 


1/712 

3/712 

-1/712 

1/712 


\ 

/-vn 

/-i/75\ 

■ 

, and u 4 = 

0 

1/76 

/ 

\ 2 / 3 / 

\ 2/76/ 


/2/3 1/3-2/3 \ 

15. Q i = 1/3 2/3 2/3 and QQ* = I. 

\ 2/3-2/3 1/3/ 


16. Since PQ(PQ)* = PQQ'P* = P/P* = PP* = 7 then PQ is orthogonal. 


17. PQ(PQ)‘ = 



1-78-1-78 \ / l-781 + 78\ ; 

1 + 78 1-78/ V-l-78 1-78/ 


18. As Q is symemtric and orthogonal, then QQ* = QQ = Q 2 — I. 

19. Since Q is orthogonal then QQ* = I. Hence, det QQ* = det Q det Q* = ( det Q) 2 = 1, which implies 
det Q = ±1. 


20. AA X = A 2 = ( COS J N ) = for any real number t. 

\cost — sin t J ^0 1/ 

21. If v, = 0, then let c,- = 1 and Cj = 0 for j 7 i. Then we will have ciVi + C 2 V 2 + • • • + c„v„ = 0 with 
c : - / 0, which implies the set of vectors is linearly dependent. 

22. (a) From problem 2, {(1/72, —1/72)} is an orthonormal basis for H. Thus 

■«—((-!)■US) US-(IS) 

(b) H 2 - = {x G l 2 : x-(1/72,-1/7^) = 0} = {(x,y) € M 2 : x = y) = {(*,*) : x e R}. Scan 
orthonormal basis for H 2 - is {(1/72,1/7^)}- 

23. (a) If a = b = 0 then{(l, 0), (0,1)} is an orth onormal basis for H. So in this case proj^v = v by 
theorem 4. If either a 7 0 or b 7 0 then {(b/y/a 2 + b 2 , — a/y/a 2 + 6 2 )} is an orthonormal basis for H, 
and proj# v = 0. 

(b) For the case a — b = 0, H L = {0} by part (iii) of theorem 6. If a 7 0 or b 7 0, then H 2 - = {x£ 
ffi 2 : x • (b, — a) = 0} = {t(a,b) : t £ M}. Thus an orthonormal basis for H 1 is 

{( a/y/a 2 + 6 2 , b/y/a 2 + 5 2 )}. 

(c) If a = 6 = 0, then v = v + 0. If a 7 0 or b 7 0, then v = 0 + v. 

[ / -b/ Va r +TP \ ( —ac/ 7(a 2 + b 2 )(a 2 + 6 2 + c 2 ) \ } 

24. (a) We may assume a 7 0. By problem 10, < J a/y/a 2 + b 2 ] , ( — be/ yj(a 2 + b 2 )(a 2 + b 2 + c 2 ) ] ^ 

l\ 0/ V (« 2 + b 2 )/y/(a 2 + b 2 )(a 2 + b 2 + c 2 ) / J 

is an orthonormal basis for H. So proj w v = 0 + 0 = 0. 

(b) Upon solving ther system ui -x = 0, u 2 -x = 0, we find {(a,6,c)} is a basis for H 2 -, and hence 

{(a/y/a 1 + b 2 + c 2 , b/y/a 2 + b 2 + c 2 , c/y/a 2 + b 2 + c 2 )} is an orthonormal basis. 

(c) v = 0 + v. 


f /-2/75\ 

25. (a) From problem 6 we have < I 0 I , 

l V 1/75/ 


(- 2/V l) 

V i/Ts/ 



/ 275/35 
375/7 
\ 475/35 


2/75/35 \ | 

375/7 I > for an orthonormal basis of H, and hence 
475/35/ J 

/-186/49 \ 

| = 75/49 . 

V 118/49 / 


proj ff v = 275 
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(b) Solving the system Ui • x = 0, u 2 • x = 0 gives {(3, -2, 6)} for a basis of H L . So an orthonormal 
basis for H is {(3/7,-2/7,6/7)}. 

/ —186/49 \ // 3/7\ /—3\\ / 3/7\ /-186/49\ / 39/49\ 

(c) v = 75/49 + -2/7 • 1 -2/7 = 75/49 + -26/49 . 

V 118/49/ V\ 6/7/ V 4 // V 6/7/ \ 118/49/ \ 78/49/ 


26. (a) An orthonormal basis for H is {(2/729,3/729,4/729)}- So proj H v = (18/29,27/29,36/29). 


(b) Solving the system Ui • x = 0 gives 


-3' 

2 

0, 


'- 2 ' 


0 I > for a basis of H L . Hence 

1 


' — 3/a/ 13\ / —8/v/377\ 

2/\/l3 , -12/7377 } is an orthonormal basis for H L . 


0 / \ 13/7377/ 


/18/29 \ j /-3/713 \ 7 / 


-8/T377\ / 18/29 \ / 11/29 \ 

-12/7377 = 27/29 + 2/29 . 

13/7377/ \ 36/29/ \ —7/29 / 


27. (a) From problem 9, the set of vectors < 


mal basis for H. Hence proj# v = 


/1/75 
0 
0 

l \2/75 

/1/75 

0 


1 


75 


/ 2/730 \ 
5/730 
I ’ 0 ’ 

/ V-l/730 / 

/ 2/730 
5/730 


0 730 

V 2/75. 


■-2/710 \ 

l/TIo 
2/7Io 
i/7To / J 

/-2/7l0\ 


> forms an orthonor- 


+ - 


o | TIo 

V-i/730. 


1/5' 

1/7T0 | _ ( -3/5 


2/710 

\ l/TIo/ 


4/5 
17/5 > 


(b) Upon solving the system u, -x = 0, we find {(— 2/7l5, l/7l5, —3/7l5, l/7l5)} is an orthonor¬ 
mal basis for H L . 


(c) v = 


( !/5\ 

-3/5 

4/5 

V 17/5/ 


6 


715 


/ —2/7l5\ 
/ 1/715 
-3/715 
V i/7i5/ 


/ M 5 \ 

-3/5 

4/5 

\ 17/5/ 


+ 


4/5 \ 
-2/5 
6/5 f 
-2/5/ 


28. (a) The set of vectors < 


f/°\ 

0 


0 

l Vo/ 


\3/ J 


> forms a basis for 77, and hence < 


r/°\ 

0 


l\o7 


/ l/TTT 
l/TTT 
o 

V 3 / 71 T 


))■ 


> is an 


orthonormal basis. So proj# v = 


(b) Solving the system u, • x = 0 gives < 




( 4 / n \ 

/ 4/11 \ 

0 

_L 

4/11 

_ 4 /ll 

3 

r 

0 

3 

w 


\ 12 / 11 / 

V 12 / 11 / 






J 

1 

0 

. 


0 ’ 

0 



\ 0 / 

l lJ 

> 


> for a basis of 77. So 


1 v 


/- 1 / 72 N 

‘ 1/72 
0 
0 / 


/-3/722 \ 
-3/733 
0 

V 2 /V 22 J) 


> is an orthonormal basis for 77. 



( 4 /H\ 


/ —3 /2 \ 

/ 3/22 \ 

/ 4/11 


/ 15/11\ 

(c) v = 

4/11 

3 

+ 

3/2 

0 

4 3/2 „ 2 

4 4/ “ 

+ 

[ 18/H 
i 0 


\12/11/ 


\ 0/ 

V- 1 / 1 J 

V 12 / 11 / 


V - 1/11 / 
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29. |ui - u 2 | 2 = (ui - u 2 ) • (ui - 112 ) = |ui| 2 - 2ui -u 2 + |u 2 | 2 = 1 + 0+1 = 2. So |u x - u 2 | = y/2. 

30. Use induction on n. If n = 1, then |u x | 2 = 1. Suppose |ui + u 2 + • • • + u„_i| 2 = n — 1. Then 
|ui + u 2 + • • • + u n | 2 = (ui + u 2 + • • • + u„) • (u x + u 2 + • • • + u„) = u n • (ui + u 2 + ■ • • + u„) + 
(ui + u 2 + ••• + u„_i)-(ui + u 2 + ••• + u„) = 2u„ • (ui + u 2 + • • • + u„_i) + u„-u„ + 

(ui + u 2 + • • • + u„_i) • (ui + u 2 + ■ • • + u„_i) = 0 + l + n— l = n. By induction, this proves 
the result. 

31. For linear independence we want a 2 + 6 2 # 0. For the vectors to form an orthonormal basis we need 
a 2 + 6 2 = 1. 

32. Suppose | ^ ° ^ is an orthonormal basis for M 2 . Then a 2 + 6 2 = c 2 + d 2 = 1, and ac + bd = 0. 

We may assume a # 0. So c = —bd/a. Substituting this into c 2 + d 2 = 1 and solving for d gives 
d=±a. Thus, = (_*) or 

33. Suppose |u + v| = |u| + |v|. Then |u + v| 2 = (u + v) • (u + v) = |u| 2 + 2(u • v) + |v| 2 = |u| 2 + 
2|u||v| + |v| 2 . Thus u-v = |u||v|, which implies 11 = Au for some scalar A, and hence u and v are 
linearly dependent. 

34. |u T v| 2 = |u| 2 + 2(u-v) + |v| 2 < |u| 2 + 2|u||v| + |v| 2 = (|u| + |v|) 2 . Taking square roots, we obtain 
|u + v|<|u| + |v|. 

35. Use induction on n. For the case n — 1, we have x x ^ 0, so dim span{x x } = 1. Assume the result is 
true for k = n. Suppose that 


|xi + x 2 + ■ • ■ + x„+i| = |xi| + |x 2 | +- 1 - |x n+ i|. (*) 

We want to show |x x + x 2 -\ -b x n | = |xi j + |x 2 1 + • • ■ + |x„ |. If we do not have equality, then by the 

triangle inequality, |x x +x 2 H-l-x n | < |xi| + |x 2 | + • • • + |x„|. But adding |x n+ i| to both sides would 

give |x x + x 2 + • • ■ + x n+ i| < |xi| + |x 2 | +-1- |x„ + i|, which contradicts (*). Thus, we have equality 

and hence, dim span {xi,x 2 ,.. ,,x„} = 1 by the induction hypothesis. As |xi + x 2 + • ■ • + x n+ i| = 
|xi + x 2 + • • • -f x„| + |x„ + i|, then by problem #33, we have x n+ i = A(x x + x 2 + • • • + x„). So 
x„+i € span {xi, x 2 ,.. ., x„}, and hence dim span {x x , x 2 ,..., x„+i} = 1, which proves the result. 

36. By theorem 4 we have v = (v • ui)ui + (v • u 2 )u 2 +••• +(v-u n )u„. Hence, 

|v| 2 = V • v = [(v • Ui)ui H -b (v • u„)u n ] • [(v • Ui)u x H -b (v • u n )u„] 

= (v-ui) 2 (ui - Ui) + (v-u 2 ) 2 (u 2 -u 2 )+- b (v-u„) 2 (u„ -u„), since u; -u ; = 0, i # j 

= |v-ui| 2 + |v-u 2 | 2 +- b |v-u„| 2 , since u< >u, = 1. 


37. Let v E H. Then for every k G H L , we have vk = 0. Thus v G (i7 _L ) x , which shows H C (i/ 1 )- 1 -. 
Suppose v G ( H Then v - k = 0 for every k G H L . By theorem 7, there exists h G H and p G H L 
such that v = h + p. Thus vp = 0 = h*p + p- p = p*p, which implies p = 0. So v G 77, and hence 
(77^ 1 ) x C 77. Therefore H = {H L ) L . 

38. Let v E Hi. By theorem 7, there exists h G 77 2 and p G 77^ such that v = h + p. As = H then 
for every k G we have v • k = 0. In particular, v-p = 0 = h-p + p- p = p-p, and hence p = 0. 
So v G 77 2 , which shows Hi = 77 2 . 

39. Let h G H^ . Then h • v = 0 for every v G 77 2 . As Hi C 77 2 , then h • v = 0 for every v G 77 1 . Thus 
h G 77j 1 . Therefore 77^- C 77j 1 . 

40. As 11 .Lv, then u • v = 0. Thus, |u + v| 2 = (u + v) • (u + v) = |u| 2 + 2(u • v) + |v| 2 = |u| 2 + |v| 2 . 
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MATLAB 4.9 

1. (a) 

» vl = [-1; 2; -13; v2 = [3; 4; 0]; 

» ul = vl / norm(vl) '/. Normalize vl. 

ul = 

-0.4082 

0.8165 

-0.4082 

» u2 = u2 - ((v2’*ul)/(ul’*ui))*ul ’/, orthogonalize, could omit 
u2 = '/, denominator (ui’*ul) as ul length 1. 

3.8333 
2.3333 
0.8333 

» u2 = u2 / norm(u2) I, normalize. 

u2 = 

0.8398 

0.5112 

0.1826 

» A = [ul u2] ; '/. This is the matrix of vectors. 

» A’*A */. Dot each column in A with every other column in A, all at once. 

V, If this is the identity, then the vectors are orthonormal. 

ans = 

1.0000 0.0000 

0.0000 1.0000 

Check rref ( [A: vl v2] )= [I: cl c2] to verify vl, v2 are combinations of ul, u2. 

(b) 

» vl = [0 -2 -3 -3 1]’; 

» v2 = [3-5005]'; v3 = [2 14 13]’; 

» ul = vl / norm(vl) */, Normalize vl. 

ul = 

0 

-0.4170 

-0.6255 

-0.6255 

0.2085 

» u2 = v2 - (v2’*ul)*ul */, orthogonalize. 

u2 = 

3.0000 

-3.6957 

1.9565 

1.9565 

4.3478 

» u2 = u2 / norm(u2) V, normalize. 

u2 = 

0.4276 

-0.5268 

0.2789 

0.2789 

0.6197 
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» u3 = u3 - (v3'*ul)*ul - (v3'*u2)*u2 
u3 = 

0.4682 
1.6696 
1.1749 
-1.8251 
1.3887 

» u3 = u3 / norm(u3) 
u3 = 

0.1507 
0.5376 
0.3783 
-0.5876 
0.4471 

» A = [ul u2 u3] ; '/, This is the matrix of vectors. 

>> A’*A '/, Dot each column in A with every other column in A. 

*/, If this is the identity, then the vectors are orthonormal. 

ans = 

1.0000 0.0000 0.0000 

0.0000 1.0000 0.0000 

0.0000 0.0000 1.0000 

Check rref ( [A vl v2 v3] ) is [I cl c2 c3] to verify vi’s are linear combinations of ui’s. 

( c ) 


» vl = [-1; 2; 0; 1]; v2 
» v3 = [1; -2; 3; 1]; v4 
» ul = vl / norm(vl) 
ul = 

-0.4082 
0.8165 
0 

0.4082 

» u2 = v2 - (v2’*ul)*ul '/, orthogonalize. 

u2 = 

0.8333 

-0.6667 

2.0000 

2.1667 

» u2 = u2 / norm(u2) '/, normalize. 

u2 = 

0.2657 

-0.2126 

0.6378 

0.6909 

» u3 = v3 - (v3’*ul)*ul - (v3’*u2)*u2 
u3 = 

-0.5424 

0.0339 

0.8983 

-0.6102 


= [ 1 ; - 1 ; 2 ; 2 ]; 

= [-1; 2; -1; 4]; 

'/, Normalize ul. 
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» u3 = u3 / norm(u3) 
u3 = 

-0.4466 

0.0279 

0.7398 

-0.5025 

» u4 = v4 - (v4’*ul)*ul - (v4’*u2)*u2 - (v4’*u3)*u3 
u4 = 

-0.8851 

-0.6322 

-0.2529 

0.3793 

» u4 = u4 / norm(u4) 
u4 = 

-0.7505 

-0.5361 

-0.2144 

0.3216 

» A = [ul u2 u3 u4] ; */. This is the matrix of vectors. 

» A’*A */. Dot each column in A with every other column in A. 

*/. If this is the identity, then the vectors are orthonormal. 

ans = 

1.0000 0.0000 0.0000 0.0000 

0.0000 1.0000 0.0000 0.0000 

0.0000 0.0000 1.0000 0.0000 

0.0000 0.0000 0.0000 1.0000 

(d) Repeat above with 4 random vectors. 

2. The solution set for Ax = 0 has x = \y — 3z — \w with the other variables arbitrary. So a basis for H 
will be: 


» 

vl = 

[1; 1; 0; 0]; 

*/. y = 1, z = w = 0; 

» 

v2 = 

C-3; 0; 1; 0]; 

’/, z = l, y = w = 0; 

» 

v3 = 

[-1; 0; 0; 1]; 

'/. w = 1, y = z = 0; 

» 

ul = 

vl / norm(vl) 

*/, Perform Gram-Schmidt 


ul = 

0.7071 

0.7071 

0 

0 

» u2 = v2 - (v2’*ul)*ul 

u2 = 

-1.5000 

1.5000 

1.0000 

0 

» u2 = u2 / norm(u2) 
u2 = 

-0.6396 

0.6396 

0.4264 

0 
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» u3 = v3 - (v3’*ul)*ul - (v3’*u2)*u2 
u3 = 

-0.0909 

0.0909 

-0.2727 

1.0000 

» u3 = n3 / norm(u3) 
u3 = 

-0.0870 
0.0870 
-0.2611 
0.9574 

» A = [ul u2 u3] 

A = 

0.7071 -0.6396 

0.7071 0.6396 

0 0.4264 

0 0 


3. (a) Let l — yja 2 + b 2 , which is the |v| and jz[. Then vj • V 2 = (—ab + 6a)// 2 = 0. Also, |vi| = |v|// = 
/// = 1, and | v 2 1 = |z| // = /// = 1. Hence the set is orthonormal. Since this is an orthogonal set 
of nozero vectors, it is linearly independent. Any set of two linearly independent vectors is a basis for 
M 2 . 

(b) 

» v = [1; 2]; 

» vl = v/ norm(v), v2 = [-2; l]/norni(v) 
vl = 

0.4472 
0.8944 

v2 = 

-0.8944 
0.4472 

» w = [-3; 4]; 

» pi = (w’*vl)*vl 
pi = 

1 
2 

» p2 = (w’*v2)*v2 
P 2 = 

-4 
2 

» prjtn(w,vl); print 
» prjtn(w,v2); print 


'/, Notice that vl’*vl = 1. 


’/, Notice that v2’*v2 = 1. 


-deps fig493bl.eps 
-deps fig493b2.eps 


*/, The final basis. 

-0.0870 

0.0870 

-0.2611 

0.9574 
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P is the projection of U onto V P is the projection of U onto V 



(c) 


» pi + p2 V, This should be w. 

ans = 

-3 

4 

» lincombfvl,v2,w); print -deps fig493c.eps ; 


u = [0.447214:0.884427] V = [-0.894427:0.447214] w = [-3:4] 



Note that in the prjtn graphs the projection onto a vector is formed by dropping a perpendicu¬ 
lar onto the vector. Then in the 1 incomb graph the parallelogram formed is a rectangle since vl, 
v2 are perpendicular. 


» w = [4; 2] ; 

» pi = (w’*vl)*vl */. Notice that vl’*vl = 1. 

pi = 

1.6000 

3.2000 

» p2 = (w’*v2)*v2 V, Notice that vl’*vl = 1. 

p2 = 

2.4000 

- 1.2000 
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» pi + p2 '/, This should be w. 

ans = 

4.0000 

2.0000 

(e) Your choice. 

(f) Using H as the span of {v = avj}, is in H and p 2 is in H L since v 2 • Vi = 0, and w = Pj+p 2 - 
4. (a) 

» v = [2; 1]/ norm([2;l]) 
v = 

0.8944 

0.4472 

» w = [3; 5] ; 

» p = (w’*v)*v 
p = 

4.4000 

2.2000 

» norm(w-p) */, the distance from w to p. 

ans = 

3.1305 

(b) 

» c = 2.5; 

» z = c*v; 

» norm(w-z) '/. This should be larger than |w-p|. 

ans = 

3.9564 

(c) 

» w = [-3; 2] ; 

>> p = (w’*v)*v 
p = 

-1.6000 
-0.8000 

» norm(w-p) 
ans = 

3.1305 

» c = 1.5; 

» z = c*v; 

» norm(w-z) 

ans = 

4.5405 

(e) Label p at foot of perpendicular dropped from w to line through v, w — p is this perpendicular, 
and w — z is the dashed hypotenuse. 

The diagrams show that if z = av in H = span{v} is not proj# w = p then w — z is the hy¬ 
potenuse of a right triangle with one side w — p. Hence |w — p| < |w — z|. 


A the distance from w to p. 


'/, This should be larger than |w-p|. 
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5. (a) 


(*>) 


» vl = [-1; 2; 3]; v2 = [0; 1; 2]; 
» zl = vl/norm(vl) 
zl = 

-0.2673 

0.5345 

0.8018 

» z2 = v2 - (v2'*zl)*zl; 

» z2 = z2/norm(z2) 
z2 = 

0.8729 

-0.2182 

0.4364 


» z = [-1; -2; 13; 
» z’*vl, z’*v2 
ans = 

0 

axis = 

0 


Since H is a two dimensional subspace of JR 3 , H 1 will be one dimensional (3 — 2 = 1). Since z 
is a nonzero vector in H J ", it will form a basis. The vector n is the result of using Gram-Schmidt 
on the basis {z}. 


» n = z/norm(z); 

» w = [1; 0; 03 ; '/ Choose a vector. 

» whl = (w’*zl)*zl + (w’*z2)*z2 */, Use method 1. 
whl = 

0.8333 

-0.3333 

0.1667 

» wh2 = w - (w’*n)*n '/, Use method 2. (should be the same as 1.) 

wh2 = 

0.8333 

-0.3333 

0.1667 

(d) To get h drop a perpendicular from w to line through n. w — h can be represented as the arrow 
from h to w, which is the side of a parallelogram opposite to p, the projection of w. 

6. (a) 


» 

ul = [0; 

-2; - 

3; - 

■3; 13; 

» 

u2 = [3; 

-5; 0 

; 0; 

53; u3 = 

» 

A = [ul 

u2 u33 

; B 

= orth(A) 

B = 

0.3906 

0.2298 

0.0157 


-0.6509 

0.4563 

0.3293 


0 

0.7747 

-0.1098 


0 

0.1937 

-0.8814 


0.6509 

0.3184 

0.3199 
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» B’*B 
ans = 

1.0000 

0.0000 

0.0000 


'/, Verify that the columns are orthonormal. 


0.0000 0.0000 

1.0000 0.0000 

0.0000 1.0000 


(b) 


» x = round(10*(2*rand(3,1)—1)); 

Recall that Ax is a linear combination of the columns of A, so it is in the range of A. To verify 
Theorem 4, we use the columns of B as the orthonormal basis. 


» h = A*x */. This and the next display should be the same: 

w = 

-11 

-27 

-43 

-13 

-14 


» (w’*B(:,1))*B( :, 1) + (w’*B(:,2))*B(:,2) +(w’*B(:,3))*B(:,3) 
ans = 

- 11.0000 

-27.0000 

-43.0000 

-13.0000 

-14.0000 


7. 


» A = 10*(2*rand(6,4)-l); 


» B = orth(A) 
B = 


0.1746 

0 

0.4137 

0 

0.0167 

-0 

-0.4933 

0 

-0.5076 

0 

0.5451 

0 


2858 

-0.6351 

4925 

-0.0476 

5723 

-0.0451 

5789 

0.3622 

0353 

-0.6763 

1089 

-0.0611 


(a) 


» w = 10*(2*rand(6,1)-1) 


-4.4584 
8.2763 
0.5949 
-0.7111 
8.8196 
-8.9983 


0.2796 

0.4788 

0.4736 

0.0574 

-0.2394 

-0.6385 
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(b) 


» c = w’*B 
c = 

-6.3757 
» z = c’ 
z = 

-6.3757 

1.3810 

-3.2613 

6.5911 


*/. The dot product of w with each column in B. 
’/. (w’*ul w’*u2 w’*u3 w’*u4) 

1.3810 -3.2613 6.5911 

’/, So z=(w’*ul w’*u2 w’*u3 w’*u4)’=B’*w 


» p = B*z 

P = 

3.1961 

1.3539 

2.3712 

3.1414 

3.9128 

-7.3338 


'/, The projection of w onto H is 

*/, (w.ul)ul+(w.u2)u2+(w.u3)u3+(w.u4)u4 

’/, Note p=B*B’*w combining previous steps 


» x = 10*(2*rand(4,1)-1); 

» h = A*x % h is in H. 

h = 

49.1183 

19.2271 

-38.5432 

80.7957 

80.5036 

-54.4691 

» norm(w-h), norm(w-p) ’/. Compare, 

ans = 

135.5423 
ans = 

12.3026 

The distance from w to proj H w is always smaller (or equal to) the distance from w to h, any 
arbitrary vector in H. 

(c) Since V 4 is a linear combination of vi, V 3 and z, it may be replaced by z in the basis for H. 


» z = A * [2; 0; -3; 1]; 

» C = [ A(:, Cl: 3]) z]; D = 
» w = 10*(2*rand(6,1)-1); 

» pi = B*B’*w; */. 

» p2 = D*D’*w; */. 

» pi - p2 */. 

ctns = 


orth(C); 

Use basis B. 
Use basis D. 
Compare. Get 


We leared in (a) this is projection 
zero up to round off error. 


1.0e-14 * 


0.6661 

-0.0888 

-0.1776 

0.4441 

-0.1776 

-0.3109 
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The projection of w onto H does not depend on which basis you choose. Here, pi - p2 has some 
small round off error. 

(d) The entries in B *w are the coefficients in definition 4 since u< ■ w = u|- * w. To form the linear 
combination of the columns of B with these as multipliers, as in definition 4, form B(B t w). 

8. (a) If a vector v is in the null space of A*, then vl‘v = 0. By taking the transpose of this we may 
replace it by A - 0. Since any thing in H can be written as Ax for some x, we have that v‘(Ax) = 
(v*A)x = Ox = 0. This means that v is orthoganal to anything in H or that v G H x . Conversely, if 
v g H 1 , we have that for any vector y £ H, v*y = 0. For any vector x in the domain of A, ,4x is in 
H , so we have vMx = 0, or by taking the transpose x t (A*\) = 0. This means that A*\ is orthogonal 
to every vector x. This can happen only when A*v = 0, hence v is in the null space of A*. 

(b) 


» A = round(10*(2*rand(7,4)-l)); 

» B = orth(A); C = null(A’); 

» C’*C '/. Verify that columns of C are orthonormal. 


ans = 

1.0000 0.0000 0.0000 

0.0000 1.0000 0.0000 

0.0000 0.0000 1.0000 


(c) 


» w = round(10*(2*rand(7,l)-l)); 

» h = B*B’*w; p = C*C’*w; 

» w - (h+p) '/. This should be zero (up to round off error). 

ans = 

1.0e-14 * 


0.1776 

-0.4441 

0.5329 

0.0444 

-0.1776 

0.0888 

-0.0888 


» h’*p 
ans = 

-5.3291e-15 


(d) 


'/, h,p should be (essentially) orthogonal. 


» B*B’ + C*C’ */. This should be I. 

ans = 


1.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

1.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

1.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

1.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

1.0000 

0.0000 

0 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

1.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0 

0.0000 

1.0000 


(e) Since h = J5S 4 w and p = CC^w, and since w = h + p, we have that w = (5J5 4 + CC ! )w. Since 
this is true for every vector w, it follows that I = BB * + CC*. 
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9. (a) The ith coordinate of v in this basis is u*v. Since uj is the ith row of B*, the vector of coordi¬ 
nates is just j3*v. 

(b) Since the norm of both u, and w are one, cos(0, ) = u, • w, where 0,- is the angle that u, makes 
with w. 

(c) (i) 

» deg = 180/pi; 

» w = [1; l]/norm([l;l]) 

» vl = [1; 0]; v2 = [0; 1]; 

» acos( w’*vl)*deg '/. The angle between w and vl in degrees, 

ans = 

45.0000 

» acos( w’*v2)*deg '/, The angle between w and v2 in degrees, 

ans = 

45.0000 

(ii) 

» w = [-1; 0]; 

» vl = [1; l]/norm(Cl;1] ); 

» v2 = [-1; l]/norm([-l;l]); 

» acos( w’*vl)*deg */, The angle between w and vl in degrees, 

ans = 

135 

» acos( w'*v2)*deg */, The angle between w and v2 in degrees, 

ans = 

45.0000 

(d) 

» B = [22-1; 2-12; 

» B' * B 
ans = 

10 0 
0 10 

0 0 1 

» s = [1; 1; 1]; 

» w = s/norm(s); 

» c = w’ * B; 

» acos(c) * deg 
ans = 


'/, The cosines of the angles. 

'/, Entries agree with acos((s’*B( : , i) )/norm(s)) 


-1 2 2]/3 ; 

'/, This should be the identity. 


54.7356 54.7356 54.7356 
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10. (a) 


» B = l/sqrt(2) * [1 1; 1 -1]; 

» B’ * B */. This should be the identity, 

ans = 

1.0000 0 
0 1.0000 


(b) 


» B1 = 1/14 * [-4 -6 12; 6 -12 -4; 12 4 6]; 

» Bl’ * B1 '/, This should be the identity. 


ans = 

1.0000 0.0000 0 

0.0000 1.0000 0.0000 

0 0.0000 1.0000 


» B2 = 1/39 * [-13 14 -34; -26 -29 -2; -26 22 19]; 

» B2’ * B2 '/. This should be the identity, 

ans = 

10 0 
0 10 

0 0 1 


(d) 


» 

B3 = orth(rand(3)); 


» 

B3’ * B3 



ans 

: = 




1.0000 

0.0000 

0.0000 


0.0000 

1.0000 

0 


0.0000 

0 

1.0000 


'/, This should be the identity. 


» vl = [-1; 2; 3]; v2 = [0; 1; 1]; v3 = [-1; 2; 4]; 

» ul = vl/norm(vl); 

» u2 = v2 - (ul’*v2)*ul; v2 = u2 / norm(u2); 

» u3 = v3 - (ul’*v3)*ul - (u2’*v3)*u2; u3 = u3 / norm(u3); 


» B4 = [ul 

u2 u3] 



B4 = 

-0.2673 

0.7715 

0.5774 


0.5345 

0.6172 

-0.5774 


0.8018 

» B4’ * B4 

-0.1543 

0.5774 

/, This should be the identity 

ans = 

1.0000 

0.0000 

0.0000 


0.0000 

1.0000 

0.0000 


0.0000 

0.0000 

1.0000 
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11. (a) 


» B = B1*B2 
B = 


-0.1905 

0.6996 

0.6886 

0.6190 

0.6300 

-0.4689 

-0.7619 

0.3370 

-0.5531 

» B * * B 

ans = 

1.0000 

0.0000 

0 

0.0000 

1.0000 

0.0000 

0 

0.0000 

1.0000 

» B = B1*B3 

B = 

-0.2959 

0.3625 

0.8837 

-0.4714 

-0.8601 

0.1950 

0.8308 

-0.3589 

0.4254 

» B> * B 

ans = 

1.0000 

0.0000 

0.0000 

0.0000 

1.0000 

0.0000 

0.0000 

0.0000 

1.0000 

» B = B2*B4 

B = 

-0.4180 

0.0989 

-0.9030 

-0.2604 

-0.9654 

0.0148 

0.8703 

-0.2413 

-0.4293 

» B * * B 

ans = 

1.0000 

0.0000 

0.0000 

0.0000 

1.0000 

0.0000 

0.0000 

0.0000 

1.0000 

» B = B3*B4 

B = 

-0.4188 

-0.0527 

0.9065 

-0.2893 

0.9540 

-0.0782 

0.8607 

0.2950 

0.4148 

» B* * B 

ans = 

1.0000 

0.0000 

0.0000 

0.0000 

1.0000 

0.0000 

0.0000 

0.0000 

1.0000 
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'/, This should be the identity. 


*/, This should be the identity. 


'/, This should be the identity. 


’/, This should be the identity. 


(b) See the solution to Problem 16 above. 
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12. (a) 




» B = l/sqrt(2) * [1 

l; l -l]; 

'/, B from MATLAB Problem 10 changed by Problem 11. 

» A = inv(B) 

A = 




0.7071 

0.7071 



0.7071 

0.7071 



» A’ * A 



*/, This should be the identity. 

axis = 




1.0000 

0 



0 

1.0000 



» A = inv(Bl) 



'/, Matrices Bl, B2, B3, B4 previously entered 

A = 



*/. in MATLAB Problem 10, and not changed. 

-0.2857 

0.4286 

0.8571 


-0.4286 

0.8571 

0.2857 


0.8571 

0.2857 

0.4286 


» A’ * A 



'/, This should be the identity. 

axis = 




1.0000 

0.0000 

0.0000 


0.0000 

1.0000 

0.0000 


0.0000 

0.0000 

1.0000 


» A = inv(B2) 



A = 




-0.3333 

0.6667 

-0.6667 


0.3590 

0.7436 

0.5641 


-0.8718 

0.0513 

0.4872 


» A’ * A 



*/, This should be the identity. 

axis = 




1.0000 

0.0000 

0 


0.0000 

1.0000 

0.0000 


0 

0.0000 

1.0000 


» A = inv(B3); 



» A’ * A 



'/. This should be the identity. 

axis = 




1.0000 

0.0000 

0.0000 


0.0000 

1.0000 

0.0000 


0.0000 

0.0000 

1.0000 


» A = inv(B4) 



A = 




-0.2673 

0.5345 

0.8018 


0.7715 

0.6172 

-0.1543 


0.5774 

■0.5774 

0.5774 


» A’ * A 



’/, This should be the identity. 

axis = 




1.0000 

0.0000 

0.0000 


0.0000 

1.0000 

0.0000 


0.0000 

0.0000 

1.0000 


(b) The matrix B is 

orthogonal if B*B = 

7. Since this is the definition of the inverse of B, we see 

that A = B* is in fact B 

1 . Since A* 

= B, we then have A*A = BB~ l = 7, i.e. 5 -1 is orthogo- 

nal. 
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13. (a) 


» det(B) 
ans = 

-1.0000 

» det(Bl) 
ans = 

1 

» det(B2) 
ans = 

1.0000 

» det(B3) 
ans = 

1 

» det(B4) 
ans = 

-1.0000 

(b) Take the determinant of B*B = I, and use det(5‘) = det (5). We get det(5) 2 = det (/) = 1, so 
det (5) = ±1. 

(c) Since the volume of the parallelepiped formed by Qu, Qv and Qw is that of the parallelepiped 
formed by u, v and w multiplied by | det (Q)|, and since det ( Q ) = ±1, they will have the same 
volumes. 

14. (a) 

» Q = Bl; deg = 180/pi; 

» v = 2*rand(3,l)-l; 

>> v - 2*rand(3,1)—1; 

» norm(v), norm(Q*v) V. compare the lengths. 

ans = 

0.4455 
ans = 

0.4455 

» acos(v’*w /(norm(v)*norm(w))) * deg '/, The angle between v and w (in degrees) 
ans = 

75.1669 

» qv = Q*v; qw = Q*w; 

» acos(qv’*qw /(norm(qv)*norm(qw))) * deg '/. The angle between qv and Qw 
ans = 

75.1669 

For any v and w, multiplication by Q will preserve both lengths and angles. 

(b) 


» Q = orth(2*rand(6)-l); 
» Q’*Q 
ans = 


1.0000 

0.0000 

0.0000 

0.0000 

1.0000 

0.0000 

0.0000 

0.0000 

1.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0 

0.0000 

0.0000 

0.0000 

0.0000 


'/, This should be the identity. 


0.0000 

0.0000 

0.0000 

0.0000 

0 

0.0000 

0.0000 

0.0000 

0.0000 

1.0000 

0.0000 

0.0000 

0.0000 

1.0000 

0.0000 

0.0000 

0.0000 

1.0000 
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» v = 2*rand(6,1)-1; 

» w = 2*rand(6,l)-l; 

» norm(v) , norm(Q*v) */, compare the lengths, 

ans = 

1.4703 
ans = 

1.4703 

» acos(v’*w /(norm(v)*norm(w))) * deg '/. The angle between v and w (in degrees) 
ans = 

103.8352 

» qv = Q*v; qw = Q*w; 

» acos(qv’*qw /(norm(qv)*norm(qw))) * deg '/. The angle between Qv and Qw 
ans = 

103.8352 

Orthogonal matrices preserve angles and lengths. 

(c) 


» Q = orth(2*rand(6)-l); 

» x = 2*rand(6,1)-1; z = 2*rand(6,1)-1; 

» xx = inv(Q)*x; zz = inv(q)*z; */, q is the transition matrix from Q to S, 

'/, so inv(Q) is the transition from S to Q. 
» norm(x-z), norm(xx-zz) V, Compare, 

ans = 

2.5292 
ans = 

2.5292 

The distance between two vectors can be computed using coordinates with respect to any or¬ 
thonormal basis. 

(d) Since multiplication by Q or by Q -1 does not change lengths, we expect that changing from one 
orthogonal basis to another will not increase any errors in the original representation. For exam¬ 
ple, if x is the true vector, and z is the computed vector, then the error would be |x — z|. In the 
new basis, this would be |xx — zz| which has the same size as |x — z|. 

(e) From the identity Q*Q = I, we get 

Qv •Qw = (Qv)*Qw = v‘(Q‘Q)w = v‘w = v w. 

|Qv| = y/Qx • Qv = y/x • v = |v|, and so acos(Qv • Qw/|Qv| |Qw|) - - acos(v • w/(|v| |w|)). 

(f) |Qx — Qz| = |Q(x — z)| = |x — z|, as Q preserves lengths. Hence Q preserves distances between 
points. 

15. (a) Choose an angle, say pi/ 4 and form V as in MATLAB 4.8.9(b) 


» V’*V */, This is I, so the rotation V is orthogonal, for any angle, 

ans = 

1 0 

0 1 

For the same angle form P, R, and Y as in MATLAB 4.8.10(a). 


» P’*P 
ans = 

1.0000 

0 

0 


*/. These will be I for any angle so P,R,Y othogonal: 

0 0 

1.0000 0 

0 1.0000 
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» R’*R 
ans = 

1 0 0 

0 10 

0 0 1 

» Y’*Y 
ans = 

10 0 
0 10 

0 0 1 

(b) The standard basis is orthonormal, rotation preserves lengths and angles, and the columns of a 
rotation matrix are just the rotations of the standard basis. Hence these n columns form an or¬ 
thonormal set which must be a basis since the set has n independent vectors in the n dimensional 
space M n . 

(c) The product of orthogonal matrices is also orthogonal, so the attitude matrix will be orthogonal. 

(d) Since A is the transition matrix from the satallite’s basis to the standard coordinates, A~ 1 will 
be the transition matrix back. 

» vl = [.7017; -.7017; 0]; v2 = [.2130; .2130; .9093]; 

» v3 = [ .1025; -.4125; .0726]; 

» A = inv( [vl v2 v3]) V, Solve V = inv(A) * I for A. 

A = 

1.7793 0.3542 -0.4998 

0.2321 0.2321 0.9910 

-2.9069 -2.9069 1.3618 

» A’*A '/, This should be I. 

ans = 

11.6696 9.1339 -4.6179 

9.1339 8.6292 -3.9057 

-4.6179 -3.9057 3.0865 

Since A*A was not the identity, A is not orthogonal. This indicates an error. We could have 
checked [vl v2 v3] ’*[vl v2 v3] ^ I directly without finding A. 

» 

» ph = pi/4; 

» P = [ cos(ph) 0 sin(ph); 0 10; -sin(ph) 0 cos(ph)]; '/, Pitch. 

» al = -pi/3; 

»R = [100; 0 cos(al) -sin(al); 0 sin(al) cos(al)]; */, Roll. 

» th = pi/6; 

» Y = [ cos(th) -sin(th) 0; sin(th) cos(th) 0; 0 0 1]; % The yaw matrix. 

» A .= Y*R*P*eye(3) 

A = 

0.9186 -0.2500 0.3062 

-0.1768 0.4330 0.8839 

-0.3536 -0.8660 0.3536 

The *jth element of A* I will be the dot product of the fth column of A with the jth column of 
I. Since the columns have unit length, we can take the arccosine to compute the angles between 
them. 

» acos( A’ * eye(3) ) * deg '/, the angles, in degrees, col 1 for (1, 0, 0)’, 

*/. col. 2 for (0, 1, 0), ... 

ans = 

23.2837 100.1821 110.7048 

104.4775 64.3411 150.0000 

72.1705 27.8856 69.2952 
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16. (a) 


» x = 2*rand(3,l)-l; v - x/ norm(x); 


» H = eye(3) 

- 2*v * v 

} 


H = 




-0.0169 

-0.9999 

-0.0023 


-0.9999 

0.0169 

-0.0023 


-0.0023 

-0.0023 

1.0000 


» H’ * H 


5 

£ This should be the identity 

ans = 




1.0000 

0.0000 

0.0000 


0.0000 

1.0000 

0 


0.0000 

0 

1.0000 


» n = 7; x = 

2*rand(n, 

II 

> 

t -4 

1 

tH 

x/ norm(x); */, Part (b). 


» H = eye(n) - 2*v * v’; 

» norm( eye(n) - H’*H ) */. This should be zero: H’*H should be I. 

ans = 

3.4777e-16 

(c) Compute H 

H*H = (/' - (2vv‘)‘)(7 - 2vv‘) = (II - 2vv* - 2vv‘ + (—2vv*)(—2vv‘) = I - 4vv* + 4vv*vv ( . 

Since v‘v = 1, the last term, 4vv t vv t is the same as 4vv‘, the second term. Hence H*H = I. 

(d) This is a sample of the resulting plot, using 

»vv = [1;1]; x = C-l;2]; 
and plotting the reflected vector using line type 



(e) Since H represents the reflection across a line, H = H 1 . This can be proved by noticing that 
H = H *, and since H is orthogonal, H* = H~ l . 
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Section 4.10 

An efficient alternate route to the solutions in Problems 4-8 is to compute A‘y> and solve A 1 An = A*y by 
elimination, skipping (A 1 A) -1 . 


1 A = (|"i)' y= = = lM 


54 -6 
-6 3 


Then u = 


68/21 \ 
-19/42/’ 


y = (136 - 19*)/42 


2. A = 


(55 - 2x)/7 


*= Ci2 1 5 )‘< A ' A >-‘ = s(-i 


25 -1 
-1 2 


. Thenu = ^2/7 


l 1 l \ 

3 A= 1-2 ’ y 

\l 3/ 

y = (81 - 5x)/42 


4. A = 


1 2 4 
1 3 9 
1 1 1 
1 4 16 


(6 3 o )' ( ' 4 '' 4) '‘ = i(~ 


( 4 10 30 \ 

A*A = 10 30 100 , (A* A)" 1 

l 30 100 354 / 


30 -6 
-6 4 


Then u = 


27/14\ 
-5/42 ) ’ 


310 -270 50 \ 

-270 258 -50 . Then 
50 -50 10 / 


-27/5 I; y = (45 - 54x + 10x 2 )/10 


5. A = 


/I -7 49 \ 

l! = 

9508 -4182 -790\ 


3 -4 54 \ 

-4 54 -334 , (A ( A) -1 

54 -334 2418 / 


6. A = 


1 

21728 


-790 393 

(\ 1 1\ 
1 3 9 

1 5 25 

1 -3 9 
Vl 7 49/ 


47/18 


-4182 2169 393 . Then u = 25/12 , y = (94 + 75x + llx 2 )/36 


y = 


11/36 


A* A = 


5 13 93\ 

13 93 469 , (A'A)" 1 
93 469 3189 / 


9577 270 -319\ 

270 912 -142 . Then u = 

-319 -142 37/ 


—7435/2716\ 

-863/1358 , y = (-7435 - 1726x + 641x 2 )/2716 
641/2716/ 


7. As with the linear approximation on page 420-421, Au = proj# y. Then, AuJ_(y - Au) => u = 

(A* A) - 1 A t y- 


8. A = 


(A* A) -1 = 


84x 3 )/252. 


1 3 9 27 \ 

10 0 0 
1 - 11-1 
12 4 8 

1 11 1 / 
/ 1944 


(- 1 ) 

= 4 

-2 

V 2/ 

-60 -1440 420 


1 -60 1000 -150 -70 

2520 -1440 -150 1755 -525 

V 420 -70 -525 175 


A* A = 


Then u = 


5 5 15 35 
5 15 35 99 
15 35 99 275 
35 99 275 795 


/ 900 
J_ -426 
252 1 -27 

V 84 


, y = (900 - 426x - 27x 2 + 
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9. This is a generalization of problem 7. The same reasoning applies. 


/I 1 1 \ /a\ / 5.52 \ 

10. (a) Let y = a + bx + cx 2 . Then ( 1 -1 1 1 ( 6 ) = 15.52 j. Then a = 8.55, 6 = -5 and c = 1.97. 

\1 3 9 ) \c) V 11.28/ 


Note that 8.55 - 5(-2) + 1.97(-2) 2 = 26.43. So all four points lie on the same parabola y = 8.55 - 
5x + 1.97x 2 . 


(b) A = 




( 5.52\ 
15.52 
11.28 
V 26.43/ 


Then ylu = y => y — Tu = 0 => |y — ylu| = 0. 


/I 10 

100 \ 


,m\ 

1 30 

900 


260 

1 50 2500 

> y = 

325 

1 100 10000 


500 

\1 175 30625/ 


\670/ 


/ 5 365 44125 \ 

A* A = 365 44125 6512375 

\ 44125 6512375 1044960625 J 


/108.715\ 

Then u = 4.906 , 

V -0.01/ 


e = 108.715 + 4.906x — O.Olx 2 , using c for cost. 


1 1 

/57X 

1 1.5 2.25 

67 

1 2.5 6.25 ’ y 

68 

1 4 16/ 

\9.5/ 


Then u = 


(a) s 0 = 10.898 ft. 

(b) v 0 = 60.947 ft./sec. 

(c) g/2 = -15.318 => g = -30.636 ft./sec. 2 


/ 10.898 \ 
60.947 . 
V —15.318 ) 
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CALCULATOR SOLUTIONS 4.10 

Problems 13-16 ask you to find the linear regression line for some x-y data pairs and then problems 17-20 request 
the quadratic regression curve for the same data; each type is to be calculated to eight significant digits. To have the 
results listed to the requested accuracy we place the calculator in scientific mode with 8 digits to the right of the dec¬ 
imal place by using the MODE menu or by keying in SCI: fix 8 [ENTER] . Next we carryout the desired regres¬ 
sion calculation using the functions LINR and P2REG from the STAT menu, both of which have x-list and y-list 
arguments. 

Two different approaches to entering the data and carrying out the calculations can be followed. 

Either we can do the (x,y) pair data entry together from the STAT menu and then perform the regression calculations 
as suggested in the text: 

1. We enter the STAT menu and prepare to enter the lists via: 

[STAT) (F2) <EDIT> 

2. We name the lists (with the problem number since we’ll have to reuse each one) via: 

X41013 [ENTER] Y41013 [ENTER] 

3. We then enter the (x,y) points in order by 

57 [ENTER] 84 [ENTER 1 43 [ENTER] 91 [ENTER] 71 [ENTER] 36 [ENTER] 83 [ENTER] 
24 [ENTER] 108 [ENTER] 15 [ENTER] 141 [ENTER] 8 [ENTER] . (Wecantype [EXIT] at 
this point to indicate we are done entering data, althogh this is not necessary.) 

4. Then we calculate the linear regression equation: 

(a) We go to the STAT CAI<C menu by [2nd] [CALC] (if we stopped the previous step without an 
[Ixff] ) or by [STAT] (FT) <CALC> (if we used [EXIT] ). 

(b) [ENTER] [ENTER] (to accept the x-list and y-list entered previously; or insert a different x-list 
and/or y-list name before each [ENTER] . 

(c) (F2) <LINR> to calculate and display the regression coefficents for the line y = a + bx, or 
[MORE] (FT] <P2REG> to calculate and display the regression coefficients {c 2 , c 1( c 0 ) for the 2nd 
degree polynomial y = c 2 x 2 + c^x + c 0 (yes the cofficients for the polynomial come out in this 
(reversed) order). 

Or we can enter the x-data into a list and the y-data (say for Problem 13) into a list from the [2nd] [LIST] menu by 
{57,43,71,83,108,141} [STO>] X41013 [ENTER] and{84,91,36,24,15 8} [STO] Y41013 
[ENTER] . Then compute the linear regression equation by literally keying inLlNR(X41013,Y41013) 
[ENTER] . To see the coefficients of the linear regression line y=a + bx we must enter SHWST [ENTER] , 
which displays the last computed STAT CALC result. For the 2’nd degree polynomial regression equation from 
this data (i.e. for Problem 17) instead of LINR we key in P2REG (X41013, Y41013) :PRegC [ENTER] 
which calculates and displays the coefficients for the quadratic regression curve. 

Although you are not asked to get the graphs of the regression curves, it is very easy to do and very helpful in ass- 
esing the reasonableness of the least squares fitting that has been done. After you perform the regression step above, 
you can look at the graphs by doing the following steps: 

Gl. Go to the GRAPH RANGE menu by entering [GRAPH] [F2] <RANGE> and establish a reasonable graph¬ 
ing range which encloses the min and max of the x-list and the y-list. For Problem 13 and 17 this might be 
done by entering values xMin=0 Q xMax=150 Q yMin=0 @ yMax=100. The values you enter here 
should be nice values slightly outside the x-list and y-list limits. (If you want to have axes with tick marks 
you will have to set LabelOn on the GRAPH FORMT menu, and you should set xScl=10 (or 25) and 
vScl=10(or25) during the RANGE setting operation. The choices for scales should be chosen to mesh 







Least Squares Approximation Calculator 4.10 393 


nicely with the range values you choose and not generate too many tick marks.) 

G2. Now that the range and format are set, you can graph the data with [STAT] (F3) <DRAW> (raj <SCAT>. 
(Or from the Home screen you could enter SCAT (X41013,Y41013).) 

G3. To draw the regression curve you enter [F4] <drreG> from the STAT DRAW menu. (Note that this will 
draw the regression line if the last CALC was LINR and will draw the quadratic regression curve if the last 
CALC was P2REG.) 

13. Once the data is in lists, LINR (X41013,Y41013): SHWST [ENTER) shows the regression line is y = a + bx 
with a = 116.717661 and b = -.87933592. The scatter plot and regression line for this data look like: 



14. Once the data is in lists, LINR(X4 101 4,Y4 101 4 ): SHWST [ENTER) shows the regression line is y = a + bx 
witha = 35.935675546 andb = -83.4295656347 . The scatter plot and regression line for this data 
look like: 



15. Once the data is in lists, LINR (X4 1015, Y4 1015): SHWST [ENTER] shows the regression line is y = a + bx 
witha = -1.11930576E+2andb = 2.13326527 . The scatter plot and regression line for this data 
look like: 



X 
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16. Once the data is in lists, linr (X41016, Y41016) : SHWST (ENTER 1 shows the regression line is y = a + bx 
witha = -.194215756 andb = 1.19206507 . The scatter plot and regression line for this data look 
like: 



17. Once the Problem 13 data is in lists, P2REG (X41013,Y41013) : PRegC [ENTER] shows the quadratic 
regression equation is y = c 2 x 2 + c x x + c 0 with 

{c 2 ,Ci,c 0 } = {1.35739160E-2,-3.39135882,2.17421277E2}. 

The scatter plot and regression curve for this data look like: 



18. Once the Problem 14datais in lists,P2REG(X41014,Y41014) :PRegC (ENTER) shows the quadratic 
regression equation is y = c 2 x 2 + c 1 x + c 0 with 

{c 2 ,Ci,c 0 } = {-5.95481073 e1 , -5.12577254e1,4.1579811 5e1}. 

The scatter plot and regression curve for this data look like: 



19. Once the Problem 15 data is in lists, P2REG (X41015, Y41015) : PRegC [ENTER] shows the quadratic 
regression equation is y = c 2 x 2 + cj x + c 0 with 
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{C2,Ci,Co) - 

{4.05643705E-5,2.01798202762,-5.38851804e1}. 
The scatter plot and regression curve for this data look like: 



20. Once the Problem 20 data is in lists, P2REG(X41020,Y41020) :PRegC [ENTER] shows the quadratic 
regression equation is y = c 2 x 2 + C 1 X + C 0 with 

{c2,C!,Co} = {-5.77514119,-.70783606,-4.23378036E-2}. 

The scatter plot and regression curve for this data look like: 
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MATLAB 4.10 

1. (a) 

» x = [1 2 -1 3.5 2.2 4] 

» y = [2 .5 4 -1 .4 -2] 

» A = [ones(6,l) x] ; '/, See formulas 3, 4 in the text. 

(b) 

» u = inv(A’*A) * X’ * y 
u = 

2.9535 

-1.1813 

» v = A\y 
v = 

2.9535 

-1.1813 

(c) (Problem should say “and compare with |y — vlu|”) 

» norm( y - A*u) 
ans = 

0.4066 


»w=u+ [.1; -.5]; 

» norm(y - A*w) 
ans = 

2.9712 

The sum of squares of coordinate differences in y-coordinates between the data points and the 
least squares line is smaller then than for any other line. 


» B = orth(A) 


0.1599 

0.3199 

-0.1599 

0.5598 

0.3519 

0.6398 


-0.4433 

-0.2540 

-0.8221 

0.0301 

-0.2161 

0.1248 


» h = B*B’*y 
h = 

1.7722 

0.5909 

4.1347 

-1.1810 

0.3547 

-1.7716 


*/, This is the projection of y onto H. 



Least Squares Approximation MATLAB 4.10 


397 


» a*u '/• Compare with h. 

ans = 

1.7722 

0.5909 

4.1347 

-1.1810 

0.3547 

-1.7716 

(e) Here is the plot generated by the code in the text: 



The line seems to be a good fit to the data. 

(f) 

» [1 2.9] * u 
ans = 

-0.4722 


2. (a) 


[10 30 50 100 175] ’ ; 

[150 260 325 500 670]* ; 

[ones(5,i) x x."2] '/. See formulas (11)-(12) in the text. 

*/, recall x.~2 squares the elements in x. 
1 10 100 

1 30 900 

1 50 2500 

1 100 10000 

1 175 30625 

(b) 

» u = inv(A’*A) * A’* y 
u = 

108.7146 

4.9064 

-0.0097 


» x = 

» y = 
» A = 

A = 
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» v = A\y '/, Compare with u. 

v = 

108.7146 

4.9064 

-0.0097 

» norm( y - A*u) 
ans = 

15.4359 

» w = u + [.1; -.2; -.05]; 

» norm(y - A*w) 
ans = 

1.6566e+03 

As in problem 1, |y — Au| is the minimum. 

» B = orth(A) 

B = 


0.0031 

0.1576 

0.8226 

0.0278 

0.4100 

0.3711 

0.0773 

0.5786 

0.0206 

0.3093 

0.6334 

-0.4134 

0.9474 

-0.2666 

0.1197 


» h = B*B’*y '! This is the projection of y onto H. 

h = 

156.8051 

247.1472 

329.7042 

502.0374 

669.3062 

» A*u */, Compare with h. 

ans = 

156.8051 

247.1472 

329.7042 

502.0374 

669.3062 

Here is a graph of the data: 

» u = A\y; 

» s = min(x):( max(x)-min(x))/100:max(x); 

» fit = u(l) + u(2)*s + u(3)*(s.“2); 

» plot(x,y,’w*’, s.fit) 
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» [1 75 75*2] * u */. For x = 75. 

ans = 

421.9528 

» [1 200 200*2] * u '/. For x = 200 

ans = 

700.7343 


3. Problem 12. 

» x = [1 1.5 2.5 4] ’ ; '/, the data. 

» y = [57 67 68 9.5]’ ; 

» A = Cones(4,l) x x.*2] '/. See formulas (11) — (12) in the text. 

A = 

1.0000 1.0000 1.0000 

1.0000 1.5000 2.2500 

1.0000 2.5000 6.2500 

1.0000 4.0000 16.0000 


» u = A\y '/, See problem 1. 

u = 

10.8977 

60.9470 

-15.3182 

» g = u(3)*2 '/, needed for part (c). 

g = 

-30.6364 

Even the estimates s{t) = u(l) + u{2)t + u(3)< 2 = s 0 + + ^gt 2 we get (a) the height is so = 10.9, 

(b) the initial velocity is vq = 60.9, and (c) gravity is g — —30.6. 

4. (a) 


» r = 1.5; t = -3.8 
» xx = [x; r]; yy = [y; t] ; 

» A = [ones(7,1) xx]; uu = A\yy; 

(i); (ii) Use the modified command plot(x, y, ’»*’ ,r,t, ’wo’ ,s,fit, ’-r’ ,s,fitl, ’ :b’) to get solid 
and dotted lines for visibility in black and white print outs. 

Here is a graph of the two different lines. The solid line is from problem 1, the dotted line is found 
using the additional data point, located near the middle bottom of the plot. Note the new point lies far 
away from the approximately linear plot of the original data. Thus it is an “outlier”. 
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(iii) The outlier moves the entire least squares line toward it and slightly away from fitting the 
other data. Since the original line so closely matches all but one point it seems like a better 
fit. 

(b) A different modification of Problem 1: 

» r=4.9;t=4.5; 

» xx = [x; r]; yy = Cy; t]; 

» A = [ones(7,1) xx]; uu = A\yy 
uu = 

2.1482 

-0.3998 

» ss = min(xx):(max(xx)-min(xx))/100:max(xx); 

» fit2 = uu(l)+uu(2)*ss; 

» plot(x,y,’w*’,r,t,’wo’,s,fit,’-r*,ss,tit2,’:b’); 

» print -deps fig4104b.eps 



Again the new point, idetified via a “o” on the plot, has a y value far away from the generally 
expected position based on the original data and the original (solid) least squares approximation. 
This “outlier” causes the least squares approximation to rotate significantly (to the dotted line) 
and fail to fit the general trend of most of the data. 
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5. (a) 


» x = [-0.0162 -0.0515 0.0216 0.0628 0.0855 0.1163 0.1316 -0.4416]'; 

» y = [ -0.0315 -0.0813 -0.0339 -0.0616 -0.0919 -0.2105 -0.3002 -0.8519]’; 
» 1 = length(x); A = [ ones(l,l) x] ; */, For the least squares line. 

» u = A\y 
u = 

-0.1942 

1.1921 

» B = [ ones(l,l) x x.*2]; '/, For the least squares quadratic. 

» v = B\y 
v = 

-0.0423 
-0.7078 
-5.7751 

» norra(y-A*u) ’/. The linear error, 

ans = 

0.4419 

>> norm( y-B*v) t '/, The quadratic error, 

ans = 

0.1171 

» s = min(x):( max(x)-min(x))/100:max(x); 

» tit = u(l) + u(2)*s; 

» f it2 = v(1) + v(2)*s + v(3)* (s."2) ; 

We shall plot the lines using 'r-' and 'b: ’ to make them solid and dotted. This will show the 
distinction on the black-and-white page. 

» plot(x,y,'w*’,s,fit,'r-',s,fit2,'b:’); */, 'r-', ’b: ’ for printing. 



The quadratic fit is much better; the norm is smaller and the *’s are much closer to the quadratic. 
The original data has a parabolic shape, not a linear shape. In fact it appears that the lower left 
point might even be an “outlier” for the quadratic fit. (Try refitting omitting this point). 
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(b) 


» x = [.32 -0.29 .58 0.71 0.44 0.88]’; 

» y = [14.16 51.3 -13.4 -29.8 19.6 -46.5]’; 

» 1 = length(x); A = [ ones(l,l) x] ; '/. For the least squares line. 
» u = A\y 
u = 

35.9357 

-83.4296 

» B = [ ones(l,l) x x.*2]; */. For the least squares quadratic. 

» v = B\y 
v = 

41.5798 

-51.2577 

-59.5481 

» norm(y-A*u) '/. The linear error, 

ans = 

25.3326 

» norm( y-B*v) */, The quadratic error, 

ans = * 

15.2469 

» s = min(x):( max(x)-min(x))/100:max(x); 

» lit = u(l) + u(2)*s; 

» fit2 = v(l) + v(2)*s + v(3)+ (s.~2) ; 

» plot(x,y,’w*’,s,fit,,s,fit2,’w:*); 



The quadratic fit is slightly better; the norm is smaller and the *’s seem closer. 


6. (a) 


>> x = [0:8]’; 'l Integers from 0 to 8. 

» y = [15.5 15.9 16.7 17.1 17.8 18.2 18.3 19.2 20.0]*; 

» 1 = length(x); A = [ ones(l,l) x] ; '/, For the least squares line. 
» u = A\y 
u = 

15.4867 

0.5367 
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» s = min(x):( max(x)-min(x))/100:raax(x); 
» fit = u(l) + u(2)*s; 

» plot(x,y,’w*’,s,fit,’w-’); 



(b) Solve 15.5 + .5367a: = 25, to get 17.7 which is in 1997. 
7. 


» x = [600 600 700 700 700 900 950 950]’; 

» y = [40 44 48 46 50 48 46 45]’; 

» 1 = length(x); A = [ ones(l,l) x] ; '/, For the least squares line. 
» u = A\y 
u = 

40.8537 

0.0066 

» B = [ ones(l,l) x x.*2]; '/, For the least squares quadratic. 

» v = B\y 
v = 

-78.0000 

0.3200 

- 0.0002 

» s = min(x):( max(x)-min(x))/100:max(x); 

» fit = u(l) + u(2)*s; 

» fit2 = v(1) + v(2)*s + v(3)* (s.‘2) ; 

» plot(x,y,’«*’,s,fit,’w-’,s,fit2,’w: ’); 
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(Note the two points with x = 600 are obscured by labelling). The quadratic curve seems to fit better 
since the data seem to have a distinct upward then downward pattern. So we may recommend that 
the temperature be choosen at the maximum value of the quadratic, 


» t = -v(2)/( 2*v(3)) */. y=at“2+bt+c=a(t+b/2a)"2+(c-b*2/4a). 

t = =a(t+(b/2a))2+(c-(b"2/4a)). 

800.0000 


(Rewriting a quadratic y = at 2 + bt + c = a(t + j^) 2 + (c - f^), shows the maximum is at t = -b/2a, 
provided a > 0). 


» mile 

» 1 = length(xm); A = [ ones(l,l) xm] ; */. For the least squares line. 
» u = A\ym 
u = 

290.7737 
-0.3424 

» s = min(xm):( max(xm)-min(xm))/100:max(xm); 

» fit = u(l) + u(2)*s; 

» plot(xm,ym,’«*’,s,fit,); 



(b) The slope is —0.3424, so the record has decreased by .3 seconds per year on average. 

(c) Solve 290.8 - ,3424a; = 3 * 60: 

» x = (3*60 - u(l) )/u(2) 
x = 

323.4915 

This is the year 2123. 

9. (a) 


» x = [0:10]’; 

» p = [5.3 7.2 9.6 12.9 17.1 23.2 31.4 38.6 50.2 62.9 76.2]’; 

» y = log(p); 

» 1 = length(x); A = [ ones(l.l) x] ; */, For the least squares line. 
» u = A\y 
u = 

1.7322 

0.2706 
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» s = min(x): ( max(x)-min(x))/100:max(x); 
» lit = u(l) + u(2)*s; 

» fite = exp(fit); 

» plot(x,p,'w*',s,fite,'w-'); 



The fit appears reasonable, although the recent trend (since about 1850) seems to grow less 
quickly than the fitted exponential). 


» exp( u(l) + 15 * u(2)) 7. The population in 1950. 

ans = 

327.1814 


(b) (i) The predicted population is higher than the actual population, in fact all the new population 
data lie well below the fitted graph in (a). 

(ii) We continue the x scale from (a). 

» x = [11:18] ’; 

» p2 = [92.2 106.0 123.2 132.2 151.3 179.3 203.3 226.3]'; 

» y = log(p2); 

» 1 = length(x); A = [ ones(1,1) x] ; '/, For the least squares line. 

» u = A\y '/ If x=l:8 used, u(l) would be increased 

u = •/. by 10*u(2), i.e. to 3.1141+1.286=4.4001 

3.1141 
0.1286 

» s = min(x):( max(x)-min(x))/100:max(x); 

» fit = u(l) + u(2)*s; 

» fite = exp(fit); 

» plot(x,p2,’w* ’,s,fite,’w-’); 
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The population still looks exponential. The growth rate is the coefficient in front of the x in 
the exponential. From part (a) this was .27 and in part (b) it is .13, which is significantly 
less. 

(iv) Using u from part (ii): 

» exp( u(l) + 20*u(2)) 
ans = 

294.7384 


» x = [.1164 .0121 .0562 .0931 .0664 .1728 .1793 .1443 .1824]’; 

» y = [.12128 .17185 .13365 .1485 .12637 .10406 .10703 .1189 .09952]’; 
» 1 = length(x); A = [ ones(l,l) x] ; */. For the least squares line. 

» u = A\y 
u = 

0.1645 

-0.3418 

» s = min(x):( max(x)-min(x))/100:max(x); 

» fit = u(l) + u(2)*s; 

» plot(x,y,’w*’,s,fit,’w-’); 



The least squares linear equation: Fe — Mg = .1645 — .3418Ca. This seems to fit the general pattern 
of the data, although the large deviations for smaller Ca values might raise some doubts. 





Inner Product Spaces and Projections Section 4.11 


407 


Section 4.11 

1. (i) (A, A) = + a| 2 +-h a 2 „ > 0. (ii) {A, A) = 0 implies a?; = 0 for each i, so A = 0. Conversely, 

n n n 

if A - 0 then (A, A) = 0. (iii) (.4, B + C) = + c,i) = + y^a»c,,- = (A, B) + (A, C). 


*=i 


i=i 


•=i 


(iv) Similarly, (.4 + B, C) = (A, C) + (B, C). (v) As a.-.-t,-,- = 6 ,-,a i: -, then (A, B) = (B, A) = (B, A), (vi) 
(aA, B) = y(aa,-j) 6 ii = a fy^a» 6 ,A = a(A,B). (vii) (A,aB) = (aB,A) = a(B,A) = a(A, B) = 


» = 1 


W=1 


o(A,B). 

2. Suppose ||A|| = 1. Then ^(A, A) = y/a\ x + a § 2 +-1- a 2 n = 1 . As (A, A) > 0, then + a | 2 +-h 

a 2 n = 1. Conversely, if (A, A) = 1, then ||A|| = 1. 

3. Let Ei be the n x n matrix with 1 in the i, i position and 0 everywhere else. Then {Bi, B 2 ,..., E n } is 
an orthonormal basis for D n . 

4* 1-41 = 1/J)- B ' = B - (B.B.)t/. = ("5 ") + ( 2/V f 17 J) = 

(- U/ l 22/1)' “ dhence V, = 22 /VSol)- 

5. ui = (l/\/2, i/y/ 2) and v 2 = (2 — i, 3 + 2i) - [(2 — i, 3 + 2i) • ui]u 4 = (i, 1). So u 2 = (i/V 2,l/-\^2). 

6 . Start with the standard basis {l,x,x 2 ,x 3 }. From example 8 , ui = 1, u 2 = y/3(2x — 1), and 113 = 

r i i /•! 3 v /3 

\/5(6x 2 - 6 x -f 1). We have (v 4 , ui) = / x 3 dx = (v 4 , u 2 ) = / (x 3 )[>/3(2x - 1)] dx = ——, and 

Jo 4 J o 2U 

(v 4 ,u 3 ) = (x 3 )[\/5(6x 2 — 6 x + 1)] dx = Thus = x 3 - i - ^[a/3(2x- 1)] - |^[\/5(6x 2 - 


6 x + 1 )] = x 3 - l* 2 + and ll V 4 


u 4 


l (* 3 - r 2 +1 1 - dx 


1/2 


20\/7 


. Hence 


= **/?(«•-f,» + !,-L). 

7. Start with the standard basis {1, x, x 2 }. As J l 2 dx = 2, then u 4 = l/\/2- Since (v 2 ,ui) = 

J x/\/2dx = 0, then v 2 = v 2 . As ||v' 2 || = x 2 dxj = yj\ — then u 2 = \J^ X - 

/•l fz 

We have (v 3 ,ui) = / x 2 /\/2dx = \/2/3, and (v 3 ,u 2 ) = / \/-x 3 dx=0. So Vg = x 2 — 1/3 
J- 1 7 _i V 2 

IKH = [y 1 (^ 2 - 1/3) 2 dxj = and hence u 3 = ~ *)• 

r b 

8. We start with the standard basis {1, x, x 2 }. Since / l 2 dx = 6 — a, then ui = ly/b — a. As (v 2 , ui) = 

J a 

i /n 

r b 

/ x/y/b — adx = 

J a 

(6 - a) 3 / 2 


fc 2 — a 2 


2 y/b~^~a 


, then v' 2 - x - -(6 + a) and ||v' 2 || = < / x - -(6 + a) 


2\/3 


Hence u 2 = 


2y/Z 


(6 - a ) 3 / 2 [ 2 


x _ I(6 + a ) 


A _ 

. We have (v 3 ,ui) = / x 2 /y/b — a dx = 

«/ a 


fe 3 — a 3 
3 \/b~--a 
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r ft 

and (v 3 ,u 2 ) = / 

J a 


x _ I(6 + a ) 


/(S-af/’d* = So V3 = 


6 


(6 - a) 3 / 2 


1 2 (b — a) 5 / 2 

v 3 - (v 3 ,ui)ui - (v 3 ,u 2 )u 2 = x 2 - (a + 6)x + -(a 2 + 4a6 + b ) and [|v 3 || = ——. Hence 


u 3 = 


6t/5 


(b - a ) 5 / 2 


1 


x 2 — (a + b)x + -(a 2 + 4a6 + b 2 ) 


n n n 

9. If A = (ajj) and B = (6,y), then ( AB t )ij = ^2 a ' k bjk so th at tr(v4B ( ) = y~^ 

i=l i=lj=l 

(i) (.4, A) = tr (.4.4*) = 

«=i i=i 

(ii) If tr (.4.4*) = 0, then a?- = 0 for all i and j, and hence .4 = 0. Conversely, if A = 0, then 
0*M)=0. 

(hi) (A,B + C) = tr (A(B + C)* = tr(.4(B* + C*)) = tr(.4B* + AC*) = tr (AB*) + tr(.4C‘) = 
(A,B) + (A,C). 

(iv) A+ B, C) = tr ((^ B )C") = tr ( AC * + BC*) = tr (AC*) + tr (BC*) = (A, C) + (B, C). 

n n n n 

(v) (A,B) = tr (AB*) = = tr (3.4‘) = ( 5 ’ A )' 

*= 1 j=i *= 1 j =1 

n n n n 

(vi) (aA,B) = tr((a.4)B*) = y^ ^^aaijbjj = (*'^'^2 a ijbij = otr(.4B*) = 0 ( 7 !, 5). 

i = l j = l » = 1 ; = 1 

(vii) Similarly, (A, aB) = o(.4, B). 

10. p|| 2 = tr(.4.4‘) = ££>?,. 

i=l j = 1 



12. (i) (z, z) = a 2 + 6 2 > 0. 

(ii) Suppose (z, z) = 0, then a 2 + b 2 = 0 so that a = b = 0. Ifz = 0 then (z, z) = 0. 

(iii) (z, uq + w 2 ) = a(ci + c 2 ) + 6(dj + d 2 ) = aci + bdi + ac 2 + bd 2 = (z, uq) + (z, w 2 ). 

(iv) Similarly, (zj + z 2 , w) = (zi, w) + (z 2 , tu). 

(v) (z, w) = ac + bd = ba + db = (w, z). 

(vi) (az, w) = aac + abd = a(ac + bd) = a(z, w). 

(vii) Similarly, (z, aw) = a(z, w). Finally, ||z|| = \J(z, z) = \/a 2 + fc 2 . 

13. (a) (i) (p,p) = p((a) 2 + p(b) 2 + p(c) 2 > 0. 

(ii) If (p, p) = 0, then p(a) = p(b) = p(c) = 0. Since a quadratic equation can have at most 2 
roots, then p(x) = 0. Conversely, if p(x) — 0 then (p,p) — 0. 

(iii) (p,q + r) = p(a)[g(a) + r(a)] + p(6)[g(6) + r(b )] + p(c)[g(c) + r(c)] = p(a)g(a) + p(b)q(b) + 
p(c)g(c) + p(a)r(a) + p(b)r(b) + p(c)r(c) = (p , q) + (p, r). 

(iv) Similarly, (p + g, r) = (p, r) + (g, r). 

(v) (p, g) = p(a)g(fl) + p(b)q(b) + p(c)g(c) = g(a)p(a) + g(6)p(6) + g(c)p(c) = (g, p). 

(vi) (ap, g) = ap(a)g(a) + ap(b)q(b) + ap(c)q(c) - a[p(a)g(a) + p(b)q(b) + p(c)g(c)] = a(p, g). 

(vii) Similarly, (p, ag) = a(p, g). 

(b) No, since (ii) does not hold. For example, let a = 1, 6 = —1, and p(x) = (x + l)(x — 1) = x 2 — 1. 
Then (p,p) = 0, but p ^ 0. 
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14. (i) (x, x) = x 2 + 3x 2 > 0. 

(ii) Suppose (x,x) = 0, then x\ + 3x| — 0, which implies xi = x 2 = 0. Conversely, if x = 0, then 
(x,x) = 0. 

(iii) (x,y + z) = x x (y x + z x ) + 3x 2 (y 2 + * 2 ) = x x y x + 3x 2 t/ 2 + x x z x + 3x 2 z 2 = (x,y) + (x,z). 

(iv) Similarly, (x + y, z) = (x, z) + (y, z). 

(v) (x, y) = xij/i + 3x 2 t/ 2 = y x xi + 3y 2 x 2 = (y,x). 

(vi) (ax,y) = ax x y x + 3ax 2 y 2 = a(x x y x +3x 2 y 2 ) = a(x,y). 

(vii) Similarly, (x, ay) = a(x,y). 



16. no; (i) (( 0 , 1 ), ( 0 , 1 )) = 0 - 1 = -1 < 0 ; (ii) (( 1 , 1 ), ( 1 , 1 )) = 0 ; (v) (x,y) = -(y,x). 

17. Let A be any real number. Then 0 < ((Au + (u, v)v), (Au + (u, v)v) = (Au, Au) + (Au, (u , v)v) + 
((u, v)v, Au) + ((u,v)v,(u,v)v) = (u, u)A 2 + A(u,v)(u,v) + A(u,v)(v,u) + (u,v)(u, v)(v,v) = 
||u|| 2 A 2 + 2|(u, v)| 2 A + |(u,v)| 2 ||v|| 2 . The last line is a quadratic equation in A. If we have aA 2 + 6 A + 
c > 0 then aA 2 + 6 A + c = 0 has at most one real root, and hence b 2 — 4ac < 0. Thus, 4|(u, v )| 4 — 
4||u|| 2 |(u, v)| 2 ||v || 2 < 0. So |(u,v )| 2 < ||u|| 2 ||v|| 2 . Taking square roots, we obtain |(u,v)| < ||u|| ||v||. 

18. j|uTv|| 2 = (u+v) • (u-f-v) = ( u,u) + (u, v) + (u, v) + (v, v) = ||u|| 2 + 2Re(u, v) + ||v|| 2 . By the Cauchy- 
Schwarz inequality, we have \/Re(u, v) 2 + Im(u, v) 2 < |u| |v|, so that Re(u,v) < IMIIMI- Hence 
||u+v|| 2 < ||u|| 2 +2||u|| ||v|| + ||v || 2 = (||u|| + ||v||) 2 . Taking square roots, we obtain ||u+v|| < ||u|| + ||v||. 


19. By definition, H L = {p 6 ftfO, 1] : (p, h) = 0 for every h E H}. Let p(x) — ax 3 + bx 2 + cx + d 6 jPs[0, 1]. 

We want to find conditions on a, b, c, and d such that p(x) 6 H L . We have (p, x 2 ) = / (ax 3 + bx 2 + 

Jo 


cx + d)x 2 dx = ^ + ^ + y + ^ = 0, and (p, 1) = / (ax 3 + bx 2 + cx + d)dx = ^ + ^ + ^ + d = 

D 0 4 o Jo 4 6 2 

Upon solving this system of equations, we obtain {(0, —15,16, —3), (20, —30,12, —1)} for a basis of the 

solution space. Hence, H L = span {—15x 2 + 16x — 3,20x 3 — 30x 2 + 12x — 1}. 


20. To show the orthogonal complement of the even functions, H — {f E C[—1,1] : /(—x) = /(x)}, is the 

set of odd functions, {<7 E C[—1,1] : g(—x) = -g(x)}, observe that for any odd g(x) f^ l g(x)dx = 0. 
This follows by applying the change of variables, x = — z to the integral and applying the definition of 
oddness. Now for any odd g and even /, f(—x)g(—x) = f(x)(—g(x)) = — (f(x)g(x)), i.e. fg is odd. 

Hence (/, g) = f^ 1 (fg)(x)dx = 0. Thus odds C H x . 


Conversely, suppose g E H L . Write g(x) = |(ff(x) + g(-x )) + |(p(x) - g(-x )) = g e (x) + g 0 (x), where 
g e is even, i.e in H, and g 0 is odd. Then since g E H x , ( g,g e ) = 0, which implies 0 = (g e + g 0 ,g e ) = 
(ge,g e ) + ( g 0 ,g e ) = (g e ,ge) as the odd function g 0 E H x . But this says ||ff e || 2 = 0, so g e - 0. Hence 
g — g 0 , i.e. g is odd. So H L C odds and we are done. (It is much cleaner to write out all of this using 
the inner product notation rather than putting in the definite integrals.) 


21. We have {l,-\/3(2x — l),v / 5(6x 2 — 6 x + 1)} for an orthonormal basis of H. As (v,ui) = / (1 + 

Jo 

2x + 3x 2 — x 3 )dx = (v,u 2 ) = / (1 + 2x + 3x 2 — x 3 )\/3(2x — 1 )dx = ——■ , and (v,u 3 ) = 

4 Jo u0 

/•l /g ^ ^ jg 

/ (l + 2 x + 3x 2 -x 3 )v / 5(6x 2 -6x + l)dx = —, then proj# v = o a;2 + T' :c ^‘on’ ^ ote t ^ iat P ro Ji/ v-v 
Jo ziU Z D ZU 

is orthogonal to H, so an orthonormal basis for H L is |20\/7 { x3 ~l x2 + l x ~ ^)} As i 1(1 + 
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2 x + 3x 2 —x 3 )20V7 (x 3 - ^x 2 + |x - dx = hence l + 2 x + 3x 2 -x 3 = (jp 2 + ^x + + 

-y/7 nn /=( 3 3 2 3 1 \ /3 2 13 19\ / 3 3 2 3 1 \ 

— 20 v^^ - r +r --j = ^-, +_ I + _j + (-* +-« -^ + 55 ). 


22. We want to calculate projp 2 j 0 x j sin lx. Since {1, \/3(2x — 1), \/5(6x 2 — 6x + 1)} is an orthonormal 
basis for P2[0, 1 ]. We have projp 2 |- 0 x jsin lx = (sin lx, lj + (sin — x, \/3(2x — 1 )^ V3(2x — 1 ) + 

(sin — x, \/5(6x 2 — 6x + 1)^ \/5(6x 2 —6x+l). Since (sin lx, 1^ = J sin ^x dx = —, (sin — x, \/3(2x — 1)^ 

J (sin —xj V3(2x—1) dx = - (tt— 4), using integration by parts and (sin —x, \/5(6x 2 — 6x + 1)J = 

/ (sin lx) \/5(6x 2 - 6x + 1) dx = ^^(7r 2 + 12rr - 48), then proj Fa [ 0 ^ sin ~x = -^-[(107r 2 + 1207T — 
480)x 2 + (—12rr 2 - 112 tt + 480)x + 3x 2 + 16 tt - 80]. 

23. We want to calculate projp a j 0 x j cos lx. Since {1, \/3(2x — 1), \/5(6x 2 — 6x +1)} is an orthonormal basis 

A 

for P 2 [ 0 ,1], we have (cos lx, 1 ) ~ J cos dx = —, (cos |x, \/3(2x — 1)) = J (cos — x^ v^(2x — 


l)dx = ^y^(7r —4), and (cos lx, v^(6x 2 — 6x + l)j = J (cos — x ) \/5(6x 2 — 6x + 1) dx = ^ (x 2 + 


2V5, 


12tt —48). Hence, proj P r 0 xl cos — x = — [(10x 2 + 120x — 480)x 2 + (-8x 2 — 1287r + 480)x + 7r+ 247T — 80], 

21 » J 2 7T* 5 


26. Suppose a is the i th column of A, i = 1,2,..., n. We have A*A = B where 6 ,y = a] • a ; = (a,-, a x ). 

Then A is unitary if and ony if B = 7, i.e. 6 J; - = 1 if i = j and = 0 if i ^ j. Hence, A is unitary if 

and only if the columns of A constitute an orthonormal basis for C7‘. 

rb _ _ r b _ 

27. (i) (/,/) = / /(x)/(x) dx > 0 since /(x)/(x) > 0. (ii) Suppose (/,/) = / /(x)/(x) dx = 0. As 

J a J a 

/(x)/(x) = f 2 (x) + /|(x) > 0 for all x 6 [a, 6 ] and / 6 CV[a, 6 ], then /(x) = 0 on [a, 6 ]. Conversely, if 

/(x) = 0 on [a, 6 ], then (/,/) = 0 . (iii) ( f,g+h ) = f f(x)[g(x) + h(x)] dx = f /(x)[^(x)+/i(x)] dx = 

J a «/ a 

f f(x)g(x) dx + f /(x)/i(x)dx = (/,<?) + (/, h). (iv) Similarly, (f + g, h) = (/, h) + (g, h). (v) (f,g) = 

J a J a 

rb _ rb _ _ rb _ rb _ 

/ f(x)g(x)dx = / f(x)g(x) dx = / g(x)f(x) dx = ( g,f ). (vi) (af,g) = / af(x)g(x) dx = 

J a J a J a J a 

a / f(x)g(x) dx = a(f, g). (vii) Similarly, (/, ag) = a(f, g). 

J a 

rTT _ r 7T rTT r 7T 

28. / f(x)g(x)dx= / (sin 2 x — cos 2 x 4 - 2 isin x cosx) dx = / cos 2 x d x+i sin 2 x dx = 0 + 0 = 0 . 

7o 7o Jo Jo 
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29. II sin x + i cosx|| = 


/' 


(sin 2 x + cos 2 x) dx 


1/2 
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MATLAB 4.11 


» vl = 2*rand(4,1)-1 + i*(2*rand(4,1)-1); */. Generate the vectors. 

» v2 = 2*rand(4,1)-1 + i*(2*rand(4,1)-1); 

» v3 = 2*rand(4,l)-l + i*(2*rand(4,1)-1); 

» v4 = 2*rand(4,1)-1 + i*(2*rand(4,1)-1); 

» ul = vl/ norm(vl); '/, Gram-Schmidt. 

» u2 = v2 - (ul’*v2)*ul; */, Notice that this is not (v2’*ul). 

» u2 = u2 / norm(u2) ; 

» u3 = v3 - (ul’*v3)*ul - (u2’*v3)*u2 ; 

» u3 = u3 / norm(u3) ; 

» u4 = v4 - (ul’*v4)*ul - (u2’*v4)*u2 - (u3’*v4)*u3 ; 

» u4 = u4 / norm(u4) ; 

» A = [ul u2 u3 u4] ; */, To verify that they are orthonormal: 

» norm(eye(4) - A’ * A) '/, This should be zero, up to round-off. 
ans = 

3.9196e-15 

» norm([vl v2 v3 v4] - A*(A’*[vl v2 v2 v3])) */, zero up to roundoff 
ans = */. each vi is a linear combination of uj’s. 

5.3276e-15 


2. (a) 

» w = 2*rand(4,1)-1 + i*(2*rand(4,1)-1); 

» w - ((ul>*w)*ul + (u2’*w)*u2 + (u3’*w)*u3 + (u4’*w)*u4) */, This should be zero. 

tins = 

1.0e-14 * 

-0.0777 + 0.0222i 
0.0541 + 0.1499i 
-0.2887 + 0.1998i 
-0.0777 + 0.1554i 

» w - A* (A’ * w) */, This is another way to check the same fact. 

ans = 

1.0e-14 * 

-0.0888 

0.0500 + 0.1478i 
-0.2887 + 0.1998i 
-0.0722 + 0.1554i 

(b) Every vector winC is a linear combination of the vectors Ui in an orthonormal basis. In fact, 

the ith coordinate of w is (w, u,)(= uj- * w). 


» vl = 2*rand(6,1)-1 + i*(2*rand(6,1)-1); '/, Generate the vectors. 
» v2 = 2*rand(6,1)-1 + i*(2*rand(6,1)—1); 

» v3 = 2*rand(6,1)-1 + i*(2*rand(6,l)-l); 

» v4 = 2*rand(6,1)-1 + i*(2*rand(6,1)-1); 

» A = [vl v2 v3 v4]; B = orth(A); ul=B(:,l); u2=B(:,2); 

u3=B(:,3); u4=B(:,4); 
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(a) 

» w = 2*rand(6,1)-1 + i*(2*rand(6,1)—1); 

» p = (ul’*w)*ul+(u2’*w)*u2+(u3’*w)*u3+(u4’*w)*u4 '/. Project w onto H. 

P = 

-0.5014 + 0.6019i 
0.2835 + 0.1884i 
0.9411 + 0.3912i 
-0.0977 + 0.2916i 
0.5543 - 0.7369i 
0.5884 + 0.5017i 

» z = [ul’*w u2’*w u3’*w u4’*w]’ */, Note (w,ui)=ui’*w in the complex case 
z = V, and p = B*z from the formula for p 
-0.7047 + 0.7876i 
-0.7063 + 0.9850i 
0.8179 + 0.2196i 
-0.0638 - 0.0596i 

» B’*w '/, This will agree with z by the definitions of ui and z 
ans = 

-0.7047 + 0.7876i 
-0.7063 + 0.9850i 
0.8179 + 0.2196i 
-0.0638 - 0.0596i 

» B*(B’*w) '/, Substitute z=B’*w in p=B*z to see why this is p 

ans = 

-0.5014 + 0.6019i 
0.2835 + 0.1884i 
0.9411 + 0.3912i 
-0.0977 + 0.2916i 
0.5543 - 0.7369i 
0.5884 + 0.5017i 

(b) 

» x = 2*rand(4,1)-1 + i*(2*rand(4,1)—1); 

» h = A*x 7, h is in H. 

h = 

1.2117 - 0.2441i 
0.1575 + 0.1130i 
-0.9003 - 0.9038i 
0.2202 - 1.0490i 
-0.5889 - 0.1895i 
-0.5081 - 1.5998i 

» norm(w-h), norm(w-p) '/. Compare, 

ans = 

4.2915 
ans = 

0.7440 


The projection of w on H is the vector in H closest to w. 
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(c) Since V 4 is a linear combination of Vi, V 3 and z, it may be replaced by z in the basis. 

» z = A * [ 2; 0; -3; 1]; 

» C = [ A(:,[l:3]) z]; D 
» w = 10*(2*rand(6,1)-1); 

» pi = 

» p2 = D*D’*w; 

» pi - p2 

ans = 

1.0e-13 * 

0.2132 - 0.2021i 
-0.0444 + 0.0200i 
-0.1599 + 0.1354i 
-0.0797 + 0.2792i 
0.0622 - 0.0311i 
0.1954 - 0.0133i 

The projection of w onto H should not depend on which basis you choose. Here, pi — p2 is zero 
up to round-off error. 

4. (a) See MATLAB 4.9 problem 8 , replacing * by ' throughout. 

(b) 

» A = (2*rand(7,4)-l) + i*(2*rand(7,4)-l); 

» B = orth(A); C = null(A’); 

» C'*c */, Verify that columns of C are orthonormal, 

ans = 

1.0000 0.0000 - O.OOOOi 0.0000 - O.OOOOi 

0.0000 + O.OOOOi 1.0000 0.0000 - O.OOOOi 

0.0000 + O.OOOOi 0.0000 + O.OOOOi 1.0000 


» w = (2*rand(7,l)-l) + i*(2*rand(7,1)-1); 

Use proj# w — B * B' w from Problem 3(a). Also note that columns of C are an orthonormal 
basis for H 1 , by part (a) of this problem. So 

» h = B*B’*w; p = C*C’*w; */, Using projection formula in Problem 3(a) 

» w - (h+p) */, This should be zero (up to round off), 

ans = 

1.0e-15 * 

0.1110 + 0.6106i 
-0.3331 

-0.4441 + O.lllOi 
0.2220 - O.lllOi 
0.1110 - 0.1665i 
-0.2220 + O.lllOi 
-0.0555 + O.lllOi 

» h’*p 
ans = 

-1.7347e-16- 2.2204e-16i 


= orth(C); 

*/, Use basis B. 
*/, Use basis 0. 
/ Compare 


*/, h, p essentially orthogonal 
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5. (a) 


» A1 = (2*rand(4)-l) + i*(2*rand(4)-l); 

» A2 = (2*rand(4)-l) + i*(2*rand(4)-l); 

» Q1 = orth(Al); Q2 = orth(A2); 

» norm(Ql’*Ql - eye(4)) */. This should be zero: 
ans = 

5.7132e-16 

» norra(Q2’*Q2 - eye(4)) 7. This also should be zero, 

ans = 

6.8807e-16 

Since the matrices are unitary, their columns are orthonormal, and hence linearly independent. 
Since there are four columns, they must form a basis for C 4 . 

(b) 

» A = inv(Ql); 

» norm(A’*A - eye(4)) 7. This should be zero, 
ans = 

4.7682e-16 
» A = inv(Q2); 

» norm(A’*A - eye(4)) 7, This should be zero, 
ans = 

7.2160e-16 

(c) 

» A = Q1*Q2; 

» norm(A’*A - eye(4)) 7. This should be zero, 
ans = 

9.2361e-16 

(d) 


» v = (2*rand(4, i)-l) + i*(2*rand(4,1)-1); 7. Part (d)> 
» norm(v) - norm(Ql*v) 7. This should be zero, 
ans = 

6.6613e-16 

» norm(v) - norm(Q2*v) 7. This should be zero, 
ans = 

8.8818e-16 


(e) Repeat above for two random 6x6. 
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Section 4.12 

1. Let S be a set of linearly independent elements of V. If 5 is maximal, S forms a basis by Theorem 
1 and we are done. If not, then there exists v x 6 V such that Vj ^ span S. Then if S U {vj} is 
maximal, we are finished by Theorem 1. Otherwise, we continue the process. The process must stop 
with a maximal set of linearly independent elements S U {vi,..., v m }. This gives a basis for V. 

2. Let S be a set such that V C span 5. Choose V! 6 S. If {vi} is not a basis of V, we can find v 2 €E 
S such that v 2 ^ span {vj}. Then vi and v 2 are independent and if {vj, v 2 } is maximal, we are 
finished by Theorem 1. Otherwise, we continue the process. The process must stop with a maximal 
set of linearly independent elements {vi,..., v m } C S. This gives us a basis for V. 

3. Because T is a chain, either Ai C Ai or Ai C A\. So the result is true if n = 2. Suppose the result 
is true for n — 1 sets in a chain T. Then for j4i, ... ,A n -i, one of the sets, say Ak, contains all of the 
others. Then consider the n sets Ai,.. .,A n -i, A n . Then either Ak C A n or A n C Ak- If Ak C A n , 
then A n contains all of the other sets. If A n C Ak, then Ak contains all of the other sets. Then, by 
mathematical induction, given n sets in a chain T, one of the sets contains all the others. 
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Review Exercises for Chapter 4 

f/- 2 \ / 1 \) 


1. yes; Basis: i ■ ! ; dimension = 2. 

2. no; if ( x , y, z) satisfies x + 2y - z < 0 then {-x, -y, - z ) satisfies x + 2y - 2 > 0. 

' (~ l \ /-j\ /-jy 

3. yes; Basis: < * , !j* , o’’ dimension = 3 ' 

A o/ v o/ \ i/, 

4. no; (1,—4,3) satisfies the equation but (—1,4,—3) does not. 

5. yes; Basis: (Eij : j > i), where Eij is the matrix with 1 in the i,j position and 0 elsewhere; dimension 
= n(n + l)/2. 

6. yes; Basis: {1, x, x 2 , x 3 , x 4 , x 5 }; dimension = 6. 

7. no; (x 5 + 1) + (-x 5 + 1) = 2; not closed under addition. 


8 . yes; Basis: 


9. no; 0 0 + 0 0 = 


dimension = 5. 


0 0 1 ; not closed under addition. 

0 0 / 


10 . yes; infinite dimensional. 


= —24 => linearly independent. 



1 

3 

0 


— 

1 

0 

0 

= 


2 

1 

0 


1 

0 

0 

0 


0 

1 

0 

0 


0 

0 

1 

0 

= 

0 

0 

0 

1 


1 

2 


3 

0 

0 

0 

- 

1 

-8 

0 

0 


0 

7 

0 

1 


0 

0 

1 


1 

0 

0 

1 

— 

1 

0 

0 

0 


0 

1 

1 

0 


0 

1 

-1 


1 

1 

3 

-5 


= 1 => linearly dependent. 


linearly independent. 


= 4 => linearly independent. 


20. (a) 5 0 5 = —180 => linearly independent. 

24 6 

2 3-1 

(b) 1—2—4 = 0 => linearly dependent. 

4 6-2 


1 0 2 

14. -4 2 -10 

2-1 5 

12 3 0 

ifi 0 0-1-8 

16 ‘ 0-107 
0 0 0 0 
110 0 

1R - 110 0 

18 ' 0 0 11 

0 0 1-1 


= 0 =>• linearly dependent. 

0 2 

2—10 = 0 =► linearly dependent. 


= 0 =>• linearly dependent. 


= —4 => linearly independent. 
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dimension = 2. 


>; dimension = 3. 


24. Basis: {x,x 2 ,x 3 }- dimension = 3. 


25. Basis: < 


f /1 0 0 0} 
0 0 0 0 
0 0 0 0 
l \o 0 0 o/ 


/0 0 0 0 \ 
0 10 0 
0 0 0 0 
\0 0 0 0 / 


( 0 0 0 0\ 
0 0 0 0 
0 0 10 
0 0 0 0 / 


/0 0 0 0\ 

0 0 0 0 
0 0 0 0 
\0 0 0 1 / J 


>; dimension = 4. 



v(A) = 1, Range A = 



, p(A) = 3. 


30. 


2 4-2 

-1 -2 1 


1 2 -1 
0 0 0 


; Na = span 


Range A = span j ^ j , p{A) - 
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1-1 2 3 

0 1-10 

1- 2 3 3 

2- 3 5 6 


1-1 2 3 

0 1-10 
0 1-10 
0 1-10 


10 13 
0 1-10 
0 0 0 0 
0 0 0 0 


; Na = span 



u(A) = 2, 


Range A = span < I ^ , _ 2 I / > P(A) = 2. 


33. C 




34. C= 0 1 2 ; C- 1 = - 2 3-2 ; C 

V 1 0 3 / 5 V -2 2 2/ 


3-3 2 


1 u 


’-17/5 

2/5 

18/5 


35. C = 


m\ 

0 1 0 ; C- 1 = 


0 0 1\ / 4 

0 1 0 ; C- 1 0 

1-1-1/ ll 


0 . Then 

3/ 


4 + x 2 = (1)(1 + x 2 ) + (0)(1 + x) + (3)(1) 


36. C = 


110 0 

1-10 0 

0 0 11 

0 0 1-1 


/I 10 0 
1 1 -1 0 0 
2 0 0 1 1 
\0 0 1-1 


37. v, = ( l ), v, = (') ; ||v.|| = V4 + 9 = VIS; u, = (^) ; vj = (') - W/VIj () = 


38. Basis: v\ = 

/ l/y/6 

x/3/2; «2 = -1/V6 


= o ; llvxll = V2; u, = 1/V5 ; v' a = 0 - 


39. Basis: vi = [ 1 ) ; Hv^l = v^; ui = j l/\/3 


40. Basis: Vi = 


IKH = y/2; u 2 = 


; l|vi|| = V2-, ui = 


l/\/20 


0 ; v 2 = 




420 Chapter 4 Vector Spaces 


Instructor's Manual 


1 /W2\ i ( W5\ / 4/3\ 

41 = 



4/3\ 
-1/3 + 
5/3/ 


-7/3 \ 
7/3 
7/3/ 


42. (a) proj w v = 



(c) 





43. (a)proj K v = 


(b) 


(c) p = 



; then 


( 1/2 \ 

1/2 

1/2 

V1/2/ 



/ 1/2 \ 

1 

o 

1/2 

o 

1 

1/2 

\1/ 

\ 1/2/ 


/ l/2\ 
-1/2 
-1/2 
V 1/2/ 


44. 


Start with the basis {l,x,x 2 }. J l 2 dx = 2. Let ui = l/\/2- (v2,ui) = f (x/\/2)dx = 2/V2. 

[ r 2 1 1/2 r 2 

v ' 2 = x - 1. ||v' 2 || = J (x - l ) 2 dx I = V^/ 3 - u 2 = i J$j2(x - 1). (v 3 ,ui) = J ( x 2 /V2)dx = 

r2 

8/3\/2. (v 3 ,U 2 ) — \/3/2 / (x 3 — x 2 )dx = A/Vd. v 3 = x 2 — (2a; — 2) — 8/3 = a; 2 — 2a; — 2/3. 

jo 

,2 t1/2 


f (x 2 — 2x — 2/3) 2 dx 

.JO 


2/14/15. 


Orthonormal basis: {!/•/, \/3/2(x — 1), vT5/2\/T4(2; 2 — 2x — 2/3)}. 


proj e x = (e 1 , ui )uj + (e*, u 2 )u 2 + (e*, u 3 )u 3 
^[ 0 , 2 ] 

= (e 2 - l)/2 + 3(2)(x - l)/2 + 15(-2e 2 /3 - 10/3)(x 2 - 2x - 2/3)/56 
= (—5e 2 /28 - 25/28)x 2 + (5e 2 /14 + 67/14)x + (13e 2 /21 - 61/21) 
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47. A 


u 


22 6 —10 \ / 1 11 
I 6 9-6||2-ll 
18 V -10 -6 7 


/3 2 6 \ , / 22 6 - 10 \ 

2 6 8 , (A'A)-' = - 6 9-6; 

\6 8 18/ 18 V —1° -6 7 J 



9 |; y = (—16 + 9* + 7ar 2 )/6 
7, 


421 
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Notes 


Instructors 
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Chapter 5. Linear Transformations 

Section 5.1 


x i + x 2 
yi + V2 


) = + = (*SM%) =rx, = (“) = 


1. linear; T(xi + x 2 ) = T ^ 

2. not linear; T(x, + x,) = ( ^ + ^ ^ ^ ) = Tx, + Tx, 

)= (T + z) =(2) + (») =rxi+rx!; r( “ x) - (»»)= 

“ CD=“ r * 

4. linear; T(x, + x 2 ) = r^ + »j = = („") + („") = Tx, + Tx,; T(«x) = ( o °) = 


*1 + *2 

3. linear; T(xi + x 2 ) = T J j/i + y 2 

*1 + *2 , 


a | | = aTx 

,2+ 


5 . not linear; T(x t +x 2 ) = T f 2/1 + 2/2 J = ( 2 l + 2 2)^( 2 i) + ( 2 2) = Txi +Tx2 

\zi + z 2 / ' ' ' ' 

6 . not linear; if a ^ 0 or 1 and x ^ 0 ^ y, then T(ax) =T = ^2*2 ) = 0:2 {^y 2 ^j ^ a (y 2 ) = 


aTx 


ay 

ax 


7. linear; T(x 1+ x 2 ) = t(; + «) = (» + “) = (*) + (“) = Tx, + T«; r(ox) = 
«(»)=«Tx 

8 . 'i»»;T(x, + x l)= - (-!J) + («!S) =Tx 1 + Tx 5 ;T,ox,= 

/+ ay\ 
yax — ay ) 


aTx 


= a( X + y ) = 

\x-yj 

9. not linear; if a ^ 0 or 1, then T(ax) = T — ( ax )(ay) = a 2 xy ^ axy = aTx 


10. linear; T(x + y) = 

/ *i + 2/1 \ 
*2 + 2/2 

= £(** + w) = 

n n 

\ A 'T-^ 

= 2^ Xi + IJk 

= Tx + Ty; T(ox) = T 

/ <**i\ 
ox 2 


V * n + !/n / 

i=l 

1=1 1=1 


\orz„ / 


n n 

y^axj = = aTx 

>=i »=i 
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11 . 


12 . 


13. 

14. 

15. 

16. 

17. 

18. 

19. 

20. 

21 . 

22 . 

23. 

24. 

25. 


26. 

27. 

28. 

29. 

30. 


linear; T(x + y) = 


/x + V\ 

I x + y I 


\x + y/ 


/x\ 


fy\ 


( ax \ 


(X\ 

X ' 

+ 

y 

= T(x) + T(y); T(ax) = 

ax 

— a 

X 

\X^ 


\2// 


\ax ) 


\X j 


linear; T(xi + X 2 ) 


= T 


/ xi + x 2 \ 
yi + 2/2 

Wi + W2 
\ Zi + Z 2 / 


f (*1 + * 2 ) + (*1 + Z 2 ) \ { Xi + Zi \ ( X 2 + z 2 \ _ T 

V(2/1 + 2/2) + («>i + w 2 )) v yi + w \ / \y2 + w2j 1 


Tx 2 ; T(ax) 


( ax + a;A _ / x + z\ 

ay + awj~ \y + w ) 


— aTx 


not linear; if a ^ 0 or 1, xyzw ± 0 then T(ax) = ( ^ = a 2 ( XZ '\ ^ a f XZ 'j = qTx 

V( a w ( aw )) \ywj \y™ J 


linear; T(A + A') = (A + A')B = AB 4- A'B = T(A) + T(A'); T(aA ) = (aA)B = a(AB) = aT(A) 

not linear; T(A+B) = (A + 5)‘(A + B) = (A*+J3*)(A + JB) = A'A + A^ + B*A + B*B / A*A + B*B = 
T(A) + T(B) unless A*B + B f A = 0 

linear; same solution as problem 14 

not linear; if a ^ 0 or 1, D ^ O then T(aD) = a 2 D 2 ^ aD 2 = aT(D) 
not linear; T(aD) = I + aD ^ a(I + D) — aT(D) unless a — 1 

linear; T[(a 0 + aix+a 2 x 2 ) + (& 0 + 6iz + & 2 Z 2 )] = (ao + M + fai+^i) 21 = a 0 +aix+b 0 +bix = T(a 0 + a 1 x+ 
a 2 x 2 ) + T(b 0 + bix -f 6 2 x 2 ); T[a(ao + aix + a 2 x 2 )] = aao + aaix = a(ao + aix) = aT(ao + aix + a 2 x 2 ) 

linear; T[(a 0 + aix+a 2 x 2 ) + (6o+l>ix + i» 2 * 2 )] = (ai+l>i) + (a 2 +6 2 )x = oi + a 2 x + 6 1 +6 2 x = T(a 0 + aix + 
a 2 x 2 ) + T(6 0 + 6ix + 6 2 x 2 ); T[a(aAo + aix + a 2 x 2 )] = aa!+aa 2 x = a(ai+a 2 x) = aT(ao + aix + a 2 x 2 ) 

linear; T(a + b) = (a + 6) + (a + 6)x + (a + b)x 2 -|- (a + 6)x" = a + ax + ax 2 H-h ax n +b + bx + bx 2 + 

-h bx n = T{a ) + T(6); T(aa) = aa + aax + aax 2 -\ -1- aax" = a(a + ax + ax 2 4- \- ax") = aT(a) 

not linear; T(ap(x)) = a 2 [p(x)] 2 ^ a[p(x)] 2 = aT(p(x)) unless a = 0 or 1, or p = 0. 

not linear; if a ^ 0 or 1 then T(af) = a 2 / 2 (x) ^ a/ 2 (x) = aTf 

not linear; T(af) = af(x) + 1 / a(/(x) + 1) = aTf unless a = 1 


linear; T(/i +/ 2 ) = f (/i(x) + f 2 (x))g(x) dx = / h(x)g(x) 
Jo Jo 

T(af ) = f af(x)g(x) dx = a f f(x)g(x) dx = aT/ 

Jo Jo 


dx + 



dx = T/i +T/ a ; 


linear; T(/i+/ 2 ) — [(/ 1 +/ 2 )</]' — (/1 +/ 2 ) , fl' + (/i + / 2 )flf / — f[y + f '29 + fi9'Af29'A(f 2 g)' = Tfi+Tf 2 \ 
T(af) = [(af)g]' = a(fg)' = aTf 

linear; T(/(x) + $f(x)) = /(x - 1) + p(x - 1) = Tf(x) + Tg{x)\ T{af{x)) = a/(x - 1) = aT/(x) 
linear; T(f + g) = /(1/2) + ff (l/2) = Tf + Tg- T{af) = af( 1/2) = aT/ 

not linear; if a / 0 or 1, and det (v4) ^ 0, then T(aA) = det (aA) = a" det 4/a det A = aT(A) 

Geometrically, T rotates a vector in the xy-plane through an angle of 180 degrees, or, equivalently, T 
reflects a vector through the origin. 
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31. 


32. 

33. 

34. 

35. 

36. 


37. 

38. 

39. 

40. 

41. 



(>)T(3) =2 [r(J) +2 r(;) 

( b ) T ( ?) =- 3 r (o) + 7 r (i) = 3 (^) +7T ( l 





V 1/2V3/2) (b) ' 4, ( 


T rotates a vector counterclockwise around the z-axis through an angle 0 in a plane parallel to the 
zy-plane. 

T rotates a vector counterclockwise around the y-axis through an angle 9 in a plane parallel to the 
xz-plane. 

Suppose a < 0. We have T [(a — a)x] = T(0x) = OTx = 0, so that 0 = T(ax — ax) = T(ax) + 
T(—ax) = T(ax) — aTx. Thus, T(ax) = aTx if a < 0. 


Define T(A) = T 


an ai2 ai3 

«21 «22 «23 
. a 31 «32 «33 . 


= ( an ai2 Y Since T(A + B) = ( 

V«21 «22 / V 


Oil + &11 «12 + bi2 
a 21 + &21 022 + &22 


)■ 


/ aau aai2 

V aa2i aa22 


) = a ( an “ 12 ) = otT{A), 

J \ 021 a 22 ) 


then T is linear. Many other examples possible. 

T(x - y) = T(x + (—y)) = Tx + T((-l)y) = Tx + (-l)Ty = Tx - Ty 

TO = T(x — x) = Tx — Tx = 0; if V and W are different, then the two zero vectors may be different 
T(v! + v 2 ) = (vi + v 2 ,u 0 ) = (vi,u 0 ) + (v 2 ,uo) = Tvi +Tv 2 ; T(av) = (av,uo) = a(v,u 0 ) = aTv 
T(av) = (uo,av) = a(uo, v) ^ a(uo,v) = aTv unless a is real. 


T(VI + V 2 ) = (Vi + V 2 ,U 1 )U 1 + (V X + V 2 ,U 2 )U2 + •• • + (Vl + V2,Ujfc)Ufc 

= (Vi, Ui)ui + (Vi, u 2 )u 2 + • • • + (vi, u 4 )u fc + (v 2 , Ui)ui + (v 2 , u 2 )u 2 + • • • + (v 2 , U*)u* 
= Tvj + Tv 2 ; 

T(av) = (av, ui)u x + (av, u 2 )u 2 + • • • + (av, u fc )u* 

= a[(v,ui)ui + (v,u 2 )u 2 +-h (v, u/t)uj,] = aTv 


42. Let Ti G L(V, W) and T 2 G L(V, W). As (T x + T 2 )(x + y) = Tj(x + y) + T 2 (x + y) = T x x + T 2 x + 
Tiy + T 2 y = (Ti + T 2 )x + (Ti + T 2 )y, and (Tt + T 2 )(ax) = T x (ax) + T 2 (ax) = a(Tix + T 2 x) = 
a(Ti + Ti)x, then we have closure under addition. Since (aT)(x + y) = aT(x + y) = a(Tx + Ty) = 
aTx + aTy = (aT)x + (aT)y, and (aT)(/?x) = aT(/3x) = a/?Tx = /3aTx = (3(aT)x, then we have 
closure under scalar multiplication. Note that the zero vector is the zero transformation, and for each 
T G L(V, W) then (—T) G L(V, W) and T + (—T) = 0. The rest of the axioms follow from the usual 
rules of addition and scalar multipliation of functions. 
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MATLAB 5.1 

In order to make the plots produced by ’grafics.m’ show distinctions when printed or viewed on black 
and white media, a new sixth argument for line type, It, was added to graphics.m. In addition one line 
in the text of grafics.m was changed: sl=[’-’ clr] became sl=[lt clr]. Do ’help plot’ in MATLAB to see the 
possible values for It. (Also some early versions of grafics.m had a ’clg, hold off’ or ’elf reset’ command at 
the start of grafics.m which was deleted to make the overplotting approach of this problem set work.) 

1. (a) 


» pts = C 0 3 3 8 8 11 11 15 15 11 8 8 0 10;... 

» 0 0 3 3 0 0 7 7 10 10 12 7 7 9]; 

» Ins = [ 1:13 ; [ 2:13 1 ] ]; 

» grafics(pts,Ins,’r’,,20,’:’) % We’ll always plot the original with dotted 
» print -deps fig511.eps '/, lines so transformed figure will stand out. 



The figure is a dog without a tail. The points are red *’s and we have —20 < x, y < 20. The 
(new) ’:’ argument makes the line type dotted. 

(b) Plot your own figure as in (a). Note that not all points need to be the ends of lines. In (a) the 
dog’s eye is an isolated point - one which never occurs in the matrix of lines. 

2. (a) If z = x — y, then z + y = (x — y) + y = x. Since z = x — y and y form sides of a parallelogram 
with vertices at 0 ,z,P\,P 2 , the opposite sides z and P^P\ are parallel. 

The line segment from P 2 to P\ goes from the endpoint of y in the direction represented by x — y 
to the end point of x, and consists of the endpoints of y + a(x — y), 0 < a < 1. These points are 
transformed, by the linearity of T, into Ty + aT(x — y) = Ty + a(Tx — Ty), 0 < a < 1, which are 
exactly the points along the line segment going from the transform of P 2 (the endpoint of Ty) in 
the direction of Tx — Ty to the transform of Pi (the endpoint of Tx). 

(b) Rotate the figure in Problem 1 by x/2 radians clockwise: 

» th = -pi/2; A = Ccos(th) -sin(th); sin(th) cos(th)] ; 

» grafics(pts,Ins,’r’,,20,’:’) 

» hold on 

» grafics(A*pts,lns,’b’,,20,’— ’) '/, Dashed blue lines for transformed figure 
» hold off 

» print -deps fig512b.eps 
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(c) Rotation by 2 tt/ 3 counterclockwise: 

» th = 2*pi/3; A = [cos(th) -sin(th); sin(th) cos(th)] ; 
» grafics(pts,1ns, ’cl’, ,20, ’: ’) '/, Dotted lines 

» hold on 

» grafics(A*pts,Ins,’c2’, ’,20,’—’) 

» hold off 

» print -deps fig512c.eps 



(d) Rotate your figure from Problem 1(b) by some angle. 

3. (a) If you look at the entries in pnts you see that the maximum value, in either direction, is 15. Thus 
M = 32 is large enough for this problem, since all coordinates will be streched by a factor of 2. 

» A = 2*eye(2); 

» graficsfpts,Ins,’r’,,32,’: 

» hold on 

» grafics(A*pts,Ins, ’b’, ’ + ’ ,32, ’ — ’) */, Use + for points on transformed figure 
» hold off 

» print -deps fig513a.eps 
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(b) 



-30 -20 -10 0 10 20 30 


» A = [2 0 ; 0 1] ; This stretches x-coordinates by factor of 2 
» grafics(pts,lns,*r*,,32,*:’) 

» hold on 

» grafics(A*pts,Ins,’b’,,32,’—’) 

» hold off 

» print -deps fig513bi.eps 



» A = [1 0 ; 0 2]; % This stretches y-coordinates by factor of 2 
» graf ics(pts,Ins, ’r’, ,32, ’: ’ 

» hold on 

» grafics(A*pts,Ins,’b’,,32,’—’) 

» hold off 

» print -deps fig513bii.eps 
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-30 -20 -10 0 10 20 30 


(c) Multiplication by A — ^ g ^ ) scales the ^-coordinates by a factor of r and the ^coordinates by a 
factor of s. 
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Section 5.2 

1. Kerr = {(z.y) : x = 0}; v{T) - 1; Range T = {(x,y) : y = 0}; p{T) = 1. 

2. Ker T = {(a:, y, z) : y = 0 and z — 0}; v{T ) = 1; Range T = M 2 ; p(T ) = 2. 

3. Ker T = {(a:, y) : x = —y}; z/(T) = 1; Range T = K; p(T) = 1. 

4. Ker T = {(x, y,z,w) : x — —z and y = —w}; i/(T) = 2; Range T = M 2 ; p(T) = 2 

5 - Then^B= (* 2 2 2 * + »). Ke,T ={(»»)}; .(T) = 0; Range T = M„; 

Kr) = 4. 

6. Ker T = {0}; v(T) — 0; Range T — {a + ax 4- ax 2 4- ox 3 : a € ®}; p(T) = 1. 

7. KerT = {.4 : A* = —.A}; j/(T) = (n 2 — n)/2; Range T = {A : A is symmetric}; p(T) = (n 2 4- n)/2. 

8. KerT = {/ G C[0,1] : / = constant}; v(T) = 1; Range T = {/ £ C[0,1]} by fundamental theorem of 
calculus; Range T is infinite dimensional. 

9. KerT = {/ £ C[0,1]: /(1/2) = 0}; KerT is infinite dimensional; Range T = M; p(T) = 1. 

10. Ker T = {(0,0)}; v{T) = 0; Range T = M 2 ; p(T) = 2. 

11. For any v 6 V, v = aiVi + a 2 v 2 +-1- a„v„ for some (ai,a 2 ,.. ,,a„). Then 

Tv = T(ajvi + a 2 v 2 + • • • 4- a n v„) 

= aiTvi 4- a 2 Tv 2 4-1- a„Tv„ 

— fli ■ 0 4* d 2 • 0 4~ * * * 4~ a n -0 = 0. 

Thus T is the zero transformation. 

12. For any v £ V, v = aiVi 4- a 2 v 2 4-F a„v„ for some (ai, a 2 ,..., a„). Then 

Tv = T(aivj 4- a 2 v 2 4--F a„v„) 

= aiTvi 4- a 2 Tv 2 4-F a„Tv„ 

= aiV! 4- a 2 v 2 4--F a n v„ = v. 


Thus T is the identity operator. 

13. Range T is a subspace of M 3 which contains the origin. Thus by Example 4.6.9 Range T is either a) 
{0}, b) a line through the origin, c) a plane through the origin or d) M 3 . 

14. KerT is a subspace of M 3 which contains the origin. So as in Problem 13 KerT is either a) {0}, b) a 
line through the origin, c) a plane through the origin or d) M 3 . 


15. Tx = Ax where A = 6,c £ M. i.e. T = (^’^(l) * s ar ^ trar y' 

16. Tx = .Ax where A = ^ ^ d)/a) ’ w ^ ere c ’^ ^ ®- 


1 ' 


0 


1' 


'O' 


0 


17. Note that a basis for ker T is 


0 , 1 >. Then we want T 0 = 0 and T 1 = 


- 2 , 


1 


-2 


0, 


1 


'O' 


2 -1 1 ' 


0 . Let T = 2 -1 1 . 


0 , 


2 -1 1 
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18. Note that a basis for Range T is 



Then for any 



we want T 



Cl 


(-•)**(:) 


/ 100 \ 

for some ci, C 2 G ®. Let T = I 0 10 1. 

V—210/ 


19. (a) If A G kerT then A — A* = O. So A = A*. That is, A is symmetric. Conversely, if A = A*, then 
A - A* = O, so A G ker T. 

(b) If A G Range T then there exists a matrix B such that A = B — B t . Then A 1 — (B — B*)* = B* — 
B = —A. That is, A is skew-symmetric. Conversely if A* = — A, then T (| A) = | A — - A* = A. 

20. KerT = {/ G C 1 [0,1] : xf'(x ) = 0 for x G [0,1]}. Then we must have f'(x) = 0 all x. Then f(x) 
constant if / G kerT. Range T = { xf(x) : f(x) G C[0,1]} 

21. Choose bases {ui,.. .,u n } for V, {wi,.. .,w m } for W. Then let T<j(u<) = w j and Tj(ujt) = 0 if 

k ^ i. These form a basis for L(V, W) since any v* is a linear combination of w ; -, so T with T(ut) = 
Vk is a linear combination of Ty• Specifically, if v* = EctjWy, k = 1,...,n, then T = HkjCkjTkj- 
Independence of Ty follows from Ea,jTjj(uj) = Eaywy = 0 => aij = 0. Therefore, dimi(V, W) = nm. 


22. (a) Suppose T\,Ti € U. Then for every h G H , (Ti + T 2 )h = Tih + T 2 h = 0 + 0 = 0, and (aTi)h = 
a(Tih) = a ■ 0 = 0. Then U is a subspace of L(V, V). 

(b) dimf/ = n(n — k). In fact extending {ui,...,u*}, a basis of H, to {ui, • • • ,u n } a basis of V, 
then T is in U if and only if T(ui) = • • • = T(uj,) = 0. In particular T(u* + i),... ,T(u n ) are 
n — k arbitrary vectors in the n dimensional space V. So if Tij (u{) = Uj, T;( u i) = 0, l ^ i for 
k<i<n,l<j<n, then T,j are a basis for U . (See solution to previous problem.) 

23. No. Let S = an< ^ = ^oo)' ^ en o) = zero transformation, and TS = 

<::) zero transformation. 
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2. Since T 


1. As T ^ and T ^ ^^, then At = ^ j ^^. Since det At = —1^0, then 

kerT = {0}, range T = M 2 , v(T) = 0, and p(T) = 2. 

2. Since T = ^ 1 ^ and T = ^—1^, then Ay = ^1 —1^ . As columns not collinear, 
then p(At) = p(T) = 2, and hence t/(T) = 2 — p(T) = 0. Thus kerT = {0} and range T = 

sp “{(iMi)}- 

3. We have T (°) = (_!)• T ( j) = (l)' “ d T (») = (- 2 ) • » ^ = (-2 1 - 2 )' 

As A t -*■ q q^, then p(A) = p(T) = 1, v(T) = 3 - p(T) = 2, range T = span j j, and 

rm mi / *A 

ker T = span <lll,lll>, from Tx = 0 only ifx = I xi — X 3 1 . 

4. AsT^J^ = (^j and T ^ ^ ^ , then Ay = Ifa = 6 = c = d = 0, then T is the zero 

transformation, and hence p(T) = 0, v(T) = 2, kerT = M 2 , and range T = {0}. If ad — cb ^ 0, then 
p(T) = 2, v(T) = 0, kerT = {0}, and range T = M 2 . Suppose ad—bc = 0, and suppose at least one of 

a, b, c, or d are nonzero. We may assume a / 0. Then p(T) = 1, v(T) = 1, kerT = span | ^ ^ |, 


3. We have T 0 
V 0 


and range T = span 


{(:)}• 


/1 —12 \ /10 3/2 \ 

5. At — | 3 1 4 j . Since At —* j 0 1 -1/2 J then p(T) = 2 = # pivots, u(T) = 1, and range 

\5 -1 8/ \0 0 0/ 

T = span < I 3 I , I 1 I >. Also kerT = span <1 1 I >. 

IW \ — 1 / J IV 2/J 

/ — 1 2 1 \ / 1 - 2 " 1 \ f/l\ 

6. At = I 2—4—21. Since At —► I 0 0 0 I, then p(T) = 1, v(T) — 2, kernel T = span < I 0 , 

1 -3 63/ \0 0 0/ l V 1 / 


and range T = span < — 2 

\ 3 


/1 — 1 2 3 \ / 1 0 6 6 \ 

7. At = I 0 1 4 3 J. As At —* I 0 14 3 I, then p(T) = 2, v{T) = 2, and kerT = span 

Vl 066/ \0000/ 

1 

Also since pivots in columns 1 and 2, range T = span < 0 I , I 1 I >. 
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8 . At — 


/ 1-12 1 ' 
-10 12 
1-2 5 4 
\ 2—11 -1, 


. As At 


(\ 0 -1 —2\ 
0 1-3-3 
0 0 0 0 
\0 0 0 0/ 


, then p{T) = 2, v(T) = 2, and ker T = span < 



range T = span < 



r!) 

PI 
’ -2 


< 

1 

y 

k 

\ 2 / 

\-l) 

* 


•■ r (-0-GHUHG)- 4r 

At = • As det A T = 5^0, then p{T) = 2, j/(T) = 0, kerT = {0}, and range T = ® 2 . 

10 - T (“!) = (:?) = t ('!) -1 (1)' “ d = (!«) = f ('!) + f (J)- Hen “' 

At = ^ 3 I/ 7 ) ‘ = 11 ^ 0, then p(T ) = 2, i/(T) = 0, ker T = {0}, and range T — ® 2 . 

J) = ’(-0 +o (J> r (j) = (0“K-0 + Ki)’ ,D4r (i) = 

( 4 )= j (.;)+i(j>—* ■ ( 5 1 %)■ * (; t X) - (0:$)• - 

p{T) = 2, i/(T) = 3 — 2=1, range T = ® 2 , and (kerT)^ = span 

,ir (0-(;)-(-j) + T(;)^(;)- r 0)-n 


11. T I 0 I = 

1 




/ 1 -1\ 


-12. Thus At = 14/5 11/10 . Since [ 14/5 11/10 | 

5 W \ 1/5 2/5/ 

v{T) — 0, kerT = {0}, and (range T)b 2 = span 




0 1 j, then p(T) = 2, 

.0 0 , 


13. T(l) = x 3 , T(x) = 1 — x, and T(x 2 ) = 0. Hence At = 


T = span {x 3 , —x + 1}, and kerT = span{x 2 }. 


/0 10 \ 
0-10 
0 0 0 
\1 0 0/ 


. p(T) = 2, i/(T) = 1, range 


14. At — 


1 

. 1 / 


, p(T) = 1, v(T) — 0, range T = span{1 + x + x 2 + a: 3 }, and kerT = {0}. 


15. At = (0010), p(T) = 1, u(T) = 3, range T = M, and ker T — span {1, x, a: 3 }. 


16. T(l) = 0, T(x) = x, T(x 2 ) = -1, and T(x 3 ) = x. Thus A T = 
range T = Pi, and kerT = span {1,x 3 — x}. 


0 0-10 

0 1 0 1 


)• So p{T) = 2, i/(T) = 2, 
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/I -1 2 3\ 

17. T(l) = 1 + x 2 , T(x) = -1 + x, T(x 2 ) = 2 + 4x + 6 x 2 , and T(x 3 ) = 3 + 3x + 5x 2 . So A T 0 1 4 3 . As 

\l 065/ 

1—12 4\ / 1 0 6 0\ 

0 143 -* 0140 , then p(T) = 3, */(T) = 1, range T = P 2 , 

,1 0 6 5/ \0 0 0 lJ 

ker T = span {6 + 4x — x 2 }. 


I8T (°“ 


0 0 
0 1 


1 2 
4 -1 


. Hence 


, then p(T) = 3, v{T) = 1, kerT = 
span {(g 1) }' ^ nce Pi vots i n columns 1-3, Range T = span 2 )’^—2—l)’(5l)}’ 

19T (JS) = (n)' T (I!J) = (!J)- r (i2) = (JJ)'“ dT (»?) = (Jl!)' Th '“ 


( 1-12 1\ 


( l ~ 12 M 


/I0 0 —2\ 

-1 0 2 2 

A ^ 

-1022 


0 10-3 

1-2 5 4 

. AS 

1-2 5 4 


0 0 1 0 

V 2—11—1/ 


V 2 -1 1 -1/ 


Vooo 0/ 


At = 


/ 111X \ 

1110 

110 0 

Vi 0 0 0 / 


. So p(T) = 4, u(T) = 0, range T — M 22 , and kerT = {0}. 


20. T(l) = x = (x + 1) — 1, T(x) = x 2 = (x + l) 2 — 2(x + 1) + 1, and T(x 2 ) = x 3 = (x + l) 3 — 
3(x + l) 2 + 3(x + 1) — 1, and hence At = 0 1 -3 

\ 0 0 1 J 

range T = span {x, x 2 , ar 3 }. 


. So p{T) = 3, v(T) = 0, kerT = {0}, and 


21. £>(1) = 0, D{x) = 1, D(x 2 ) = 2x, D(x 3 ) = 3x 2 , and D(x 4 ) = 4x 3 . So A D = 
p(D) = 4, v(D) — 1, kerD = Pq, and range D = P 3 . 


/0 1 0 0 0 \ 
0 0 2 0 0 
0 0 0 3 0 
\0 0 0 0 4/ 


, and hence, 


22. T(l) = -1, T(x) = 0, T(x 2 ) = x 2 , T(x 3 ) = 2x 3 , and T(x 4 ) = 3x 4 . Thus, A T = 
hence, p(T) = 4, v(T ) = 1, kerT = span {x}, and range T = span {1, x 2 , x 3 , x 4 }. 


/-I 0 0 0 0\ 
1 OOOOO' 
0 0 10 0 
0 0 0 2 0 
V 00003 / 


, and 



/0 1 0 0 •• 

°\ 


0 0 2 0 •• 

0 

23. As D(x k ) = kx k ~\ then A D = 

0 0 0 3 •• 

0 


\o 0 0 0 •• 

nj 


, p{D) — n, v(D) = 1, range D = P n -i, and 


ker D = Pq. 
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/0 0 2 0 0 \ 

24. jD(1) = 0, D{x) = 0, D(x 2 ) = 2, D{x 3 ) = 6x, and D(x 4 ) = 12x 2 . So A D = 0 0 0 6 0 , p{D) = 3, 

\0 0 0 0 12 / 


i/(D) = 2, ker D = Pi, and range D = span {2,6x, 12x 2 } = P 2 . 

25. T(l) = 2, T(x) = 3x, T(x 2 ) = 4x 2 + 2, T(x 3 ) = 5x 3 + 6x, T(x 4 ) = 6x 4 + 12x 2 . Thus A T = 
/2 0 2 0 0 \ 


0 3 0 6 0 
0 0 4 0 12 
0 0 0 5 0 

Voooo 6/ 


, p(T ) = 5, j/(T) = 0, kerT = {0}, and range T = P 4 . 


26. Let m be a positive integer, and define (m)* = m(m — l)(m — 2) • • -(m — k + 1) where 1 < k < m. 
Then D(x m ) = ( m')i e x m ~ k if m > k and is 0 if m < k. Thus Ad — (a.j) is the (n — k + 1) x (n + 1) 
matrix, where for each 1 < i < n — Jb + 1, at^+i = (k + i — 1)*, and a,j = 0 otherwise. So there is a 
pivot in each row. p(D) = n — k + 1, v(D) = (n + 1) — p{D) = Jfc, ker D = span {1, x, x 2 ,..., x* -1 }, 
and range D = span {1, x,x 2 ,..., x n-fc } = P n -h- 


27. We have T{x k ) = 



and hence At = 


diag(6 0 ,6i,.. where bk = 


£ 


k\ 

(,k-i )!' 


Thus, p(T) = n + 1, v(T) = 0, kerT = {0}, and range T = P n . 

/•1 1 

28. J(x k ) = / x fc dx = -- for each 0 < fc < n. So yljr = (1,1/2,1/3,..., l/(n + 1)), and hence, 

Jo k + 1 

p(J) = 1, v(J) = 0, ker J = {0}, and range J = ®. 


( 100 \ 

29. yl T = 0 1 0 , p(T) = 3, v(T) = 0, range T = P 2 , and kerT = {0}. 

\ooi / 

/0\ f 0\ /-1\ /1\ /0 0 -1 1\ 

30. T(l) =10, T(x) = 1 , T(x 2 ) = 0 , and T(x 3 ) = 1 . Thus A T = 0 1 0 1 . As 

W \-i/ V 1/ \o/ \o -1 10 / 

/0 0 -1 1\ /0 1 0 0\ 

0 1 Oil—►JOOIO], then p(T) = 3, v{T) = 1, kerT = To, and range T = M 3 . 

\o — 1 10 / V 0 0 0 1 / 


31. Let E r , € M mn be the m X n matrix with ey = 1 if i — r,j = s, and 0 otherwise. Then TE r) = E sr 6 
M nm , and Aj = (a t; ) where 


1, if i = (k — l)m + l, and j = (£ — l)n + jb for k = 1,2,..., n and l = 1,2,..., m 
0, otherwise 


32. T 



So At — 


1 

-11 +ij 


33. D( 1) = 0, D(sinx) = cosx, D(cosx) = — sinx. Thus, Ad = 


0 0 0 \ 
0 0-1 
0 1 0 / 


, range D = span (sinx, cosx), 


and kerD = M. 
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34. D(e x ) = t x , D(xe x ) = e x + xe x , and D(x 2 e x ) = 2xe x + x 2 e*. Hence Ad = I 0 1 2 I , range D = V, 

\0 0 1 ) 

and kerD = {0}. 

35. r(J) =pr°j* (j) = ( 1 .^),andr(;) =pr°j H (J) = ("J/s)- S ° ^ = (1/2 " 1 / 2 )' 

36. (i) By theorem 1, y € range T if and only if y G range At- So range T = range At- 

(ii) This follows from (i). 

(iii) By theorem 1, Tx = 0 if and only if Axx = 0. Thus kerT = Na t - 

(iv) By (iii) v(T ) = dim kerT = dim(jV 4 r ) = v(At) 

37. (i) Let Bi and be bases for V and W, respectively. By theorem 3, (Tv)b 2 = ^t(v)b, . If w € 
range T, then w = Tv for some v 6 V. Hence, (Tv)b 2 = (w) b 3 = At{v)b 1 - So (w)b 2 G range 
At- Similarly, range At C (range T)b 2 , and hence, range At = (range T)b 3 - It follows that p(At) = 

pin 

(ii) We have Tv = 0 if and only if (Tv)b 3 = (0)b 3 if and only if -Ax(v)bj = (0)b 3 ■ Hence, (kerT)#, = 
ker^tx, and v(T) = i^(ylx)- 

(iii) As p(At) + v(At) = n by theorem 4.7.7, we have p(T) + t'(T) = n. 

38. expansion along the x-axis with c = 4 39. possible compression along the y- axis with c = 1/4 

40. reflection about the x-axis 41. shear along the x-axis with c = 2 

42. shear along the x-axis with c = —3 43. shear along the y- axis with c = 1/2 

44. shear along the y-axis with c = —5 45. reflection about the line y — x 
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MATLAB 5.3 

The Solutions to 5.1 explain the addition of a line type argument to ’grafics’. 
1. To recreate Figure 5.8(a) we use 

» pts=[[0 0]' [3 0]’ [3 2] ’ [0 2]’]; 

» lns=[[i 2]’ [2 3]’ [3 4]’ [4 1]; 

» grafics(pts,lns,’r’,,5, 

» print -deps fig531.eps 



» A=[.5 0 ; 0 3] ; */. Expand y-axis by factor of 3, compress x-axis factor .5 

» grafics(pts,1ns,’r’,>*’,10,»: ’) 

» hold on 

» grafics(A*pts,lns,’b’,’+’,10 ,’—’) 

» hold off 

» print -deps fig531a.eps 



-5 


o 


5 


10 
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(b) Recreate the shear transformations in Figures 5.8(b),(c). 

» A=[l 2 ; 0 1]; */. Shear along x-axis, c=2 , Fig. 5.8(b) 

» subplot(121); grafics(pts,Ins,’r’, ,7, ’:’) 

» hold on 

» grafics(A*pts,Ins,’b’,’+’ ,7, ’—’) 

» title(’Fig. 5.8. (a) and (b)’) 

» hold off 

» A=[l -2 ; 0 1] ; '/. Shear along x-axis, c=-2 , Fig. 5.8(c) 

» subplot(122); grafics(pts,Ins,’r’, ,7, ’:’) 

» hold on 

» grafics(A*pts,lns,’b’,’+’ ,7,’—’) 

» title(’Fig. 5.8. (a) and (c)’) 

» hold off 

» print -deps fig531b.eps 


Fig. 5.8. (a) and (b) Fig. 5.8. (a) and (c) 



-5 0 5 -5 0 5 

(c) A shear transformation along y-axis 


» A= [1 0; -2 i] ; */, Shear along y-axis, c=-2 
» grafics(pts,Ins,’r’,,8,*: ’) 

» hold on 

» grafics(A*pts,lns,’b’,’+’,8,’—’) 

» hold off 

» print -deps fig531c.eps 
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2. (a) The matrix R for rotaion counterclockwise by 7r/2 is given by R = (J?(ei) R(c- 2 )) = 

since the x-axis goes to the y -axis and the y-axis goes to the negative x-axis. The matrix E for 
expansion along the x-axis by a factor of 2 is 

0 >) 

» pts = [ 0 3 3 8 8 11 11 15 15 11 8 8 0 10;... 

» 0 0 3 3 0 0 7 7 10 10 12 7 7 9]; 

» Ins = [ 1:13 ; [ 2:13 1 ] ]; 

» R = [ 0 -1; 1 0]; '/. Rotation by pi/2 counterclockwise 

» E = C 2 0; 0 1] ; '/, Expansion along the x-axis by a factor of 2 

» subplot(121); grafics(pts,lns,’r’,’*’,30,’:’); 

» hold on 

» grafics(E*R*pts,Ins,’b’,’o’,30,’—’); 

» title(’Original - dotted’) 

» xlabel(’Rotated then expanded - dashed’) 

» hold off 

» subplot(122); grafics(pts,Ins,’r’,’*’,30,’:’); 

» hold on 

» grafics(R*E*pts,Ins,’w’,’+’,30,’—’); 

» xlabel(’Expanded then rotated - dashed’) 

» hold off 

» print -deps fig532b.eps 




Original - dotted 




Rotated then expanded - dashed 


Expanded then rotated - dashed 


3. (a) T(x) = proj v x = (v-x)v is linear since (v-(xi+X2))v = ((v-xi) + (v-X2))v = (v-xi)v + (v-X2)v 
and (v • ax)v = (a(v • x))v = a(v • x)v. The matrix for P for T has T(ej) for its jth column. 
Since (v • e^) = Vj, this means P = ( vi\ V 2 V ... v„v). 

(b) (i) 


» v * [10]’; 

» P = [v(i)*v v(2)*v]; 

» grafics(pts,Ins,’r’,’o’,20,’:’) 

» hold on 

» grafics(P*pts,1ns,’w’,’+’, 20,’—’) 
» print -deps fig533bi.eps 
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(ii) The kernel of P is {x : (v • x) = 0} which is just all vectors perpendicular to v, i.e. the y- 
axis. (That is just saying that every vector perpendicular to v projects to zero.) The range 
of P is just the set of all multiples of v, since every column of P has this form. Alternatively 
projection on v gives multiples of v. 

» w = [1 1]* ; v = (l/norm(w))*w; 

» P = [v(l)*v v(2)*v]; 

» grafics(pts,lns,’r’, ’o’ ,20,’:’) 

» hold on 

» graf ics(P*pts,lns, ’sr’, ’ + ’, 20,’ — ’) 

» print -deps fig533c.eps 



» w = [-1 1]’; v = (l/norm(w))*w; 

» P = [v(l)*v v(2)*v]; 

» grafics(pts,Ins,’r’,’o’,20,’: ’) 

» hold on 

» grafics(P*pts,lns,’w’,’ + ’, 20,’ — ’) 
» print -deps fig533d.eps 
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(e) Repeat for your own figures. 

4. (a) The diagonals of a rhombus with two sides x and Fx (the reflection of x in the line through v) 

will be perpendicular bisectors. Thus the diagonals meet at proj v x, and from the bisection prop¬ 
erty, 2 proj v x = x + Fx. Since this is true for all x, and since P is the matrix for the projection, 
2P = I + F or F = 2P - I. 

0 >) 


» v = [10]’; P = [ v(l)*v v(2)*v ] ; */, Use the projection matrix from Problem 3 
» F = 2*P - eye(2) '/. Reflection matrix from results in (a) 

F = 

1 0 
0 -1 

» grafics(pts,lns,’r’,,20,’: 

» hold on 

» grafics(F*pts,lns,’w’,’+’,20, 

» print -deps ’fig534b.eps’ 
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» w = [-1 1]*; v s (l/norm(w))*w ; */. Form the unit vector along y = -r 

» P = C v(i)*v v(2)*v ]; F = 2*P - eye(2) */. Reflection in line through v 
F = 

0.0000 -1.0000 
-1.0000 0.0000 
» grafics(pts,lns,’r’,,20,’: 

» hold on 

» grafics(F*pts,Ins,’w’,' + ’,20,’ — *) 

» print -deps ’fig534c.eps’ 



6. (a) 

» vl = [1 0 3 -1]’; v2 = [2 -1 4 3]’; v3 = [3 2 0 -1]»; v4 = [ 4 2 1 1]*; 

» rref([vl v2 v3 v4]) % If this is I then vi’s form a basis, 

ans = 

10 0 0 
0 10 0 

0 0 10 

0 0 0 1 

(b) We form various matrices from the given data: 

» Tvl = [3 -1 7 2]»; Tv2 = [2 0 6 -2]»; Tv3 = [1 -1 1 4]'; Tv4 = [5 1 17 -10]»; 
» V = [ vl v2 v3 v4 ]; 

» TV = [Tvl Tv2 Tv3 Tv4] ; ‘/. So T(cl*vl+...+c4*v4) = TV*[cl ... c4] ’ 

» cel = V\[l 0 0 0]’; ce2 = V\[0 1 0 0]’; */, cei Eire coordinates of ei with 
» ce3 = V\[0 0 1 0]’; ce4 = V\[0 0 0 1]’; H respect to vi when ei = V*cei 

» Tel = TV*cel; Te2 = TV*ce2; •/, T(ei) = T(V*cei) = TV*cei 

» Te3 = TV*ce3; Te4 = TV*ce4; 

» C = [ Tel Te2 Te3 Te4 ] */, C = (T(el) T(e2) T(e3) T(e4)) 

C = 

-6.0000 11.0000 4.0000 3.0000 

-2.8000 4.6000 1.2000 1.8000 

-23.6000 42.2000 14.4000 12.6000 

20.0000 -34.0000 -10.0000 -12.0000 
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(c) We’ll rename some of the quantities from (b) 


» A = V ; B = TV ; 
» B/A - C 
ans = 

1.0e-13 * 

-0.0178 0.0355 

-0.0089 0.0089 

-0.1066 0.1421 

0.0711 -0.1421 


% This should be all zeros, up to round off 


0.0133 0.0089 

0.0067 0.0044 

0.0711 0.0178 

-0.0533 -0.0355 


The comments in (b) help to explain why C = BA _1 is the matrix for T. Specifically note the 
coordinates, cej of e,- with respect to the basis vi,v2,v3,v4 solve the equation A*ce< = e,- , so 
ce,- = A -1 ej. But T(e.) = B( ce< from the definition of T. Putting these together in the defini¬ 
tion of C, C = (T( ei ) T(e 2 ) T(e 3 ) T(e 4 )), yields C = BA~K 
(d) We identify a basis for the kernel and the range of T from rref (C). 


» r=rref (C) 




r = 




1.0000 

0 

1.6250 

-1.8750 

0 

1.0000 

1.2500 

-0.7500 

0 

0 

0 

0 

0 

0 

0 

0 

» C(:,1:2) 




ans = 




-6.0000 

11.0000 



-2.8000 

4.6000 



-23.6000 

42.2000 



20.0000 

-34.0000 




Since there are pivots in columns 1 and 2 of r, {C(:, 1), C(:,2)} form a basis for Range C. 

» kl = C~r(l,3) -r(2,3) 10] '/. Kernel of C from r*x = 0: First x3=i, x4=0 
kl = 

-1.6250 -1.2500 1.0000 0 

» k2 = C-r(l,4) -r(2,4) 0 1] */. Then x3=0, x4=l 

k2 = 

1.8750 0.7500 0 1.0000 

Thus a basis of KerT is {k‘,kj}. 

7. Compute T as a product: T = R(i r/4) * Ey(3) * Ex(2) * R(— ir/4), where R(0) is rotation counterclock¬ 
wise by 0, and Ex(k), Ey(k) are expansions in the x, respectively y, directions by the factor k. Note 
the order is correct since the right factor is performed first and the left factor is performed last. 

(a) 


» Rpi4 = [ [ cos(pi/4); sin(pi/4) ] [ -sin(pi/4); cos(pi/4)]]; 

» Ex2 = [ 2 0 ; 0 1 ] ; Ey3 = [ 1 0 ; 0 3] ; 

» T = Rpi4 * Ey3 * Ex2 * inv(Rpi4) '/, clockwise by pi/4 is the inverse of Rpi4. 
T = 

2.5000 -0.5000 

-0.5000 2.5000 

An alternative way to find the matrix for T would be to compute T(e i) in 4 steps via geometry, 
and similarly for T^) 
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(b) 


» A = [ [1;1] [-i;i] ] ; V, Form the transition matrix from basis B to Std. 

» TB = inv(A)*T*A */. T in basis B is: B to Std, then T, then Std to B. Theorem 5 
TB = 

2 0 

0 3 


(c) TB shows that for vectors in the direction (1, l) 1 T acts by expansion by a factor of 2, while for 
vectors in the direction (—1,1)* T acts by expansion by a factor of 3. Since these two directions 
are independent, the action of T on any vector can be deduced by expanding it in each of the 
two new basis directions and performing the relevent expansions and adding the results back to¬ 
gether. 
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Section 5.4 

1. Since (aA)* = aA t and (A+B)* = A' + B*, T is linear. Also if A* = 0 then A = 0. Hence kerT = {0}. 
So T is 1-1. Since dimM m „ = dimM„ m , then by Theorem 2, T is onto. Thus T is an isomorphism. 

2. A t is invertible if and only if v{A T ) = 0. v(A T ) = 0 if and only if kerT = {0}. KerT = {0} if and 
only if T is 1-1. Thus A T is invertible if and only if T is 1-1. By Theorem 2, T is 1-1 if and only if T 
is onto. Therefore, At is invertible if and only if T is an isomorphism. 


3. Suppose T is an isomorphism. Then Tx = A t (x)b, = 0 if and only if x = 0. Then det At # 0. 
Conversely, suppose det Ay ^ 0. Then Tx = At(x)b 1 = 0 has only the trivial solution. Then T is 
1-1. Since dimK = dim IK = n, T is also onto by Theorem 2. Thus T is an isomorphism. 


4. Define T : D n 


1" by T 


fa x 0 • ■ 

- 


/“A 

CN 

o • 

•• 0 

— 

“2 

U .: 

’ * a n / 


V“n / 


, T is easily seen to be linear, 1 — 1 and onto. So 


D n , are isomorphic. 


5. 

6 . 


dim{A : A is n x n and symmetric} = n(n + l)/2 = m. 


Let V = the set ofnxn symmetric matrices and let W — the set ofn x n 
ces. Note that dimK = dimfK = n(n + l)/2. Define T : V —*• W by T 


upper triangular matri- 
/ an ai2 • • • ain \ 

I “12 “22 • • • “2n 1 


. “in 


/ “11 “12 
I o “22 


“in \ 


“2n 


. Clearly kerT = {0}. Thus T is 1-1. Clearly T is also onto. Then T is an iso- 


V 0 •••“„«/ 

morphism and thus V ~ W. 


7. Define T : V —* W by Tp = xp. Then kerT = {0} and thus T is 1-1. Since dimK = dim IK = 5, T is 
also onto. Then K ~ W. 


8. Suppose Tp = p + p' = 0. Since p is a polynomial, p + p' = 0 implies that p = 0 (look at highest 
degree term). Then kerT = {0} and therefore T is 1-1. By Theorem 2, T is also onto. Then T is an 
isomorphism. 

9. ran = pq, i.e. dim (M mn ) = dim (M pq ). 


10. Define T : D n 


Pn-i by T 


/“i 0--- 

I 0 “2 ■ • • 




= ai + a 2 x-|-1- a n x n K 


Clearly kerT = {0}, so T is 


\ 0 ■ • • “n / 

1-1. Since dimD n = dimT n _i = n, T is also onto. Then D n ~ P n -i- 

11. Repeat the proof of Theorem 6 with the understanding that the scalars ci, C 2 ,..., c n are complex 
numbers. 


12. Suppose Tf = Tg. Then f(x — 3) = g(x — 3) for all x £ [3,4], That is, f(x) — g{x) for all x £ [0,1]. 
Then T is 1-1. If f(x) £ C[ 3,4] then f(x + 3) e C[0,1]. Then T/(x + 3) = /(x). So T is onto. 
Therefore, T is an isomorphism. 

13. T(Ai + A 2 ) = (Ai + A 2 )B = A\B + A 2 B = TA X + TA 2 . T(aA) = aAB = aTA. So T is linear. 
Suppose TA = AB = O. Then A = OB~ l = O. So kerT = {0} and therefore T is 1-1. Since 
dim M nm = nm < oo, T is also onto by Theorem 2. Thus T is an isomorphism. 
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14. Suppose Tp(x) — xp'[x) = 0. Then p'(x) = 0 => p(x) = constant. Then ker T — {p £ P n : p(x) — 

c,c G ffi}. That is, kerT ^ {0}. Then T is not 1-1 and therefore not an isomorphism. 

15. If h € H then proj ff h = h. So T is onto. If H — V then T will be 1-1. 

16. Let {v<} be a basis in V. Then {TV,-} is a basis in W. Define S : W —► V by S(Tv*) = v,-. Then 

S(T\) = v for all v £ V. 

17. Problem 3 showed that A is invertible. We need T _1 (Tx) = T _1 (ylx) = x. Then T _1 x = A~ 1 x since 
A~ 1 {Ax) — x. 

18. T ~ 1 (p) = p{x)/x, since any polynomial p with p(0) = 0 is divisible by x. 

19. Define T : C —+ M 2 by T(a + ib) = (a, b). Let z\ — ai + ibi and 22 = 02 + Then 


T(zi + z 2 ) = T((ai + a 2 ) + »'(&i + 6 2 )) 
= (aj + a 2 ,61 + 6 2 ) 

= (ai,bi) + (a 2 ,b 2 ) 

= T(zi) + T(z 2 ) 


If a € ® then T(az) = T(aa + iab) = (aa, a6) = a(a, b) = aT(z). So T is linear. If T{z) = (0,0) then 
2 = 0 + *0 = 0. So kerT = {0}. Then T is 1-1. Since dimC = dimM 2 = 2, T is also onto. Therefore, 

c~m 2 . 

20. Let ci = a x + ibi ,.. .,c„ = a n + ib n . Then let T : C® —* M 2n be defined by T(ci,..., c„) = 
(oi,bi,.. .,a„,b„). Let di = d + ifi,.. .,d„ = e„ + if n . Then 

T(c 1 ,..., c„) + (di ,..., d n )) = (ai + ei,bi + fi,... ,a„ + e„, b„ + f n ) 

— (&ij bi,... j a n , b n ~) A , fit • • •, e n , f n ) 

= T(ci,..., c n ) + T(di,.. .,d n ) 


If a G M then 


T(a(ci,...,c„) = (aai,abi,...,aa n ,ab„) 
= <*T(ci,.. .,c n ) 


So T is linear. kerT = {0}, so T is 1-1. Since dimCjj = dim® 2 " — 2n, T is also onto. Therefore, 
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MATLAB 5.4 

1. T is to be defined by T(v;) = w,- where 

» vl = [1 0 0 0] >; v2 = [2100]'; v3 = [-2120]*; v4 = [ 3 4 2 1] ’; 

» wl = [1 2 1 0]>; w2 = [2 5 3 0]’; w3 = [-1 -1 -1 2]*; w4 = [ 0 3 7 7]’; 

(a) 

» rref([vl v2 v3 v4]) */, This will be I. So vi’s form a basis. And T defined, 
ans = 

10 0 0 

0 10 0 

0 0 10 

0 0 0 1 

(b) We form various matrices from the given data: 

» rref([wl w2 w3 w4]) */. Since this too is I, wi’s form a basis, 

ans = 

10 0 0 

0 10 0 

0 0 10 

0 0 0 1 

T will be an isomorphism. In fact p(T ) = 4 (as the w, will form a basis for Range T) and v(T) = 
4 — p(T ) = 0. So T is onto M 4 and 1-1, and thus an isomorphism. 

(c) As in the solution to MATLAB 5.3.6, the matrix for T with respect to the standard basis can be 
found, efficiently, by: 

» V = [ vl v2 v3 v4 ] ; TV = [ wl w2 w3 w4]; 

» A = TV/V */. This will be the matrix for T in the standard basis. 

A = 

1.0000 0 0.5000 -4.0000 

2.0000 1.0000 1.0000 -9.0000 

1.0000 1.0000 0 0 

0 0 1.0000 5.0000 

» R = rref(A) '/, Use this to find bases for Range T and Ker T. 

R = 

10 0 0 
0 10 0 

0 0 10 

0 0 0 1 

Since rref (A) is /, the columns of A (corresponding to the four pivots) form a basis for Range T 
and Ker T = {0}. Thus Range T = M 4 . Hence T is 1-1 and onto, hence an isomorphism. 

(d) If S(w,) = v; then the matrix for S is 

» B = V/TV TV=[ wl w2 w3 w4 ] so reverse V, TV roles from (c) 

B = 

1.8667 -0.8667 0.8667 -0.0667 

-1.8667 0.8667 0.1333 0.0667 

-0.6667 0.6667 -0.6667 0.6667 

0.1333 -0.1333 0.1333 0.0667 

» B*A */, If I then B = inv(A) 

ans = 

1.0000 0.0000 0.0000 0 

0.0000 1.0000 0.0000 0.0000 

0.0000 0 1.0000 0.0000 

0.0000 0.0000 0.0000 1.0000 
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Section 5.5 

'xi sin# + x 2 cos9\ ( x x sin# + x 2 cos6' 

1. Tx ■ Tx = j xi cos0 — £ 2 sin# ] • [ x x cos 9 — x 2 sin 0 | = x 2 + x\ + x§ = x • x, so |Tx| = |x|, or check 

*3, 


A* A = /. 


2. Tx-Tx = 


x 3. 


’ x x cos 9 — x 2 sin#\ /x 4 cos# — X 3 sin#' 


*2 


x 2 I = x\ + x\ + X 3 = x • x, and hence, |Tx| = |x|. 


xisin# + X 3 COS 0 / V x 4 sin# + X 3 cos 0 


3. Using theorem 1 , we have Tx ■ Tx = (ABx) ■ (ABx) = x • [(AB)*ABx ] = x ■ ( B t A t ABx) — x x. Thus 

N = H. 

(l/y/2-l/y/B 1/V3\ 

4. At = I l/y/2 1/a/6 —l/y/3 1, with respect to the bases 

V 0 2/V6 1/VsJ 

2/3 \ /1/3' 


2/3' 


'0\ /O' 


= / 1/3 , 2/3 , -2/3 andB 2 = 0 , 1 , 0 . As AtAj’ = I, Ax is 


1 / 3 , 


0/ \o. 


-2/3/ \2/3 y 

orthogonal. 

5. By theorem 2, isometries preserve inner products. 

6 . Assume x and y are nonzero. Let p\ denote the angle between x and y, and let ip 2 denote the angle 
between Tx and Ty. By theorem 3.2.2, we have cos p\ = |x||yj an< ^ cos p’i = ]~ f j^ T T yf • Using theorem 

2 and the definition of an isometry, we have cosy?i = |xx||Ty | = Miyf = cos ^ 2 - As 0 < ipi, y ? 2 < rr, it 
follows that ipi — pi- 

7. Define Tx = 2x. Then T preserves angles but is not an isometry. 

8 . As cos -1 [(x • y)/|x||y|] = cos _1 [(Tx • Ty)/|Tx||Ty|], then T preserves angles. 

9. As T is an isometry, A is orthogonal. Then |Sx | 2 = |A - 1 x | 2 = (A*x) • (A*x) = x • [(A‘)‘A*x] = 
x • (AA*x) = x • x = |x| 2 . Hence, |Sx| = |x|. 

10. For Pi[— 1,1] we have ^l/\/2, as an orthonormal basis (problem 4.11.7). Define T{l/\/2) = 

and T ^^x^ = ^ ^. So T is linear and T(a + bx) = ^ 6 /V^) ' ^ ^Oll 2 = 2 <* 2 + 

26 2 /3 = J (a + bx) 2 dx = ||a + 6 x|| 2 , then T is an isometry. 

11. We want an orthonormal basis for Pz[— 1,1]. Starting with the standard basis {1, x, x 2 , x 3 } for Pa[—1,1], 
from problem 4.11.7 we have u 2 = 1/v^, u 2 = -^x, and U 3 = -^^(3x 2 - 1). To find 14 , we 

compute (v 4 ,ui) = J x 3 /\/ 2 dx = 0 , (v 4 ,u 2 ) = J x 3 ^^x^ dx = ^,and(v 4 ,u 3 ) = 

J j .3 3\A0 _ q g Q = v 4 — (v 4 ,u 2 )u 2 = x 3 — jjx, and |v 4 | = 2 V 2 / 5 \/ 7 . 

Thus u 4 = — t=(5x 3 — 3x). Let {ei,e 2 ,e 3 ,e 4 } denote the standard basis for M 4 . Define Tu,- = e,- 
2\/2 
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for each i. Then T(a 2 x 2 ) = a 2 T 
a 3 T 


' 4 , V5 ^ 

OT U3 + T U1 ) =a2 


4 V2 \ , , 

e 3 + —ei , and T(a 3 x d = 


3VlO 


2 v ^2 \/6 \ 

Wf U4 + T" ! ) = 03 


2\/2 \/6 \ , o. 

^=e 4 + —e 2 l. Hence, T(a 0 + aix -f a 2 x / + a 3 x°) 


= ^v^ao + ^ a2 ’ ^ ai + ^ a 3> 3^f^ a2 ’ ' Check that H T ( a ° + aiX + a 2* 2 + a 3 2;3 )|| 2 = 

2aH + ^aoa 2 + ^a 2 + + 7 aia 3 + \a\ = liao + «i* + a 2 x 2 + a 3 x 3 || 2 . Thus, T is an isometry. 

3 3 5 5 7 

12. Recall that M 22 is an inner product space with (A,B) = tr(AB*)- We have {ui,u 2 ,u 3 ,U 4 } 

= {(oo)’(oo)’(lo)’(oi)}f° ran ort b°normal basis of M 22 . Define Tu,- = e; for each 


i. Then T 


) = 

( a \ 

b 

and 


/ 

c 

. 1 1 


\cd) 


= a 2 + b 2 + c 2 + d 2 


a b 
c d 


. Thus T is an isometry. 


13. We have {ui,u 2 ,u 3 ,u 4 } = | (g o) ’ (o o) ’ (l o) ’ (o l) } ^ or an ort b° norma l basis of M 22 , and 
{vi, v 2 , v 3 , v 4 } = |l/\/2, ^x, ~^(3x 2 — 1), ^=(5x 3 — 3x)| for an orthonormal basis of P 3 [—1,1]. 
Define Tu,- = v* for each i. Then T ^ a = a/y/2 + ^ 6 x + ^^c(3x 2 — 1) + ^^=d(5x 3 — 3x) and 

(-) 


= a 2 + b 2 + c 2 + d 2 = 


a b 
c d 


. Hence T is an isometry. 


14. Recall that D n is an inner product space with (A, B) = tr (AB). Let Ei denote the n x n matrix 
with 1 in i, i position and 0 everywhere else. Then the set {Ei : i = 1,2,... ,n] is an orthonormal 


basis for D n . Define TEi = e,-, i = 1,2,..., n. So TA = T 


/an 0 0 

0 a 22 0 

0 0 a 33 


S' 

o 


V 0 0 0 a„ n / 


/a u \ 

a 22 

a 33 


' a nn / 


As 


= A 


7» 

||Tvl || 2 = ^^a 2 ,- = ||A|| 2 , T is an isometry. 

•=i 

»-^=(_ 4 1 _" 2 ; s + 3 ?) 16 -- 4 ‘=( 3 + 2 i 3 “ 2 6 

17. As A* = A, then an = an, and hence, an is real. 

18 AA* - + *')/ 2 (3 — 2i)/y/26\ ( (1-0/2 (l - i)/2\ _ (1 0\ 

V (1 + i)/2 (-3 + 2i)/V2Q J \ (3 + 20/V26 (-3 - 2i)/y/26 )~ \ ° 1 ) 

n 

19. Let Ci denote the i th column of A, and let A* A = (6,-j). Note that 6 ,j = y ^akiakj = c,- • cj. If A is 

k=l 

f l if i* — j 

unitary, then &,-,• = <’ ... , ., which means the columns of A form an orthonormal basis for C 1 . 

1 l 0 , if i ,£ j 

r i if* 2 — j 

Conversely, if the columns form an orthonormal basis, then 6 , ; - = | g' if i jlj’ an< ^ ^ * s un ^ ar y- 
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20. Note that de t (A) = det (A). Hence, |det(AA*)| = | det (A) det (A*)| = | det (A)|| det (A*)| = 
| det (A)|| det (A*)| = | det (A)|| det (A*)! = | det (A)| 2 = | det (/)| = 1. Thus | det (A)| = 1. 


n n I n 

21. As A* = (dji), then the i th component of A *y is Thus, (x, A*y) = I y ^ajlyj 

j=i i =l V=i 

n n n n 

X) J2 Xia nyj = X^X/*^ - (^ x -y)- 

«=i i -1 j=i «'=i 


22. Let {ux, U 2 ,..., u„) and {wi, W 2 ,..., w„} be orthonormal bases for V and W, respectively. Define 
Tu, — w i for each i. Note that T is an isomorphism, since T is onto. We want to show that T is 


(5 


isometry. Let v 6 V, and v = X^ c > u i• Then ||Tv || 2 = (Tv,Tv) = f CiTu,,X^c.Tu,-1 = 

«=i \»=i «=i / 

n n \ n / n n \ 

y c,Wi, X^ c « w « ) = y^c.ci, since the w,• are orthonormal. But ||v || 2 = (v,v) = I X c « u n X c » u < 


i=l 


« = 1 


Vi=l 


«=1 


n 

Y,CiCi, since the u; are orthonormal. Hence ||Tv|| = ||v||. As T is an isometry, the proof is corn¬ 
el 
plete. 
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MATLAB 5.5 


1. (a) Rotation and reflection are linear transformations since they map parallelograms to parallelograms 
and preserve multiples. They are isometries since they preserve lengths. 


(b) 


» Rpi3 = [ Ccos(pi/3); sin(pi/3)] [ -sin(pi/3); cos(pi/3)] ] Rotation by pi/3. 
Rpi3 = 

0.5000 -0.8660 

0.8660 0.5000 

» Rpi3’*Rpi3 */, Since this product is I, the rotation matrix is orthogonal 
ans = 

1 0 

0 1 

» w = 2*rand(2,l)-l; v = (l/norm(w))*w '/. A random unit vector 


v = 


-0.5272 

-0.8497 

» F = 2*[v(i)*v v(2)*v]-eye(2) '/, Reflection matrix is 2*proj-I 

F = 

-0.4441 0.8960 

0.8960 0.4441 

» F’*F '/, Gives I and shows reflection matrix F is orthogonal 

ans = 


1.0000 0.0000 

0.0000 1.0000 


(c) Rotation by 0 is 



cos( 0 ) —sin( 0 ) 
sin( 0 ) cos( 0 ) 


) 


. Thus 


R(0\* R(0\ - ( cos 2 (0) + sin 2 (0) cos(0)(- sin(0)) + sin(5>) cos(0) \ _ /1 (A 

' ' ' \(— sin( 0 )) cos( 0 ) + cos( 0 )sin( 0 ) (— sin( 0)) 2 + cos 2 ( 0 )y \0 1 / 

so rotation is orthogonal. For reflection note that in MATLAB 5.3.3 the matrix for projection 

V V V 2 ) ‘ 

this formula shows P i — P. Also, P 2 = P since projecting a vector which already lies along v 
leaves it unchanged. (We could have computed this fact using v 2 + v\ = 1.) But then F t F = 

(2 P* - 7)(2P - 7) = (2 P - 7)(2P - 7) = 4P 2 - 4P + 7 = 4P - 4P + 7 = 7, which shows F is 
orthogonal. 

(d) In (b) above we found a random v and F, the reflection in the line through v. We will use those 
matrices here. 


» alpha = atan(v(2)/v(l)) % Angle for v 

alpha - 
1.0155 

» R - C [cos(2*alpha>; sin(2*alpha)] [-sin(2*alpha) ; cos(2*alpha)3 ]; 

» I = [ 1 0 ; 0 -1 ] ; '/, Reflection in x-axis takes y to -y 

» R*X This gives same matrix as F 

ans = 

-0.4441 0.8960 

0.8960 0.4441 


,\ T , / / \ / wt . . r, nr > r ( 2 cos 2 (a) - 1 2 sm(a) cos(a) \ / cos(2a) sm(2a)\ 

(e) If v = (cos(a) sin(a))* then F - 2P-I = _ . \ ! , . „ • 2 / \ i = • \ ) 0 \ • 

y 2 cos(a) sin(a) 2 sin (a)— ij \ sin(2a) — cos(2a) / 


^ 2 cos(a) sin(a) 2 sin 2 (a) 

This is exactly RX, i.e. R with its second column negated. 
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2. T is to be defined by T(vj) = w, where 

» vl = [2/3 1/3 -2/3]’; v2 = [1/3 2/3 2/3]'; v3 = [2/3 -2/3 1/3]’; 

» wl = [l/sqrt(2) l/sqrt(2) 0]’; w2 = [-1 1 2]’/sqrt(6); w3 = [1 -1 l]’/sqrt(3); 

As in the solution to MATLAB 5.3.6, the matrix for T with respect to the standard basis can be 
found, efficiently, by: 


» 

V = [ vl 

v2 v3 ]; 

V = [ wl w2 w3 ]; 

» 

A = 

A = W/V 

•/. 

This will be the matrix for T in the standard basis 

0.7202 

-0.4214 

-0.5511 


0.2226 

0.8928 

-0.3917 


0.6571 

0.1594 

0.7368 

» 

A’*A 

•/. 

Test for orthogonality. If I then A is orthogonal 

ans 

1.0000 

0.0000 

0.0000 


0.0000 

1.0000 

0.0000 


0.0000 

0.0000 

1.0000 


Now to verify that T maps an orthonormal basis to an orthonormal basis, we just check that the v< 
and w; both form orthonormal bases: 

» V’*V '/, This is I, showing the vi form an orthonormal basis 
ans = 

10 0 
0 10 

0 0 1 

» W’*W V, This is I, and shows the wi form an orthonormal basis 
ans = 

1.0000 0 0 

0 1.0000 0 

0 0 1.0000 

Any isometry preserves lengths, by definition. Hence it will map sets of unit vectors to sets of unit 
vectors. But it also preserves inner products, by Theorem 6 and hence preserves orthogonality. Thus 
it will map orthonormal bases to orthonormal bases. 
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Review Exercises for Chapter 5 

1. T{x i, 1 / 1 ) + T(x 2 , 2 / 2 ) = (0, - 3 / 1 ) + (0, -j/ 2 ) = (0, -( 2/1 + 2 / 2 )) = T((x 1 , 3 /x) + (x 2 , 2 / 2 )) 
T(a(x, 3 /)) = (0, -ay) = a(0, -y) = aT(x, y). 

Therefore T is a linear transformation. 


2 . 


r(ari, yi, 2 Ti) + T(x 2 , y 2 , z 2 ) = (1, yi, z x ) + (1, y 2 , z 2 ) 

= ( 2 , (yi + y 2 ), (zi + z 2 )) 

# ( 1 ) (2/1 + 2/2)1 (zi + z 2 )) 

= T{(x\,yi,z\) + (x 2 , y 2 , z 2 )) 


Therefore T is not a linear transformation. 


3. 

4. 


— + — does not necessarily equal Xl + X2 Therefore T is not a linear transformation. 

2/1 2/2 2/1 + 2/2 

T(a + bx) + T(c + da;) = (ax + bx 2 ) + (cx + dx 2 ) 

= (a + c)x + (b + d)x 2 = T((a + bx) + (c + dx)) 


T(a(a + bx)) = a(ax + bx 2 ) = aT(a + bx). Therefore T is a linear transformation. 
5. 

T(pi) + T(pi) = (1 +pi) + (1 + p 2 ) 

= 2 + pi +p 2 # 1 + (pi +p 2 ) = T(pi +p 2 ) 


Therefore T is not a linear transformation. 


6 . T(/0 + T(f 2 ) = /i(l) + / 2 ( 1 ) = (fi + / 2 )( 1 ) = T(f x + h) 

T(af) = a/(l) = T(/); therefore T is a linear transformation. 


7. Since 


2 -1 
4 7 


# 0, Ker T = {(0,0)}; i/(T) = 0; Range T = M 2 ; p(T) = 2. 


/ 1 2 —1 \ /1 2 — 1 \ / 1 2 0 \ 

8. 12 4 3 J —► 10 0 51—►lOOl); KerT = {(a;, y,z) : z — 0 and x — — 2y}; v(T) = 1. Note 
\ 1 2 —6/ \0 0 5/ \ 0 0 0/ 


that 3Ri - R 2 - R 3 = (0,0,0). Then Range T = {(x,y, 2 ) : 2 = 3x — y}; p(T) — 2. Or choose pivot 


columns in At : Range T = span 




9. Ker T = {(ar, y, 2 ): a; = 0 and y = 0); v(T) = 1; Range T = M 2 ; p(T) = 2. 

10. Ker T = {0}; i/(T) = 0; Range T = {a + bx + cx 2 + dx 3 + ex 4 : a = 0 and b = 0}; p(T) = 3. 

H. Let X =(*»). Then ^S= »; + »). Ke.T ={(»»)}; ^(T) = 0; Range T = 

p(T) = 4. 

12. KerT = {/ € C[0,1]: /(1) = 0}; KerT is infinite dimensional; Range T = ffi; p(T) = 1. 

13. A t = (o-l) ; KerT= span { (J) }; v(T)=l, Range T = span { }; p(T) = 1. 
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14. At= (o JJ); Ker T= span | ^0 j |; v{T) = 1; Range T = M 2 ; p(T) = 2. 


15. A t 


_ fl 0 -2 0^ 
“ VO 2 0 3^’ 


; Ker T = span < 


? 

Uo/ 


/ °\1 


-3 
0 

v 2 n 


}; Range T = M 2 ; p(T) = 2; v{T) = 2. 


16. A t 


/0 0 0 0 \ 
10 0 0 
0 10 0 


; Ker T = {0}; v(T) = 0; Range T = span {z, z 2 , z 3 , z 4 }; p(T) = 4; i/(T) = 0. 


17. A t = 


-11 00 \ 
0 2 0 0 
0 0-11 
0 0 0 2 / 


; Ker T = {0}; u(T) = 0; Range T = M 22 ; p(T) = 4; i/(T) = 0. 


18. T(l,l) = (0,5); T(l,2) = (-1,8); (0,5)^ = (20/13,5/13); (-1,8)*, = (33/13,5/13); A T = 

15 ( S *) Ke ' T = v !’)}'* 11 = 2 ' 


19. Expansion along the z-axis with c = 3. 
21. Shear along the y-axis with c = —2. 

- 0 !) 



20. Compression along the t/-axis with c = 1/3. 
22. Shear along the z-axis with c = —5. 





Review Exercises for Chapter 5 


457 



27. The row operations to transform to the identity matrix are: 
1. i ?2 + 2i?x; 2. R 2 / 8 ] 3. R\ — ZR 2 

(-2 2 ) = (- 2 l) (os) (oi) 

28. The row operations to transform to the identity matrix are: 
1. R!TtR 2 ;2. -RJ 3; 3. R 2 / 5; 4. Ei + 2R 2 /Z 

( 0 5\ _ (0 1 \ /-3 /l 0\ /1 —2/3\ 

V-32/ — VI 0 / V 0 l )\0 5j\0 l) 

29. The row operations to transform to the identity matrix are: 
1. Rh±R 2 ] 2. R 2 + 6 f?i; 3. R 2 / 22; 4. i?i - 3f2 2 

f~ 64 w oi v °v i3 i 

V 13/ Vi °/V~ 6 v V° 22 y V° v 

30. The row operations to transform to the identity matrix are: 
1. RiJ±R 2 ; 2. R 2 — 2f?i; 3. ~R 2 /9', 4. f?i — 5f?2 


31. T(a 0 + cl\x + a 2 x 2 ) = 



32. Use the standard basis > \1/J anc ^ or lhonormal basis {l/\/5, a/ 3/2 • x} of Pi [—1,1]. 

LetT^ = 1/^2 and = a/V 2 ■ x. Then T = a/^2 + y/Z/2 ■ bx. Let x = and 

y = ^)' Then ( X .y) = «i a 2+M 2 - (Tx,Ty) = J (aia 2 /2+(a 1 b 2 +a 2 b l )x-V3/2+3bib 2 x 2 /2)dx = 
ai<Z2 + 6162- Thus T is an isometry. 
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Chapter 6. Eigenvalues, Eigenvectors and Canonical Forms 

Section 6.1 


1 . 


-2 - A -2 
—5 1 — A 


= A 2 + A - 12 = (A + 4)(A - 3); Eigenvalues: —4,3 


A+ 41 


(ri) 


=> £L 4 = span 


{«} 


2 . 


^-3/=(jj)^^3=span|( jj)} 

= A 2 + 10A + 25 = (A + 5) 2 ; Eigenvalues: —5, —5 


-12-A 7 
-7 2-A 


A+ 51 


■(:") 


=> i ?_5 = span 


{(!)}= 


Geometric multiplicity of —5 is 1. 


3. 


2-A -1 
5 -2-A 


= A 2 + 1; Eigenvalues: i, —i. 

A ~ il = ( 2 ~5-2li) =*• E ‘ = span {( 2 + 0 } = span |^2 i) }’ ^ en conjugates, 


E-i = span 


4. 


-3-A 0 
0 -3-A 


A+ 51 




((-;)) 

= (—3 — A) 2 ; Eigenvalues: -3, -3 
=>■ E _3 = M 2 . Geometric multiplicity of —3 is 2. 


5. 


-3- A 2 
0 -3-A 


= (—3 — A) 2 ; Eigenvalues: —3, —3 


A+ 51 


P 


=£• E -3 = span 


{(!» 


Geometric multiplicity of —3 is 1 . 


6 . 


3-A 2 
—5 1 — A 


= A 2 — 4A + 13; Eigenvalues: 2 + 3i, 2 — 3i. 

A - <2 + 3i > 7 = ( 1 “-5 - 3i) ^ £l+si = SP “ { (* + -5) } = SP “ { (pi - O/ 2 )}' 

Then E^-zi = span | ^ |, con J u S a l es - 

In 7-20, to find one root of P(A), try division by (A — r) with ±r a factor of the constant term. Once di¬ 
vision yields one root repeat with the quotient. Also see MATLAB 6.1.3 solutions for 6.1.8 for an illustra¬ 
tion of how to use row operations to get a factored form of the characteristic polynomial. 


7 . 


1 — A -1 0 

-12-A -1 
0 -11-A 


= A(1 — A)(A — 3); Eigenvalues: 0,1,3. 


A -01 = 


1 -1 O' 
-1 2 -1 
0 -1 1 


1 -1 O' 
0 1 -1 
0 -1 1 


10 - 1 ' 

0 1—1 | => Eo = span 

.0 0 0 . 


0 -1 O' 

A — I = ( — 1 1 — 1 | Ei = span 
0 - 10 , 


’- 1 ' 

0 

1 . 
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/ —2 — 1 0\ /I 1 1 \ / 1 0 — 1 \ 

A-31= -1-1-1 — 0 1 2 ) —*■ ( 0 1 2 =>£ 3 = span 

\ 0 - 1 - 2 / V 0 - 1 - 2 / \oo 0 / 

1 - A 1 -2 

8 . -1 2 - A 1 = -A 3 + 2A + A - 2 = -(A - 1)(A - 2)(A + 1); Eigenvalues: 1,2, -1. (See the 

0 1-1-A 

solutions to MATLAB 6.1.3(a) for a way to use row operations to find this characteristic polynomial 
in factored form.) 

/ 0 1 -2\ /I -1 -1\ /1 0 —3\ r/3\l 

A -1 = -1 1 1-0 1 -2 — 0 1 -2 =* Ei = span 2 

\ 01 - 2 / \o 1 - 2 / \oo 0 / l\i/J 

/—1 1 — 2 \ /I —1 2 \ /1 0 — 1 \ 

A - 2/ = -1 0 1 — 0 1 -3 — 0 1 -3 => E 2 - span 

\ 01-3/ v° 1- 3 / \ 00 0/ 

/ 2 1 — 2 \ / 1 —3 —1 \ /1 0 —1 \ 

A + I = [ —13 1 1 -+ I 0 1 0 — 01 0 1 E-i — span 

\oio/ V 0 7 0 / \°0 0 / 

5 — A 4 2 

9. 4 5-A 2 =-A 3 + 12A 2 -21A +10 =-(A-1) 2 (A-10); Eigenvalues: 1,1,10 

2 2 2 — A 

/4 4 2 \ f / i\ / °\ 1 

A — I = j 442 I =>■ Ei = span <1 0 J , I 1 1 >; Geom. multiplicity of 1 is 2. 

\ 2 2 1 / l \- 2 / \— 2 /J 

/ —5 4 2\ /II —4\ /1 0 —2\ r/2\) 

A - 10/ = 4 -5 2 - 0 9 -18 j — I 0 1 -2 j => E 10 = span 2 

\ 2 2 — 8 / \0-9 18/ \0 0 0 / IWJ 

1 — A 2 2 

10. 0 2-A 1 =-A 3 + 5A 2 -8A + 4 =-(A-l)(A-2) 2 ; Eigenvalues: 1,2,2 

-1 2 2 — A 

/ 0 2 2\ /10 3\ f /—3\) 

A — / ={ Oil] — I 0 1 1 j =>■ 2?i = span < { —1 I > 

\-l 2l/ \0 0 0/ { \ l/J 

/—1 2 2 \ / 1 —2 — 2 \ /1 —2 0 \ 

A-21= [ 001 - 0 0 1 - 0 01 =»£' 2 = span 

\- 120 / \0 0 2 / \0 00 / 

Geometric multiplicity of 2 is 1. 

-A 1 0 

11. 0 —A 1 =—A 3 + 3A 2 — 3A + 1 =—(A — l) 3 ; Eigenvalues: 1,1,1 

1 -3 3 - A 

/-I 1 0 \ /1 —1 o\ /io-A 

A — / = I 0-11 — 0 1-1 — 01-1 =>£ 1 = span 

\ 1-32/ \0 —2 2 / \00 0 / 

Geometric multiplicity of 1 is 1. 
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-3-A -7 -5 

2 4 - A 3 = -A 3 + 3A 2 - 3A + 1 = -(A - l) 3 ; Eigenvalues: 1,1,1 
1 22-A 


A — I = 


-4 -7 -5 
2 3 3 
1 2 1 


1 2 1 
0 1 -1 
0 1 -1 


10 3\ ( /-3' 

0 1—1 1 =$■ Ei = span < I 1 
0 0 0 / 1 \ 1 . 


Geometric multiplicity of 1 is 1 . 


1 —A —1 —1 

1 —1 — A 0 = —(A 3 -f A 2 + A + 1) = —(A + 1)(A 2 + 1); Eigenvalues: —1 ,i,—i (See the 
1 0-1-A 

solutions to MATLAB 6.1.3(a) for a way to use row operations to find this characteristic polynomial 
in factored form.) 

/ 2 —1 —1 \ [( 0\1 


A + I 


A-il = 


2 —I - 1 \ \ 0 

1 0 0 I => E-i = span < I —1 

10 0/ IV 1 

1 — i -1 - 1 \ /I 

1-1 - i 0 — 0 

1 0-1 -il V 0 -1 - 


0 -1 - i 
1 -1 


0 —1 — i 1 + i 


10-1 -i 
0 1 -1 
0 0 0 


Ei = span 


Then E-i — span 


7 — A —2 —4 

14. 3 -A -2 = -A 3 + 4A 2 - 5A + 2 = -(A - 1) 2 (A - 2); Eigenvalues: 1,1,2 

6 -2 -3 - A 

/6 -2 -4\ /1 -1/3 —2/3\ f /1\ /2\ ) 

A — / = 3 —1 -2 — 0 0 0 =>Ei = span 3,0 

\6—2—2/ \0 0 2/ (\0/ V3/ J 

Geometric multiplicity of 1 is 2. 

/5 —2 —4\ /I-0.4-0.8\ /1 0 -1\ f/ 2 M 

A - 2/ = 3 -2 -2 — 0 -0.8 0.4 — 0 1 -0.5 E 2 = span < 1 > 

V 6 —2 —5 / \0 O. 4 -O. 2 / \00 0 / l\2/J 


4-A 6 6 

15. 13-A 2 = -A 3 + 5A 2 -8A + 4= -(A- 1)(A — 2) 2 ; Eigenvalues: 1,2,2 

-1 -5-2-A 

/ 3 6 6\ /I 2 2\ /1 0 4/3\ f / 4 \ ) 

A- 1 = 1 2 2 — 0 0 0 - 00 0 =>£i= span { I I V 

V-l-5 -3/ V0 —3 —1 / VO 1 1/3/ IV- 3 /J 

/ 2 6 6\ /1 3 3\ /1 0 3/2\ f / 3\ ) 

A-21- I 1 1 2-0 2 1 — 0 1 1/2 \ => Ei = span l I V 

V-l- 5 - 4 / \0-2-1 / \0 0 0/ IV-2/J 

Geometric multiplicity of 2 is 1. 

4 — A 1 0 1 

16 - -2 3 ~ 1 2 - A -3 = ( 2 - A X 48 “ 44A + 12X2 ~ A3 ) = ( A - 2 ) 2 ( A - 4 X A ~ 6 ): 

2 -1 0 5-A 

Eigenvalues: 2,2,4,6 
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/ 2 10 lx 

A — 21 — 2101 

A 11 ~ -2 10-3 

V 2-10 3/ 

(/~ l \ /-iNl 

I 1 1 

span i , 0 > 

A 1/ V 1/ , 

Geometric multiplicity of 2 is 2. 
/ 0 1 0 1 \ 

A-4I= 0 1 - 

-2 1 -2 -3 

V 2-1 0 1/ 

/ —2 1 0 lx 

4 - 6 /- 2-2 0 1 

A 61 ~ -2 1-4-3 

\ 2—1 0 - 1 / 


1 1/2 0 1/2 

0 0 0 0 

0 2 0 -2 

0 2 0 -2 


10 0 1 

0 0 0 0 

0 10-1 

0 0 0 0 


=>■ Ei — 


A-61 = 


1 - 1/2 0 1/2 
0 10 1 

0 0 11 

0 0 0 0 

1 - 1/2 0 1/2 
0-102 
0 0 4 4 

0 0 0 0 


1 0 0 lx 
0 10 1 
0 0 11 
0 0 0 0 / 

1 0 0 - 1/2 
0 10 -2 
0 0 1 1 

0 0 0 0 


=> E 4 = span 


=>■ Eq = span 



a-A 000 

0 a-A 0 0 , p . . 

0 0 a _ A 0 =(a ~ *' > Eigenvalues: a, a, a, a 

0 0 0 a — A 

( 0 0 0 0 \ 

0 0 0 0 I ^ = M 4 . Geometric multiplicity of a is 4. 

0 00 0 / 

a — A 6 0 0 

0 a - A 0 0 , ,, 4 , 

0 0 a - A 0 = ' a ~ ’ Eigenvalues: a > a > °> a 

0 0 Oa-A 

/0 b 0 Ox / /lx /OX /0\ ' 

4 „ r _ 0 0 0 0 „ I 0 [ 0 0 

A_a/ - 0000 =^ 0 = spai M 0 I ’ 1 ’ 0 1 

Voooo/ l Vo/ Vo/ \l/ . 

Geometric multiplicity of a is 3. 


A — al = 


=$■ E a = span 


'i\ /OX /O' 
0 0 0 
0 I ’ 1 ’ 0 
, 0 / Vo/ V 1 / 


a-A 600 

0 a — A c 0, 

0 Oa-A 0 ~ (a_ 

0 0 Oa-A 

( 0 6 0 0 \ 

0 0 c 0 | 

0 0 0 0 I ^ Ea ~ s 
0 0 0 0 / 

Geometric multiplicity of a is 2. 


= (a — A) 4 ; Eigenvalues: a, a, a, a 


=$■ E a = span 


0 0 
0 ’ 0 


a — A 6 0 0 

0a-A c 0 , . N4 , 

0 0 a —A d = ( a ~'V i Eigenvalues: a, a, a, a 

0 0 0a-A 

/0 6 0 0 \ / 1 \ ' 

A — al = 000d] = ^^' a=: Span * 0 ’ Geometric multiplicity of a is 1. 

Voooo/ lVo/> 
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21 . 


a — A ft 
—ft a — A 


= (a — A ) 2 -f ft 2 ; Eigenvalues: a + ftt, a — bi 

+ (})-(») 
-<»-•>/=(J|„‘>(-5w)(-l)-(l0 

Thus Q) and are eigenvectors of A = 


22. Note that det (A* — XI) = det (A — A/)* = det (A — XI). Then the characteristic equations for A and 
A 1 are the same and thus A and A * will have the same eigenvalues. 

23. For each Aj, 1 < i < k, there exists x,- / 0 such that Ax,- = AjX,-. Then aAx* = aA,Xj. Thus aXi, 

1 < i < ib, are eigenvalues for aA. Conversely if a / 0 and i/,- is an eigenvalue for aA with eigenvector 
x, then ( aA)x = vx, so Ax — ^ x . Thus ^ = Aj or v — aA,- some i. 

24. Note that A -1 exists if and only if Ax = 0 only for x = 0, i.e. if and only if 0 is not an eigenvalue for 
A. This gives the result. 

25. Using the same notation as in problem 23, we have Axi — AjX*. Then x< = A - 1 A,-Xj. Then -r-Xi = 

Aj 

A _ 1 Xj. Thus, —, 1 < i < k, are eigenvalues for A -1 , and reversing the roles of A, A -1 , we get 1/A,- 
are all the eigenvalues. 

26. Using the same notation as in problem 23, we have (A — a/)x,- = Ax,- — ax,- — (A,- — a)xj. Thus A,- — a, 
1 < i < F, are eigenvalues of A — al. Conversely, if (A — aijx = Ax, then Ax = (A + a)x, so A + a = A,- 
i.e. A = Aj — a. 

27. Using the same notation as in problem 23, we have A 2 x,- = A(Ax,-) = AA;x,- = A,-Ax,- = A 2 x,-. Thus 
A 2 , 1 < i^ < k, are eigenvalues of A 2 . Conversely, if A 2 x = vx then (A 2 — vl)x = 0 or (A + \fi~'I)(A — 
y/vl)x = 0. Hence either (A — \/vI)x = 0 or y = (A — y/vl)x / 0 and (A + y/vl) y = 0. These say one 
of ±y/v is an eigenvalue for A, i.e. ±^/v = A,- some i, or v = A 2 . 

28. Assume x< is an eigenvector for A for the eigenvalue Aj. Then A n x,- = A n_ 1 (Ax,-) = A n_ 1 (A,-x,-) = 
A,-(A” - 1 x,-). Now repeating this argument n — 1 more times yields A n x,- = A"x,-. Thus each A" is an 
eigenvalue for A". Conversely, suppose v is a (complex) eigenvalue for A” with an associated eigen¬ 
vector x and A = y/v is one complex n’th root of v. Then A" — vl = nj=i(A — e 2iri ^ n XI). Let 

y 0 = x and y m = — e 2x,J ' , "A I)x for m = 1,..., n. Since y„ = (A" — vl)x = 0, there exists 

a smallest k > 0 with y k = 0. Since k > 0, y fc _ 1 ^ 0 and (A — e 2 * >k / n XI)y k _ l = y k = 0. This says 

e 2 * ,k / n X is an eigenvalue for A, so A; = e 2 * lk / n X, for some l. But A" = (e 2 * lk ! n X) n = A” = v, i.e. 
v = A”. This shows every eigenvalue of A" is the n’th power of some eigenvalue of A and finishes the 
solution. 


29. 


p(A)v = ( a 0 I + a\A -1-1- a„A n )v 

= aov + aiAv +- 1 - a n A”v 

= a 0 v + aiAv H- 1 - a„A"v 

= (a 0 + aiA - 1 - a„A")v = p(A)v. 


30. Using the same notation as in problem 23 and the result of problem 29, we have p(A)xj = p(A,)x,-, for 
1 < i < k. Then p(A,-), 1 < » < k, are eigenvalues of p(A). (Note it takes a lot more work to show 
there are no other eigenvalues for p(A).) 
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31. Let A = 


fan 0 - 0 \ 

0 022 o 0 


0 


0 022 ~ AO 


0 \ 

0 


. A is an eigenvalue of A if and only if det (A — A/) = 

V o •• • 0 a nn ) 

/a n - AO 

det . . I = (an — A)(a 22 — A)••• (a„„ — A) = 0 if and only if A = an for 

\ 0 ... 0a nn -\) 

some i with 1 < i < n. Thus A is an eigenvalue of A if and only if A is a diagonal component of A. 

32. Using the results of problems 17, 18, 19 and 20, we have that A = 2 is an eigenvalue of algebraic mul¬ 
tiplicity four for Ai,A 2 , A 3 and A 4 . For Ai, the geometric multiplicity of 2 is 4. For A 2 , the geomet¬ 
ric multiplicity of 2 is 3. For A 3 , the geometric multiplicity of 2 is 2. For A 4 , the geometric multiplic¬ 
ity of 2 is 1 . 

33. Suppose that Av = Av where v ^ 0. Then we have Av — Av, and A ■ v = A • v. But, since A is real, 
A = A. So A ■ v = A • v, and v^O. Then A is an eigenvalue of A with corresponding eigenvector v. 


since the column sums of A are 1. Thus 1 is an eigenvalue of A 1 with 


Note that A* 

1 


/ 1 \ 
1 


\l) 


\i) 


corresponding eigenvector 


/!\ 

1 


Vi ) 


. Thus 1 is an eigenvalue for A (as det (A — I) = det (A* — I) = 0). 


35. One needs only to calculate (m) = ( a + ^ m ) ^m)’ ‘ s true since c + dm = am + bm 7 . 

36. Check that (“ °) (?) =■*(?)• 
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CALCULATOR SOLUTIONS 6.1 

Problems 37-40 ask for the eigenvalues and eigenvectors of the matrix A61/t/t given in the problem. Once the matrix 
has been entered we can find the eigenvalues by EIGVL A 6 Inn [ENTER] and the eigenvectors by EIGVC A6 Inn 
[ENTER] . Of course we could also use the MATRX math menu entries for aigVl and aigVc as described in the 
text. We shall only display 8 digit answers. 


37. EIGVL A6137 |STO | VL6137 [ENTER] yields the list of eigenvalues 

{(12.70899744,0) (1.20237104,0) (-.95568424,-62887873) (-. 95568424,-.62887873)} 

(The ordered pairs in this list stand for complex numbers. So for this problem the first two entries are real, as 
their "imaginary" second component is 0. Also note that the TI-85 "list”, displayed using the"{" and"}" 
delimiters is ordered, rather than just a "set", which is what these delimiters usually enclose.) 

EIGVC A6137 [STO ] VC6137 [ENTER] yields the matrix 

[[ (-. 62142715 , 0 ) ( . 71687784 , 0 ) ( 0 . 04543794 ,- 3 . 19251194 ) ( . 04543794 , 3 . 19251194 ) ) 

( (-. 31716213 , 0 ) (-. 10298644 , 0 ) (-. 48915686 ,- 1 . 06860326 ) (-. 48915686 , 1 . 06860326 ) ] 

[ (-. 60074151 , 0 ) ( . 46085995 , 0 ) ( . 56855460 ,- 1 . 47374850 ) ( . 56855460 , 1 . 47374850 ) ] 

[ (-. 64889372 , 0 ) (-. 47071528 , 0 ) ( . 18909574 , 3 . 31095939 ) ( . 18909574 ,- 3 . 31095939 ) ]] 

whose columns are eigenvectors corresponding (in order) to the eigenvalues in the preceeding list. One way to 
check that a given column, say column 3, is an eigenvetor for the corresponding eigenvalue, VL6137(3),isto 
check if this column, VC6137 (1,3,4,3), is in the nullspace of A6137-VL6137 (3) *IDENT(4). (Recall 
that A (1, j, m, j) will pick out the j ’th column of a matrix with m rows.) To do this compute 
(A6137-VL6137 (3) *IDENT( 4)) *VC6137 (1,3,4,3) [ENTER] . This should result in zero (or 
something whose magnitude is essentially zero in comparison to the size of the eigenvector). 


38. The eigenvalues, computed by EIGVL A6138 [STO] VL6138 [ENTER] are 

{ 136.13587917 9.78673411 -159.92261328 }. 

The eigenvectors corresponding to these values are the columns produced by the computation EIGVC A6138 
(STO ] VC6138 [ENTER] which yields the matrix 

[[ .80930625 -.41169877 .17282897 ] 

[ .39760427 .79901338 .43021881 ] . 

[ .57142906 .83487921 -.72384660 ]] 

39. The eigenvalues, computed by EIGVL A6139 (STO ] VL6139 [ENTER] are 

{ -.07020742 .01316718 .13104024 } . 

The eigenvectors corresponding to these values are the columns produced by the computation EIGVC A613 9 
[STO ] VC6139 [ENTER] which yields the matrix 

[[ -.86904182 -1.13177594 .03887837 ] 

t -.05274303 -.76511960 1.21858620 ] . 

[ .40418751 .13423638 -.98551797 ]] 

40. The eigenvalues, computed by EIGVL A6140 [STO ] VL6140 [ENTER] are 


{ ( 155 . 9214241 , 0 ) (- 6 . 19652391 , 0 ) ( 3 . 80142163 , 6 . 21858347 ) ( 3 . 80142163 ,- 6 . 21858347 ) ( 9 . 67225655 , 0 ) }. 
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The eigenvectors corresponding to these values are the columns produced by the computation EIGVC A6140 
|STO 1 VC6140 [ENTER] which yields the matrix 

[[ (.30391413, 0) (-.41583517,0) ( . 07216788, . 02724822) 

[ (.43510240,0) ( .35954684,0) ( .49417683, -.12406035) 

[ (. 85461548, 0) (-.63331201,0) (-.11345962, 1.60773524) •• • 

[ (.77355755,0) ( .29739916,0) (-.06111309, -.74473569) 

[ (.85494504,0) ( .31477757,0) (-.36238989, -.37130114) 

( .07216788, -.02724822) ( -.18257769,0) ] 

( .49417683, .12406035) ( .65346843,0) ] 

(-.11345962,-1.60773524) (-2.15604928,0) ] . 

(-.06111309, .74473569) ( 1.65335389,0) ] 

(-.36238989, .37130114) (-.39568255,0) ]] 

The upper triangular matrices in Problems 41-45 have all diagonal elements 6, so 6 is an eigenvalue of algebraic 
multiplicity 6, since det (A614n - Al) = (6 - X) 6 . (This part can be confirmed by the calculator, using the 
eigVl function.) We (attempt to) find the geometric multiplicity of this eigenvalue by determining the number of 
linearly independent eigenvectors among the columns of the matrix produced by EIGVC A614n (ENTER! • 

[[100000] 

[ 0 1 0 0 0 0 ] 

41. 6*IDENT(6) [STO-l A6141:EIGVC A6141 [ENTER] produces | ° ° * ° ° ° j . Of course all the 

[ 0 0 0 0 1 0 ] 

[000001]] 

columns of this identity matrix are independent, so the geometric multiplicity is 6. 


42. We create the given matrix by copying the previous matrix and changing the (1,2) element to a 1, using the 

keystrokes A6141 [STO] A6142:l [SIX> 1 A6142(l,2) [ENTER] . Then EIGVC A6142 [ENTER] 

[[ 1-1 0000 ] 

[ 0 3.7E-13 0000] 

produces the matrix of "eigenvectors" | ° ° o l o o ] ' Now if we treat the 3.7E-13 entry as 

[0 0 0 0 1 0 ] 

[00 0001 ]] 

zero, this becomes an echelon form matrix with 5 independent columns(l,3,4,5,6), corresponding to the 5 piv¬ 
ots. Thus the geometric multiplicity seems to be 5. See the explanation for the word "seems” in the solution to 
problem 43. 


43. We create the given matrix by copying the previous matrix and changing the (2,3) and (3,4) elements to a 1, 
using the keystrokes A6142 |STO»] A6143:l |STO] A6143(2,3):l [STO ] A6143(3,4) |ENTER| . 
Then EIGVC A6143 [ENTER] produces the matrix of "eigenvectors" 

[[ 1-1 1 -1 00 ] 

[ 0 3.9E-13 -3.9E-13 3.9E-13 0 0 ] 

[ 0 0 1.521e-25 -1.521e-25 0 0 ] 

[00 0 5.9319E-38 00]' 

[ 0 0 0 0 1 0 ] 

[00 0 0 01 ]] 

If we treat all the very small entries as 0, then the first four columns are all multiples of each other, and so there 
are just 3 independent columns, {1,5,6} and it "seems" as if the geometric multiplicity is 3. 

(The calculator’s program for finding eigenvectors uses a successive approximation technique which identifies the 
current approximation as an eigenvector provided the next approximation differs from it by less than about 10 -12 . 
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This yields the "strange" second, third and fourth columns (which are not a true eigenvectors), but differs from a true 
eigenvector (icolumn 1) by very little.) 

We used the quoted "seems" above, since the approximations made by the calculator make it impossible to be 
sure. You might be interested in seeing what happens if you compute the eigenvectors and eigenvalues for the 
modification ofproblem 42 obtained by A6142 [STO1 A:6-l (ee) ((-) 1 13 |STO>| A(l,l). Ifyou 
interpret the calculator results for the eigenvectors of this modified matrix as we did above, you conclude that 6 
seems to be an eigenvalue of geometric multiplicity 5; in particular there do not seem to be 6 independent 
eigenvectors for the modified matrix. However a hand calculation shows that while 6 is an eigenvector of alge¬ 
braic multiplicity 5, the "strange" second column of the eigenvector matrix is a true eigenvector for 6-1e-13, 
and so the 6 columns of this matrix are 6 independent eigenvectors. In general you must be quite careful about 
drawing exact conclusions about these matters from the calculator results. 


44. We create the given matrix by copying the previous matrix and changing the (4,5) element to a 1, using the 

keystrokes A6143 |STO| A6144:l |STO>| A6144(4,5) |ENTER) . ThenEIGVC A6144 |ENTER| 

[[1-1 l -l l o ] 

[ 0 4e-13 -4e-13 4e-13 -4e-13 0 ] 

j .1 . . c „ . . „ [ 0 0 1.6e-25 -1.6e-25 1.6e- 25 0 ] A • jr „n 

produces the matrix of eigenvectors „ , „ , , _ „ „ , . Again, if we treat all 

^ ** [ 0 0 0 6.4e -38 -6.4E-38 0 ] 

[00 0 0 2.56e-50 0 ] 

[00 0 0 0 1 )] 

the very small entries as 0, then the first five columns are all multiples of each other, and so there are just 2 
independent columns, {1,6} and it seems as if the geometric multiplicity is 2. 


45. We create the given matrix by copying the previous matrix and changing the (5,6) element to a 1, using the 
keystrokesA6144 |STO| A6145:l |ST1>| A6145(5,6) |ENTER| . ThenEIGVC A6145 [ENTER] 


produces the matrix of "eigenvectors" 





[ t 

1 

-1 1 

-1 

1 

-1 

] 

[ 

0 

4.1E-13 -4.1E-13 

4.1e-13 

-4.1e-13 

4.1e-13 

] 

[ 

0 

0 1.681E-25 

-1.681E-25 

1.681e-25 

-1.681E-25 

] 

[ 

0 

0 0 

6.8921E-38 

-6.8921E-38 

6.8921E-38 

] 

[ 

0 

0 0 

0 

2.8257 61e-50 

-2.825761E-50 

] 

[ 

0 

0 0 

0 

0 

1.15856201E-62 

] 1 


Again, if we treat all the very small entries as 0, then the all six columns are multiples of each other, and so 
there is just one independent column and it seems as if the geometric multiplicity is 1. 




468 Chapter 6 Eigenvalues, Eigenvectors and Canonical Forms 


Instructor’s Manual 


MATLAB 6.1 

1 . 

» A = C 38 -95 55; 35 -92 55; 35 -95 58]; 

(a) 

» x = C 1 1 1] ’; 

» y = [ 3 4 5]’; 

» z = [4 9 13] '; 

» */. One way to test if these are eigenvectors: see if A*v is a multiple of v 
» A*x 
ans = 

-2 

-2 

-2 

» 7, Since A*x = -2*x, x is an eigenvector for the eigenvalue -2 
» A*y 
ans = 

9 

12 

15 

» '/. Since A*y = 3*y, y is an eigenvector for the eigenvalue 3 
» A*z 
ans = 

12 

27 

39 

» */, Since A*z = 3*z, z is an eigenvector for the eigenvalue 3 

Alternatively, given a vector w with a suggested eigenvalue c, we can just check if (A — cl) w is 
zero: 

» (A-(-2)*eye(3))*x '/, This is zero, so x is eigenvector for eigenvalue -2 
ans = 

0 

0 

0 

» (A-3*eye(3))*y ’/, This is zero, so y is eigenvector for eigenvalue 3 

ans = 

0 

0 

0 

» (A-3*eye(3))*z V, This is zero, so z is also an eigenvector 
ans = '/, for eigenvalue 3 

0 
0 
0 
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(b) 


00 


» a=10*rand(l)-5 


a = 

-2.8104 

» (A-(-2)*eye(3))*(a*x) */. Shows a*x is an eigenvector for -2 
ans = '/. as ans is zero up to round-off 

1.0e-13 * 

0 

0 

0.2842 

» (A-3*eye(3))*(a*z) */. Essentially zero, so a*z is an eigenvector for 3 

ans = 

1.0e-12 * 


0.2274 

0.2274 

0.2274 


» b=20*rand(l)-10 '/. Choose another random value 

b = 

-5.6208 

» (A-3*eye(3))*(a*y+b*z) */, Essentially zero, 
ans = ’/. so a*y+b*z is an eigenvector for 3 

1.0e-12 * 


0.9095 

0.9095 

0.9095 


(d) Parts (b) and (c) illustrate the fact the set of all w with Aw = cw is a subspace. (Note that 0 is 
the only vector in this set that is not an eigenvector for A. 


2 . 


» A = [ 1 1 

.5 -1 ; 

-2 1 -1 0; 

0 2 0 2; 

A = 

1.0000 

1.0000 

0.5000 

-1.0000 

-2.0000 

1.0000 

-1.0000 

0 

0 

2.0000 

0 

2.0000 

2.0000 

1.0000 

-1.5000 

2.0000 


» x = [ 1 i 0 -i] . ’; '/, Recall that . ’ takes transposes of complex matrices 

» v = [ 0 i 2 1+i]. ’; 

» lambda = l+2*i ; 

» (A-lambda*eye(4))*x '/. Zero so x is an eigenvector for eigenvalue lambda 


ans = 


0 

0 

0 

0 

» (A-lambda*eye(4))*v '/, Zero so v is an eigenvector for eigenvalue lambda 


0 

0 

0 

0 


ans 
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» y = C 1 -i 0 i] . *; 

» z = [ 0 -i 2 1-i]. 

» mu = l-2*i ; 

» (A-mu*eye(4))*y '/, Zero so y is an eigenvector for eigenvalue mu 
ans = 

0 

0 

0 

0 

» (A-mu*eye(4))*z i Zero so z is an eigenvector for eigenvalue mu 
ans = 


0 

0 

0 

0 


(b) 


» a = 5*(2*rand(l)-l)+i*3*rand(l) 
a = 

-2.8104 + 0.1411i 

» (A-lambda*eye(4))*(a*x), (A-lambda*eye(4))*(a*v), 
ans = 

1.0e-16 * 

0 

0 

0 

0 - 0.5551i 

ans = 

1.0e-15 * 

0 

0 

-0.7772 

0 

Since both answers are essentially zero, a*x and a*v are eigenvectors for lambda. 

» (A-mu*eye(4))*(a*y), (A-mu*eye(4))*(a*z), 
ans = 

1.0e-16 * 

0 

0 

0 

0 - 0.5551i 

ans = 

1.0e-14 * 

0 

0 

0.0777 

-0.1776 

Since both answers are essentially zero, a*y and a*z are eigenvectors for mu. 
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» b =3*(2*rand(l)-l)+i*5*rand(l) 
b = 

-1.6862 + 0.2352i 
» u = a*x+b*v; 

» (A-lambda*eye(4))*u '/, Zero up to roundoff, 
ans = % so u "is" an eigenvector for lambda 

1.0e-15 * 

0.0555 

0 

-0.3331 

0.4441 + 0.8882i 
» w = a*y+b*z; 

» (A-nm*eye(4))*w '/, Zero up to roundoff, 

ans = '/, so w "is" an eigenvector for mu 

1.0e-15 * 

-0.0555 

0 

0.3331 

-0.4441 + 0.8882i 
(d) See solution to 1(d) 

3. For Problem 1 with 

» A = [ -2 -2 ; -5 1] ; 

(a) det (A - A/) = (-2 - A)(l - A) - (—2)(—5) = A 2 + A - 12 = (A - 3)(A + 4) 

» Cn,n]=size(A); c=(-l)*n*poly(A) 
c = 

1 1 -12 

In MATLAB a = poly (A) gives the coefficients of det (A I — A) — A" + o^A" -1 + .. + a„A + a n +i- 
This is (—1)” det ( A — AI) for an n x n matrix. 

(b) The roots are Ai = 3 and A 2 = —4. 

» r=roots(c) 
r = 

-4 

3 

(c) 

» rref(A-r(1)*eye(n)) 
ans = 

1 -1 

0 0 

» */, So an eigenvector for r(l) is the transpose of 
» vl = C-ans(l,2) 1] 
vl = 

1 1 

» rref(A-r(2)*eye(n)) 
ans = 

1.0000 0.4000 

0 0 

» '/. So an eigenvector for r(2) is the transpose of 
» v2 = [-ans(1,2) 1] 
v2 = 

-0.4000 1.0000 
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(d) Obviously 3 and -4 are two distinct eigenvalues and n=2. 

» rref([vl’ v2’]) '/, This is I so columns are independent, 

ans = 

1 0 

0 1 

Note the problem, as stated, is slightly inaccurate. What is true is that if you form a set contain¬ 
ing one eigenvector for each eigenvalue that collection will be independent. It is not true that the 
set of all eigenvectors is independent. 

(e) 

» CV.D] = eig(A); 

» lor k = i:n , (A-D(k,k)*eye(n))*V(:,k), end 
ans = 

0 

0 

ans = 

0 

0 

Since (A-D(k,k)*eye(n))*V(: ,k) = 0 each V(: ,k) is an eigenvector for the eigenvalue D(k,k). 
» V\[(l/norm(vl))*vl’ (i/norm(v2))*v2’] '/. Diagonal 

ans = !, so each vi/norm(vi) is di*V(:,i) 

-1.0000 0.0000 
0 -1.0000 
For Problem 6 with 

» A = [ 3 2 ; -5 1] ; 

(a) det (A - A/) = (3 - A)(l - A) - (2)(—5) = A 2 - 4A + 13 

» [n,n]=size(A); c=(-i)*n*poly(A) 
c = 

1 -4 13 

(b) The roots are Ai = (4 + V—36)/2 = 2 + 3i and A 2 = 2 — 3 i. 

» r=roots(c) 
r = 

2.0000 + 3.0000i 
2.0000 - 3.OOOOi 

(c) 

» rref(A-r(l)*eye(n)) l Search for eigenvector for r(l) = 2+3i 
ans = 

1.0000 0.2000 + 0.6000i 

0 0 

» % So an eigenvector for 2+3i is the transpose of 
» vl = C-ans(l,2) 1] 
vl = 

-0.2000 - 0.6000i 1.0000 

» rref(A-r(2)*eye(n)) */. Find eigenvectors for 2-3i (the conjugate of r(l)) 

ans = 

1.0000 0.2000 - 0.6000i 

0 0 

» % So an eigenvector for 2-3i is the transpose of 
» v2 = C-ans(l,2) 1] 
v2 = 

-0.2000 + 0.6000i 1.0000 
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Note that v2 is the conjugate of vl confirming the boxed fact on page 541. 
(d) The two eigenvalues in (b) are distinct. 


(e) 


» rref([vl.’ v2.’]) '/. This is I so columns are independent, 

ans = 

1 0 

0 i 


» [V,D] = eig(A) 

V = 

0.5071 - 0.1690i 0.5071 + 0.1690i 

0 + 0.8452i 0 - 0.8452i 


D = 

2.0000 + 3.0000i 0 

0 2.0000 - 3.0000i 

» 1 or k = l:n , (A-D(k,k)*eye(n))*V(:,k), end 


ans = 


1.0e-15 * 


0 

0 + O.lllOi 


ans = 

1.0e-15 * 

0 

0 - O.lllOi 


Since this gives n=2 (approximate) zero vectors, each V(: ,k) is an (approximate) eigenvector 


» V\[vl. ’/norm(vl) v2.’/norm(v2)] '/, Diagonal 
ans = 

0.0000 - l.OOOOi 0.0000 

0.0000 0.0000 + l.OOOOi 


For problem 8 with 

»A= [1 1-2; -121; 01-1]; 


(a) det (A - XI) 

_(_!)(_! _ A) 


1 — A 

1 

-2 


0 3- 

3A + A 2 -1-A 

- 12 - 

A 

1 

Ri+tl-AjRa 

-1 

2 -A 1 

0 

1 - 1 -A 


0 

1 -1 - A 


3 - 3A + A 2 1 
1 1 


(-1 - A)(2 — 3A + A 2 ) = (-1 — A)(2 - A)(l — A), where 


we have used row operations, expansion along row 2, and factored out (—1 — A) from column 2 
(after the expansion). Note this gives the characteristic polynomial in (easily) factored form. 

» [n,n]=size(A); c=(-l)‘n*poly(A) 
c = 

- 1.0000 2.0000 1.0000 - 2.0000 


(b) The roots are Ai = 2, A 2 = 1 and A 3 = —1. 

» r=roots(c) 
r = 

2.0000 

1.0000 

- 1.0000 
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» rref(A-r(l)*eye(n)) 
ans = 

1.0000 0 -1.0000 

0 1.0000 -3.0000 

0 0 0 

» l So let x3=l, and solve to get an eigenvector lor 2 as the transpose of 
» vl = [~ans(l,3) -ans(2,3) 1] 
vl = 

1.0000 3.0000 1.0000 

» rref(A-r(2)*eye(n)) 
ans = 

10 0 
0 10 

0 0 1 

Whoops, this has no zero rows, so seems to say r(2) is not an eigenvalue for A. This is due to 
round-off problems: r(2) is not exactly 1 so A-r(2)*eye(3) does not compute to be singular. 
Try again with the exact eigenvalue: 

» rref(A-l*eye(n)) '/.This does yield a row of zeros, 
ans = 

10-3 
0 1-2 

0 0 0 

» '/, So let x3=l, and solve to get an eigenvector for 1 as the transpose of 
» v2 = C-ans(l,3) -ans(2,3) 1] 
v2 = 

3 2 1 

» rref(A-r(3)*eye(n)) 
ans = 

1.0000 0 -1.0000 

0 1.0000 0.0000 

0 0 0 

» V, So let x3=l, and solve to get an eigenvector for -1 as the transpose of 
» v3 = [-ans(l,3) -ans(2,3) 1] 
v3 = 

1.0000 0.0000 1.0000 

(d) The three eigenvalues in (b) are distinct. 

» rref([vl.’ v2.’ v3.’]) '/. This is I so eigenvector columns are independent, 

ans = 

10 0 
0 10 

0 0 1 
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(e) 


» [V,D] = eig(A) 
V = 


-0.8018 

0.3015 

0.7071 

-0.5345 

0.9045 

0.0000 

-0.2673 

0.3015 

0.7071 

1.0000 

0 

0 

0 

2.0000 

0 

0 

0 

-1.0000 


» '/, Note the elements in r appear in a different order along the diagonal of D 


» '/. If zeros follow, V(:,k) is eigenvector for D(k,k) 
» for k = 1:n , (A-D(k,k)*eye(n))*V(:,k), end 
ans = 

1.0e-15 * 

- 0.1110 

-0.4441 

- 0.1110 


ans = 

1.0e-14 * 


0.2220 

0.0056 

0.0555 


ans = 

1.0e-14 * 
- 0.2220 
0.0333 
-0.0218 


» V\Cv2.’/norm(v2) vl.’/norm(vl) v3.’/norm(v3)] 
ans = 

- 1.0000 0.0000 0.0000 

0.0000 1.0000 0.0000 

0.0000 0.0000 1.0000 


'/, Hatch order of eigenvalues 


This is diagonal and shows vl/norm(vl) = V(: ,2), v2/norm(v2) = -V(: ,1) and v3/norm(v3) = 
V(:,3). 

. For Problem 13 with 


» A = [ 1 -1 -1; 1 -1 0; 10-1]; 


(a) det (A — A I) = 


1-A 

-1 

-1 


1-A 

-1 

-1 

1 -1 

-A 

0 

R3+(-1-A)Ri 

1 

-1 — A 

0 

1 

0 

-1-A 

A 2 

1 + A 

0 


(-1)(1 + *) 


1 -1 
A 2 1 


= (—1 — A)(A 2 + 1) where we have used row operations, expansion along 


row 1, and factored out (—1 — A) from column 3 (after the expansion). Note this gives the char¬ 
acteristic polynomial in (easily) factored form. 


» [n,n]=size(A); c=(-l)*n*poly(A) 
c = 

- 1.0000 - 1.0000 - 1.0000 - 1.0000 
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(b) The roots are Ai = -1, A 2 = i and A 3 = — i. 

» r=roots(c) 
r = 

- 1.0000 

0.0000 + l.OOOOi 
0.0000 - l.OOOOi 


(c) 


» rref(A-(-l)*eye(n)) 7We use the exact eigenvalues instead of r(i) 

ans = 

10 0 
Oil 
0 0 0 


» /, So let x3=l, and solve to get an 
» vl = C~ans(l,3) -ans(2,3) 1] 
vl = 

0 -1 1 

» rref(A-(i)*eye(n)) 
ans = 

1.0000 0 

0 1.0000 

0 0 

» '/, So let x3=l, and solve to get an 
» v2 = [-ans(1,3) -ans(2,3) 1] 
v2 = 

1.0000 + l.OOOOi 1.0000 

» rref(A-(-i)*eye(n)) 
ans = 

1.0000 0 

0 1.0000 

0 0 

» 7, So let x3=i, and solve to get an 
» v3 = C-ans(l,3) -ans(2,3) 1] 
v3 = 

1.0000 - l.OOOOi 1.0000 


eigenvector for -1 as the transpose of 


-1.0000 - l.OOOOi 
- 1.0000 
0 

eigenvector for i as the transpose of 


1.0000 


-1.0000 + l.OOOOi 
- 1.0000 
0 

eigenvector for -i as the transpose of 


1.0000 


(d) The three eigenvalues in (b) are distinct. 

» rref(Cvl.’ v2. ’ v3.’]) */, This is I so columns are independent, 

ans = 

10 0 
0 10 

0 0 1 

(e) 

» CV.D] - eig(A) 

V = 


0.5000 - O.SOOOi 

0.5000 

+ 

O.SOOOi 

0.0000 

0 - 0.5000i 

0 

+ 

0.5000i 

-0.7071 

0 - O.SOOOi 

0 

+ 

0.5000i 

0.7071 

0.0000 + l.OOOOi 

0 



0 

0 

0.0000 

- 

l.OOOOi 

0 

0 

0 



-1.0000 


» V, Hote the elements in r appear in a different order along the diagonal of D 
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» */, If zeros follow, V(:,k) is eigenvector for D(k,k) 

» for k = l:n , (A-D(k,k)*eye(n))*V(:,k), end 
ans = 

1.0e-15 * 

0 - 0.2220i 

0.1665 + 0.0555i 

0 + 0.2220i 

ans = 

1.0e-15 * 

0 + 0.2220i 

0.1665 - 0.0555i 

0 - 0.2220i 

ans = 

1.0e-15 * 

0.1110 

0.2355 

0.0785 

» V\[v2.’/norm(v2) v3.’/norm(v3) vl. ’/norm(vl)] i. Match order of eigenvalues 
ans = 

0 + l.OOOOi 0.0000 + O.OOOOi 0.0000 - O.OOOOi 

0.0000 - O.OOOOi 0 - l.OOOOi 0.0000 + O.OOOOi 

0.0000 - O.OOOOi 0.0000 + O.OOOOi 1.0000 

This last diagonal matrix shows v2/norm(v2) = i V(: ,1), v3/norm(v3) = -i V(: ,2) and 
vl/norm(vl) = V(:,3). 


»A = [122 ; 021 ; -12 2]; 


(a) det(A — A7) 
( 1)(2 — A) \ 


1 -A 2 2 


0 4-2A 4-3A +A 2 

0 2-A 1 

Ri-f-(l —A)R 3 

0 2 -A 1 

-1 2 2-A 


-1 2 2-A 


j = (A — 2)(—A 2 + 3A 2 — 2) = —(A — 2) 2 (A — 1) where we have used 


row operations, expansion along row 1, and factored out (2 — A) from column 2 (after the expan¬ 
sion). Note this gives the characteristic polynomial in factored form. Computing rref (A-I) and 
rref (A-2I) and solving the associated homogeneous equations yields (—X 3 , — X 3 , £ 3 )*, x$ / 0, 
as the eigenvectors for A = 1 and (2z2>*2>0)*,*2 ^ 0 as the eigenvectors for A = 2. Since there 
is only one free variable in the description of this latter set of eigenvectors, A = 2 has geometric 
multiplicity 1 . 


» c=poly(A) '/. Since n=3, multiplying this by -1 will give coefficients in (a) 
c = 

1.0000 -5.0000 8.0000 -4.0000 

» format long 
» r=roots(c) 
r * 

2.00000000000000 + 0.00000009499348i 
2.00000000000000 - 0.00000009499348i 
1.00000000000000 
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Note that the computed roots almost find the repeated eigenvalue, 2, but not exactly. In fact the 
computed roots even have small imaginary parts. 

» format long 
» rref(A-r(l)*eye(3>) 
ans = 

10 0 
0 1 0 

0 0 1 

Note the result here says A — r(l)I is not singular, so r(l) is not an exact eigenvalue and we can 
not use the reduced echelon form to find even an approximate eigenvector. (The only solution to 
Ax = r(l)x is x = 0, and 0 is never an eigenvector.) Repeating this with rref (A-r(2)*eye(3)) 
will have similar results. We will need to use the exact eigenvalue 2, and find rref (A-2*eye(3)) 
to compute the eigenvectors. 

» format long 
» rref(A-r(3)*eye(3)) 
ans = 

1.00000000000000 0 1.00000000000000 

0 1.00000000000000 1.00000000000000 

0 0 0 

» v= [-ans(l,3) -ans(2,3) 1] '/, Row of zeros above, so can solve with x3=l 

v = 

-1.00000000000000 -1.00000000000000 1.00000000000000 

» (A-r(3)*eye(3))*v.’ '/, Approximately zero, so have an eigenvector for 1 
ans - 

i.0e-14 * 

0.02220446049250 

-0.11102230246252 

0 


» format long 
» [V,D]=eig(A) 

V = 

0.89442719099992 
0.44721359549996 
-0.00000002638784 
D = 

1.99999994099500 
0 
0 

» diag(D)-[2 2 1]’ 7, Differences between computed and true eigenvalues 
ans = 

1.0e-07 * 

-0.59004999108936 
0.59005000885293 
0.00000001998401 
» r - [2 2 1]’ 
ans = 

1.0e-07 * 

0.00000000888178 + 0.94993475941710i 
0.00000000888178 - 0.94993475941710i 
-0.00000002109424 


0.89442719099992 

0.44721359549996 

0.00000002638784 

0 

2.00000005900500 

0 


0.57735026918963 

0.57735026918963 

-0.57735026918962 

0 

0 

1.00000000000000 
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Note that the computed eigenvalues from D are at least real, and that the they differ from the 
true eigenvalues by (a bit) less than the computed roots r do. Also you might say that since the 
diagonals in D are real, as are the true eigenvalues , these are “better” approximations than the 
complex entries in r. 


» for k=l:3, (A-D(k,k)*eye(3))*V(:,k), end 
ans = 

1.0e-15 * 

-0.0278 
-0.3467 
-0.8909 
ans = 

1.0e-14 * 

-0.0302 
-0.0446 
- 0.1002 
ans = 

1.0e-15 * 

0.8882 

- 0.1110 

0 

Each of the above is almost 0 and so says A * V(:, k) « D(k, k) * V(:, k), which says the eigenvec¬ 
tor, eigenvalue definition is approximately satisfied. 

» rref(V) '/, This gives I, so columns of V independent, 
ans = 

10 0 
0 10 

0 0 1 

If the columns of V were true eigenvectors this would show A = 2 had geometric multiplicity 2. 
However, V above shows that the first two columns are (virtually) the same up to terms of order 
10~ 7 . Thus they are “nearly” dependent. 

(e) Moving the graph down removes the intersection near A = 2, while moving it up changes the 
single intersection into two intersections. The approximations from the diagonal entries of D had 
two real values close to 2, corresponding to moving the graph up, while r has two complex values 
close to 2, corresponding to moving the graph down. 

5. (a) 


» A = [ 3 2 ; -5 1]; i Matrix from Problem 6 

» polyU)-poly(A’) */. Essentially zero 

ans * 


0 0 0 

» A = [1 1-2; -12 1; 01 -1]; '/. Matrix from Problem 8 

» poly(A)-poly(A’) V, Essentially zero 

ans = 


1.0e-14 * 

0 -0.3775 0.3553 0.1998 

» A = [-3 -7 -5; 2 4 3 ; 1 2 2]; '/. Matrix from Problem 12 

» poly(A)-poly(A’) '/, Essentially zero 

ans = 

1.0e-14 * 

0 -0.3553 


0 -0.2554 



480 Chapter 6 Eigenvalues, Eigenvectors and Canonical Forms 


Instructor’s Manual 


» A = [1-1-1; 1-10; 10 -1]; '/, Matrix from Problem 13 
» poly(A)-poly(A’) */, Essentially zero 

ans = 

0 0 0 0 

» A = [4 1 0 1;2 3 0 1; -2 1 2 -3; 2-105]; */, Problem 16 

» poly(A)-poly(A’) '/, Essentially zero 

ans = 

1.0e-13 * 

0 -0.0355 0.2842 -0.8527 0.7105 

Conjecture: The characteristic polynomials of A and A t are the same. (Note that the computa¬ 
tions above actually relate to (—1)" times the characteristic polynomial, when A is n x n.) 

(b) det ( A — X I) = det ((yl — A I) 1 ) since det (C) = det (C*) for any C. But (A — A/)* = A* — 
(A/) 1 = A* — XI since XI is diagonal. Combining with the first equality, this yields det (A — XI) 
det ( A* — XI), which is exactly the conjectured equality. 

6. (a) 


» A=10*(2*rand(4,4)-ones(4,4)); I A random 4x4 matrix 

» A(:,3) = 2*A(:,1)—A(:,2) ; % Make A non-invertible 

» d=eig(A) 
d = 

-5.2819 +15.0578i 
-5.2819 -15.0578i 
7.7290 
0.0000 

Notice that 0 occurs as an (approximate) eigenvalue of each A. This is to be expected as the 
noninvertibility of A is equivalent to the existence of a nontrivial solution to Ax = 0. Such a 
solution is an eigenvector for the eigenvalue 0. 

(b) 0) 


» A = [-2 -2 ; -5 1]; */. For Problem 1 

» d=eig(A), e=eig(inv(A)) 
d = 

-4 

3 

6 = 

-0.2500 

0.3333 

» A = [ -12 7; -7 2]; '/. For Problem 2 

» d=eig(A), e=eig(inv(A)) 
d = 

-5 

-5 

e = 

- 0.2000 

- 0.2000 
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» A = [1 1 -2; -1 2 1 ; 0 1 -1]; '/. For Problem 8 

» d=eig(A), e=eig(inv(A)) 
d = 

1.0000 

2.0000 

-1.0000 

e = 

1.0000 
-1.0000 
0.5000 

» A=[3 9.5 -2 -10.5; -10 -42.5 10 44.5; 6 23.5 -5 -24.5; -10 -43 10 45]; 
» d=eig(A), e=eig(inv(A)) 
d = 

-3.0000 

2.0000 

1.0000 

0.5000 

e = 

-0.3333 

0.5000 

1.0000 

2.0000 


(ii) In each of the examples the entries in e are the reciprocals (inverses) of the entries in d. Thus 
the conjecture is the statement: If A is an eigenvalue for A, then 1/A is an eigenvalue for 
j4 _1 (or possibly this plus its’ converse, i.e. A is an eigenvalue for A if and only if 1/A is an 
eigenvalue for A -1 ). 


» A= [2 -1; 5 -2]; */. For problem 3 

» d=eig(A) 
d = 

0 + l.OOOOi 
0 - l.OOOOi 

» ones(2,l) ./eig(inv(A)) V, Same as d after some reordering 
ans = 

0 - l.OOOOi 
0 + l.OOOOi 

» A = [ 3 2 ; -5 1] ; */. For Problem 6 
» d=eig(A) 
d = 

2.0000 + 3.OOOOi 
2.0000 - 3.OOOOi 

» ones(2,l) ./eig(inv(A)) '/, Same as d after some reordering 
ans = 

2.0000 - 3.OOOOi 
2.0000 + 3.OOOOi 
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» A = [1-1 -1; 1-10; 10 -1]; '/, Matrix from Problem 13 
» d=eig(A) 
d = 

0.0000 + l.OOOOi 
0.0000 - l.OOOOi 
-1.0000 

» ones(3,1) ./eig(inv(A)) '/, Same as d after some reordering 

ans = 

0.0000 - l.OOOOi 
0.0000 + l.OOOOi 
-1.0000 

(c) In what follows we use an “exact” value for the eigenvalue for A and A~ [ rather than the com¬ 
puted approximations d(i ) and the corresponding e(j) since the use of rref (A-cI) for finding 
eigenvectors is very sensitive to roundoff errors. 

» A = [-2 -2 ; -5 1]; '/, For Problem 1 choose eigenvalue 3 

» rref(A-3*eye(2)),rref(inv(A)-(l/3)*eye(2)) 
ans - 

1.0000 0.4000 

0 0 

ans = 

1.0000 0.4000 

0 0 

» A=[ -12 7; -7 2]; i. For Problem 2 choose eigenvalue -5 
» rref(A-(-5)*eye(2)),rref(inv(A)-(i/(-5))*eye(2)) 
ans = 

1 -1 

0 0 

ans = 

1 -1 

0 0 

» A=[2 -1; 5 -2]; '/, For Problem 3 choose eigenvalue i 

» rref(A-i*eye(2)),rref(inv(A)-(l/i)*eye(2)) 
ans = 

1.0000 -0.4000 - 0.2000i 

0 0 

ans = 

1.0000 -0.4000 - 0.2000i 

0 0 

» A = [ 3 2 ; -5 1] ; I, For Problem 6 choose 2+3i 
» rref(A-(2+3*i)*eye(2)),rref(inv(A)-(l/(2+3*i))*eye(2)) 
ans = 

1.0000 0.2000 + 0.6000i 

0 0 

Warning: Divide by zero 
ans = 

1.0000 0.2000 + 0.60001 

0 0 
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» A = Cl 1 -2; -12 1 ; 0 1 -1]; */. For Problem 8 choose eigenvalue 2 

» rref(A-2*eye(3)),rref(inv(A)-(l/2)*eye(3)) 
ans = 

1 0 -1 

0 1-3 

0 0 0 

ans = 

10-1 
0 1-3 

0 0 0 

» A = [ 1 -1 -1; 1-10; 10 -1]; */. For Problem 13, eigenvalue i 
» rref(A-i*eye(3)),rref(inv(A)-(l/i)*eye(3)) 
ans = 

1.0000 0 -1.0000 - l.OOOOi 

0 1.0000 -1.0000 

0 0 0 

ans = 

1.0000 0 -1.0000 - l.OOOOi 

0 1.0000 -1.0000 

0 0 0 

» A=[3 9.5 -2 -10.5; -10 -42.5 10 44.5; 6 23.5 -5 -24.5; -10 -43 10 45]; 
» */, For the extra matrix in (b)(i), and eigenvalue -3. 

» rref(A-(-3)*eye(4)),rref(inv(A)-(i/(~3))*eye(4)) 
ans = 


1.0000 

0 

0 

0 

0 

1.0000 

0 

- 1.0000 

0 

0 

1.0000 

0.5000 

0 

ans = 

0 

0 

0 

1.0000 

0 

0 

0.0000 

0 

1.0000 

0 

- 1.0000 

0 

0 

1.0000 

0.5000 

0 

0 

0 

0 


In each case rref (A-Al) = rref (inv(A)-(l/A)I). Thus the eigenvectors for A for the eigenvalue 
A and the eigenvectors for A~ l for the eigenvalue 1/A are the same. 

(d) For an invertible matrix A , A is an eigenvalue if and only if 1/A is an eigenvalue for A -1 . More¬ 
over v is an eigenvector for A (for A) if and only if v is an eigenvector for A~ l (for 1/A). To see 
this is true suppose v is an eigenvector for A for the eigenvalue A. Then AA~ X = I — A~ l A, so 
v = A~ l Av = A -1 (Av) = AA -1 v. Dividing by A shows v is an eigenvector for A~ x for the eigen¬ 
value 1/A. Conversely, if v is an eigenvector for A~ x for 1/A, then the previous equality holds. 
Multiplying it by A yields Av = A AA~ x v = Av, i.e. v is an eigenvector for A for the eigenvalue 
A. 

7. Following parts (b) to (d) of previous problem for A 2 . 

(b) 0) 

» A = [-2 -2 ; -5 1]; '/. For Problem 1 

» d=eig(A), e=eig(A‘2) 
d = 

-4 

3 

e = 

16 

9 
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» A = C -12 7; -7 2]; */, For Problem 2 

» d=eig(A), e=eig(A“2) 
d = 

-5 

-6 

e = 

25 

25 

» A = [1 1 -2; -1 2 1 ; 0 1 -1]; */. For Problem 8 

» d=eig(A), e=eig(A*2) 
d = 

1.0000 

2.0000 

-1.0000 

e = 

1 

4 

1 

» A=[3 9.5 -2 -10.5; -10 -42.5 10 44.5; 6 23.5 -5 -24.5; -10 -43 10 45]; 

» d=eig(A), e=eig(A‘2) 
d = 

-3.0000 

2.0000 

1.0000 

0.5000 

e = 

9.0000 

4.0000 

1.0000 

0.2500 

(ii) In each of the examples the square of each entry in d appears in e. Thus the simple conjec¬ 
ture is the statement: If A is an eigenvalue for A, then A 2 is an eigenvalue for A 2 . (Note that 
it is also true the each entry in e is the square of some entry in d, so we might make the ad¬ 
ditional conjecture that if fi is an eigenvalue for A 2 , then n = A 2 for some eigenvalue A for 
A) 

(iii) 


» A=[2 -1; 5 -2]; '/. For problem 3 

» eig(A).“2, eig(A“2) V, Both ans have the same entries, in some order 

ans = 

-1 

-1 

ans = 

-1 

-1 

» A=[3 2 ; -5 1]; '/, For Problem 6 

» eig(A).~2,eig(A*2) */, Both ans have the same entries, in some order 

ans = 

-5.0000 +12.0000i 
-5.0000 -12.0000i 
ans = 

-5.0000 +12.0000i 
-5.0000 -12.0000i 
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» A = [1-1-1; 1-10; 10 -1]; V. Matrix from Problem 13 
» eig(A).~2,eig(A*2) '/, Both sins have the same entries, in some order 

ans = 

-1.0000 + O.OOOOi 
-1.0000 - O.OOOOi 
1.0000 
ans = 

- 1.0000 

- 1.0000 

1.0000 


(c) 


» A = [-2 -2 ; -5 1]; % For Problem 1 choose eigenvalue -4 

» rref(A-(-4)*eye(2)),rref(A*2-(-4)~2*eye(2)) 
ans = 

1 -1 

0 0 

ans = 

1 -1 

0 0 

» A=[ -12 7; -7 2]; */, For Problem 2 choose eigenvalue -5 

» rref(A-(-5)*eye(2)),rref(A*2-(-5)“2*eye(2)) 
ans = 

1 -1 

0 0 

ans = 

1 -1 

0 0 

» A=[2 -1; 5 -2]; '/, For Problem 3 choose -i 

» rref(A-(-i)*eye(2)).rref(A*2-(-i)”2*eye(2)) 
ans = 

1.0000 -0.4000 + 0.2000i 

0 0 
Warning: Divide by zero 
ans = 

1 0 

0 1 

Again there is some computational difficulty, since there are no rows of zeros in rref (A 2 -(-i) 2 I). 
This seems quite strange since A 2 + I = O. The cause is our use of the power function, ‘ * ’, 
which can be subject to roundoff error in its passage to polar coordinates. (Try computing i 2 + 1 
in MATLAB.) If we stick to multiplication for sqaring everything is fine: 

» rref(A~2-(-i)*(-i)*eye(2)) 
ans = 

0 0 

0 0 



486 Chapter 6 Eigenvalues, Eigenvectors and Canonical Forms Instructor’s Manual 

Now we note the different reduced echelon forms. However, every solution to ( A + il)v — 0 also 
solves (A 2 + Z)v = 0, since every vector solves the later equation. 

» A = [ 3 2 ; -5 1]; */, For Problem 6 choose 2-3i 

» rref(A-(2-3*i)*eye(2)),rref(A*2-(2-3*i)~2*eye(2)) 
ans = 

1.0000 0.2000 - 0.6000i 

0 0 

ans = 

1.0000 0.2000 - 0.6000i 

0 0 

» A = [1 1-2; -12 1 ; 0 1 -1]; V, For Problem 8 choose -1 
» rref(A-(-l)*eye(3)),rref(A“2-(-l)“2*eye(3)) 
ans = 

10-1 
0 1 0 

0 0 0 

ans = 

1 -1 -1 

0 0 0 

0 0 0 

Again note that the reduced forms are different. However, any vector in the nullspace of the 
first is also in nullspace of the second, since the rows of the second echelon form are linear 
combinations of the rows of the first. 


» A = 

C 1 -1 -1; 1-10; 10 -1]; 


» 


'/, For Problem 13 choose i 

» rref(A-i*eye(3)),rref(A~2-i*i*eye(3)) 

% i*i instead of i‘2 for accuracy 

ans = 



1.0000 0 

-1.0000 - l.OOOOi 


0 1.0000 

- 1.0000 


0 0 

0 

ans = 



0 

1 -1 


0 

0 0 


0 

0 0 



Here too the reduced echelon forms differ, though again each row of the second is a linear combi¬ 
nation of rows of the first. 

» A=[3 9.5 -2 -10.5; -10 -42.5 10 44.5; 6 23.5 -5 -24.5; -10 -43 10 45]; 

» d=eig(A), e=eig(A~2) '/, For the extra matrix in Matlab Problem 6(b)(i) 
d = 

-3.0000 

2.0000 

1.0000 

0.5000 

e = 

9.0000 

4.0000 

1.0000 

0.2500 
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» rref(A-(-3)*eye(4)),rref(A“2-(-3)*2*eye(4)) 


1.0000 

0 

0 

0 

0 

1.0000 

0 

- 1.0000 

0 

0 

1.0000 

0.5000 

0 

0 

0 

0 

1.0000 

0 

0 

0 

0 

1.0000 

0 

- 1.0000 

0 

0 

1.0000 

0.5000 

0 

0 

0 

0 


In most cases rref (A-Al) = rref (A 2 -A 2 I). However in some cases all that is true is that every 
row of rref(A 2 -A 2 I) is a linear combination of rows of rref (A-Al). But this means that in all 
cases the eigenvectors for A for the eigenvalue A (the nullspace of A — XI), are eigenvectors for A 2 
for the eigenvalue A 2 . 

(d) If v is an eigenvector for A (for A) then v is an eigenvector for A 2 (for A 2 ). The proof is just the 
observation that A 2 v = -A(Av) = yl(Av) = AAv = A(Av), by linearity and the definition of an 
eigenvector. (It is harder to prove the (true) statement: Every eigenvalue for A 2 is the square of 
an eigenvalue for A. See the solution to 6.1, Problem 27.) 


» A = C 3 2 ; -5 1] ; 

» C=rand(2); B=C*A*inv(C); 

» eig(A),eig(B) 
ans = 

2.0000 + 3.OOOOi 
2.0000 - 3.OOOOi 
ans = 

2.0000 + 3.OOOOi 
2.0000 - 3.OOOOi 

» A = [1 1 -2; -1 2 1 ; 0 1 -1]; '/. For Problem 8 
» C=rand(3); B=C*A*inv(C); 

» eig(A),eig(B) 
ans = 

1.0000 
2.0000 
-1.0000 
ans = 

-1.0000 

1.0000 

2.0000 

» A = [ 1 -1 0; -1 2 -1; 0-1 1]; */. For Problem 7 
» C=rand(3); B=C*A*inv(C); 

» eig(A),eig(B) 
ans = 

0.0000 
1.0000 
3.0000 
ans = 

3.0000 

0.0000 

1.0000 


V, For Problem 6 

'/, For Matlab 3.5 could use rand(A) 
*/. For Matlab 4.x rand(size(A)) 
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» A = [ 1 -1 -1; 1-10; 10 -1]; ’/. For Problem 13 
» C=rand(size(A)); B=C*A*inv(C); */. Use rand (A) in MATLAB 3.5. 

» eig(A),eig(B) 
ans = 

0.0000 + l.OOOOi 
0.0000 - l.OOOOi 
-1.0000 
ans = 

0.0000 + l.OOOOi 
0.0000 - l.OOOOi 
-1.0000 

In each case the eigenvalues of A and CAC~ 1 are the same, up to a reordering. 

9. (a) 


» B=10*(2*rand(3)-ones(3,3)); A=triu(B)+triu(B)' */, A random symmetric 3x3. 

A = 

-11.2416 3.5859 0.3883 

3.5859 17.3877 6.6193 

0.3883 6.6193 -18.6171 

» eig(A) 
ans = 

-11.6626 

-19.8028 

18.9944 

All the eigenvalues of a symmetric matrix are real. 


» A=10*(2*rand(3,3)-ones(3,3)); C = A*A’ 

C = 

44.6033 84.6656 -32.0771 

84.6656 201.4658 -114.2796 

-32.0771 -114.2796 104.8750 

» eig(C) 
ans = 

1.6642 

42.1828 

307.0971 


» 
C = 


A=10*(2*rand(4,3)-ones(4,3)); C = A*A’ 


88.3621 

30.2144 

-14.4017 

80.1812 

30.2144 

149.5133 

75.9310 

-33.5730 

-14.4017 

75.9310 

62.3729 

-36.1387 

80.1812 
» eig(C) 
ans = 

0.0000 

20.6190 

171.7760 

219.0414 

-33.5730 

-36.1387 

111.1881 
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» A=10*(2*rand(2,3)-ones(2,3)); C = A*A’ 

C = 

136.7648 11.1523 

11.1523 53.1666 

» eig(C) 
sins = 

138.2270 

51.7044 

Every eigenvalue of AA* is nonnegative. If A has more rows than columns then A A* has zero as 
an eigenvalue. (You might be tempted to conjecture that for A square, the eigenvalues of AA* 
are actually positive, but that is not always true. If it occured for your random A, it was con¬ 
nected with the fact that, in so far as possible, random A usually have as many independent 
columns as possible.) 

10 . 


» B=10*(2*rand(3)-ones(3,3)); A=triu(B)+triu(B)’ l A random symmetric 3x3. 

A = 

-11.2416 3.5859 0.3883 

3.5859 17.3877 6.6193 

0.3883 6.6193 -18.6171 

» [V,D]=eig(A) %The entries of D are all distinct 

V = 

-0.9925 
0.1111 
0.0503 

D = 

-11.6626 
0 
0 

» V.»*V 

ans = 

1.0000 
0.0000 
0.0000 


11. (a) 

» A=zeros(4,4); '/, Now put in l’s in row i in the "columns" connected to i. 

» A(1, [2 3 4]) = [1 1 1 ] ;A(2, [1 3 4]) = [1 1 1]; 

» A(3,[1 2 4])= [1 1 1];A(4,[2 3 4])=[1 1 1]; 

» lambda = eig(A) 
lambda = 

- 1.0000 

0 

3.0000 

- 1.0000 

» lb = l-max(lambda)/min(lambda) ’/. The lower bound 
lb = 

4.0000 

» ub = l+max(lambda) % The upper bound 
ub = 


-0.0299 

0.1779 

-0.9836 


0.1182 

0.9778 

0.1733 


0 0 

-19.8028 0 

0 18.9944 

'/.If this is I then V has orthonormal columns 


0.0000 

1.0000 

0.0000 


0.0000 

0.0000 

1.0000 


4.0000 
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Since lb = 4 < x < 4 = ub, x = 4. Each of the 4 vertices needs a different color since each is 
connected to the other 3. 


(b) 


» A=zeros(6,6); */, Host put in l’s in row i in the 

» A(1, [2 5 6]) = [1 1 1] ;A(2, [1 3 6]) = [i 1 1] ; 

» A(3, [2 4 6] )= [1 1 1] ; A(4, [3 5 6]) = [1 1 1]; 

» A(5,[1 4 6]) = [1 1 1] ;A(6,1:5)=[1 1111]; 

» lambda = eig(A) 

lambda = 


"columns" 


connected to 


i. 


-1.6180 

0.6180 

-1.6180 

0.6180 

3.4495 

-1.4495 


» lb = l-max(lambda)/min(lambda) */, The lower bound 
lb = 


3.1319 

» ub = l+max(lambda) */, The upper bound 

ub = 


4.4495 


Since 3.13 < /6 < x < ub < 4.45, X = 4. Each triangle requires 3 different colors. If you try to 
color with just 3, then outer ring would have to be colored with 2 colors. But since there are an 
odd number of vertices in that ring two adjacent vertices would have the same color. So color 6 
with one color, alternate two other colors around 1 to 4 and put a fourth color on 5. 

» A=zeros(5,5); */, How put in l’s in row i in the "columns" connected to i. 

» A(1, [2 4 5] ) = [1 1 1] ; A(2, [1 3 4 S]) = [l 1 1 1] ; 

» A(3, [2 4 5] ) = [1 1 1] ; A(4, [1 2 3 5]) = [1 111]; 

» A(5,[1 2 3 4])=[1 111]; 

» lambda = eig(A) 
lambda = 

-1.0000 

0.0000 

-1.0000 

-1.6458 

3.6458 

» lb = l-max(lambda)/min(lambda) /. The lower bound 
lb = 

3.2153 

» ub = l+max( lambda) */. The upper bound 
ub = 

4.6458 


Since 3.2 < lb < x < u ^> < 4.65, x = 4. You need three colors for the 2-4-5 triangle. Then 
1 and 3 need to be different from these three colors, as both are adjacent to those three vertices. 
However, 1 and 3 are not joined, so can be colored the same (fourth) color. 
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(d) 


» A=zeros(5,5); V. How put in l’s in row i in the "columns" connected to i. 
» A(i,[3 4])= Cl 1];A(2,[4 5]) = [i 1]; 

» A(3,[1 5])=[1 13;A(4,C1 2])=[1 1]; 

» A(5, [2 3] )=[1 1] ; 

» lambda = eig(A) 
lambda = 

0.6180 

0.6180 

-1.6180 

-1.6180 

2.0000 

» lb = l-max(lambda)/min(lambda) l The lower bound 
lb = 


2.2361 

» ub = 1+max(lambda) '/, The upper bound, 
ub = 


3.0000 


Since 2.23 < < x < u6 = 3, x = 3. Reordering, this is the ring 1-3-5-2-4-1. With an odd 

number of vertices it can not be colored with just two colors, but it can be colored with three 
colors, as in the outer ring of (b). 


» A=zeros(10,10); f. How put in l’s in row i in the "columns" connected to i. 

» A(1, [2 5 6]) = [1 1 1] ;A(2, [1 3 7]) = [1 1 1]; 

» A(3, [2 4 8] ) = [1 1 1] ; A(4, [3 5 9]) = [1 1 1]; 

» A(5,[l 4 10]) = [1 1 1] ;A(6, [1 8 9] ) = [1 1 1]; 

» A(7, [2 9 10]) = [1 1 1];A(8, [3 6 10]) = [1 1 1]; 

» A(9,[4 6 7])=[1 1 1];A(10,[5 7 8])=[1 1 1]; 

» lambda = eig(A) 
lambda = 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000 

-2.0000 

-2.0000 

- 2.0000 

-2.0000 

3.0000 

» lb = l-max(lambda)/min(lambda) '/, The lower bound 
lb = 

2.5000 

» ub = l+max(lambda) % The upper bound 

ub = 

4.0000 


Since 2.5 = /6 < x < ub = 4, x = 3 or 4. We show 3 will do. Color outer ring by using one 
color, say blue, for 1 and alternating two other colors, say red and green, around 2-3-4-5. If the 
inner star has the same three colors, one will appear at only one point, and then the other two 
will each color one side of the star. A little thought shows the single color must be either red or 
green, say red. Placing this at 9 and blue at 7,8 and green at 6,10 gives a three color coloring. 
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12. (a) 

» A = C-.01969633 .01067339 -.005030409;... 

» .01057339 .008020058 -.006818069;... 

-.005030409 -.006818069 .01158627 ]; 

» CV,D]=eig(A); maxext=max(diag(D)) , maxcomp=min(diag(D>), 
maxext = 

0.0197 
maxcomp = 

-0.0235 

» lor k=l:3, il maxext==D(k,k), MaxExtlDir=V(:,k).end,end 
MaxExtlDir = 

-0.2655 

-0.6526 

0.7097 

» lor k=l:3, il maxcomp==D(k,k), MaxComplDir=V(:,k),end,end 
MaxComplDir = 

0.9501 

-0.3022 

0.0776 

» A = [-.01470626 .01001909 -.004158314;... 

» .01001901 .007722046 -.004482362;... 

-.004158314 -.004482362 .006984212]; 

» [V,D]=eig(A>; maxext=max(diag(D)> , maxcomp=min(diag(D)), 
maxext = 

0.0164 
maxcomp = 

-0.0187 

» lor k=l:3, il maxext==D(k,k), MaxExt2Dir=V(:,k).end,end 
MaxExt2Dir = 

0.3296 

0.7569 

-0.5643 

» lor k=l:3, il maxcomp==D(k,k), MaxComp2Dir=V(:,k),end,end 
MaxComp2Dir = 

0.9363 

-0.3388 

0.0923 

(b) Since [1 0 0] and any column of V from eig(A) are unit vectors as A is symmetrix, the following 
give the requested (bedding) angles in degrees: 

» acos([l 0 0]*MaxComplDir)*180/pi '/, Angle : Compression Axis - 1st A 
ans = 

18.1801 

» acos([l 0 0]*MaxComp2Dir)* 180/pi I, Angle : Compression Axis - 2nd A 
ans = 

20.5600 

(c) The bedding angles computed in (b) were about 18° and 21°, so far from 45°. 
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Section 6.2 


In 1-3 answers are generally given to 3 significant digits, though more were used to calculate the tables. 

1. We have A = 4 0 6 ^' e ig enva l ues f° r Ai = 1-44 and A 2 = —0.836, with corresponding eigen- 

( 2 Qg\ /_^ 57 \ 

1 j and V 2 = f 1 ) • Solving p 0 = ai vi + a 2 V 2 for a\ and a 2 , we obtain 


d = 7.58 and a 2 = 4.42. Using the equation p„ = aiA”vi -|- 02 X 2 ^ 2 , we find 


n 

Pj,n 

Pa.n 

T n 

Pj.n/Pa.n 

Tn/Tn-X 

0 

0 

12 

12 

0 

— 

1 

36 

7 

43 

5.14 

3.58 

2 

22 

19 

41 

1.16 

0.95 

5 

104 

45 

149 

2.31 

— 

10 

600 

291 

891 

2.06 

—. 

19 

16,090 

7,737 

23,827 

2.08 

— 

20 

23,170 

11,140 

34,310 

2.08 

1.44 


The long-term ratios of pj t „ to p a<n and T n to T n -\ are 2.08 and 1.44, respectively. 


2. We have A — ^ q 3 0 4 y ' e *S enva ^ ues are ^1 = 0-783 and A 2 = —0.383, with corresponding 
eigenvectors v* = f ^and V 2 = f V Solving p 0 = aiVi + <Z 2 V 2 for ai and a 2 , we find 


ai = 10.1 and a 2 = 4.94. Using p„ = aiA"vi + a 2 A^V 2 , we obtain 


n 

Vj,n 

Pa,n 

Tn 

Pj,n/Pa,n 

Tn/Tn-l 

0 

0 

15 

15 

0 

— 

1 

15 

6 

21 

2.5 

1.4 

2 

6 

7 

13 

1.67 

0.619 

5 

4 

3 

7 

1.33 

— 

10 

1 

1 

2 

1 

— 

19 

0 

0 

0 

— 

— 

20 

0 

0 

0 

— 

— 


The long-term ratios of pj n to p a n and T n to T n _ 1 are 1.28 and 0.783, respectively. However, p„ « 0 
and T n « 0 for large n. 


3. 


4. 


As A 


Vl 


= ( 0 .7 0 .8 ) ’ the eigenvalues 

= H—“ (~ 3 1> 


are Ai = 2.12 and A 2 = —1.32, with corresponding eigenvectors 
Solving p 0 = aivi + a 2 V 2 for ai and 02 , we find a\ — 12.3 and 


a 2 = 7.68. Using the equation p„ = aiA"Vi + a 2 A 2 V n , we obtain 


n 

Pi." 

Pa,n 

T n 

Pj ,n/Pa,n 

Tn/Tn-l 

0 

0 

20 

20 

0 

— 

1 

80 

16 

96 

5 

4.8 

2 

64 

69 

133 

0.928 

1.39 

5 

1092 

498 

1,590 

2.19 

— 

10 

42,412 

22,807 

65,219 

1.86 

— 

19 

3.69 x 10 7 

1.95 x 10 7 

5.64 x 10 7 

1.89 

— 

20 

7.82 x 10 7 

4.14 x 10 7 

11.96 x 10 7 

1.89 

2.13 


The long-term ratios of pj itl to p a<n and T n to 7„_x are 1.89 and 2.12, respectively. 

For the population to increase in the long run, we need k > (l—a)/a. As a > 1/2, then 1 > (1— a)/a. 
Hence, if k > 1, then the population will increase. 



494 Chapter 6 Eigenvalues, Eigenvectors and Canonical Forms 


Instructor’s Manual 


5. From equation (9), p„ « aiA"v! for large n. Thus, if Vi = ^ , then Pj jn /P a ,n ajA” x/aiX”y = 


x/y- 


As ( < a/3-Ai)(y) = (o)’ then ~ XlX + ky = °> and hence ’ Pi.n/Pa.n for lar g e ”• 


6 . Assume the number of male birds equals the number of female birds. Let Pj, n - i and denote the num¬ 
ber of juvenile female birds in the (n — l)st year, and let pi, n -i and P 2 ,n-i denote the number of fe¬ 
male birds in the (n — l)st year for the first and second groups, respectively. Let a denote the pro¬ 
portion of juvenile female birds that will survive to become group 1 birds in the n th year. Let Ar», * = 
1,2, denote the average number of female juvenile birds produced by each female bird of group i. In 

the n th year, \ppi, n -i of the group 1 birds will become group 2 birds, and there will be apj lU -1 + 

0 


4 

6 * 


i birds in group 1. Let p n = j 

( Pi,n) 

l Pl ' n 1 

. Then p n = Ap n _ l , where A — 

of/? 0 


i p) 


v o A/? 7/ 


, would 


model the population growth of the birds. (Note the assumption that the second group is evenly dis¬ 
tributed across the 1-5 year old range is impossible to achieve given that the only new members for 
the group are the 1 year olds, i.e. maturing juveniles, and that each year there is a uniform survival 
rate within the group.) 
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MATLAB 6.2 

1 . 


» A=[0 3 ; .4 .6] ; p0=[0 12].’; 


» p2=A*2*pO '/, Population at 2 years - take integer parts for realistic numbers 

P 2 = 

21.6000 

18.7200 

» p5=A~5*pO i Population at 5 years 
p5 = 

103.1616 

44.4787 

» pl0=A"'i0*p0 '/, Population at 10 years 
plO = 

587.3774 

283.1110 

» p20=A‘20*p0 */, Population at 20 years 

p20 = 

1.0e+04 * 

2.1965 

1.0513 

If you compare these results to those given in the table for the solution to 6.2.1 you can see the 
3-digit rounding used there resulted in overestimates for the populations. 


» p21=A”21*pO; p21(l)/p21(2) ‘/.Ratio of juveniles to adults after 21 years 
ans = 

2.0895 

» sum(p21)/sum(p20) */, Ratio of total population after 21 years to 20 years 
ans = 

1.4358 

» p=zeros(2,5) ;p(: ,l)=p21; */, Put years 21-25 into one 2x5 matrix 
» ’/. Each year requires multiplication by A; so fill p a column at a time by: 
» for k=2:5,p(:,k)=A*p(:,k-l); end 

» p(l,:)./p(2,:) l Ratio of juveniles to adults for years 21,...,25 
ans = 

2.0895 2.0894 2.0895 2.0894 2.0895 

» T=sum(p) ; '/, sum(m by n) gives n column sums. So T is Total population 

» T(2:5)./T(l:4) '/. Ratio of Tn to T{n-1>, n=22,...,25 

ans = 

1.4358 1.4358 1.4358 1.4358 

It appears that /im„_ 00 pj i „/p a) „ = 2.0894... and Hm n -*ooT n /T n -i = 1.4358..., since the values 
computed for n = 21,..., 25 are stabilized at these values. 
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» [V,D] = eig(A) 
V = 


-0.9633 

-0.9020 

0.2684 

-0.4317 

-0.8358 

0 

0 

1.4358 


So largest magnitude is D{ 2,2) = 1.4358 > 0, with multiplicity 1. v 2 = — V(:,2) = (0.9020,0.4317)* 
is an associated eigenvector with positive entries. |J9(1,1)| < D(2,2). Note that 11(2,2) ss 
T„/T„_x which says T„ « 1.4358T„_i, i.e. the total population is increasing by about 43.48 per 
cent each year. 

» w=-V(:,2) •/. An eigenvector associated with largest eigenvalue. 

w = 

0.9020 

0.4317 

» w(l)/w(2)-p(l,5)/p(2,5) '/. 

ans = 

-4.4094e-06 

» A(1,2)/D(2,2) - w(l)/w(2) l A(l,2) = k = Birth rate = 3 in this problem 

ans = 

0 

The long term ratio of juveniles to adults is equal to the birth rate divided by the largest eigen¬ 
value, or to the ratio of the entries in the eigenvector for the largest eigenvalue. 

2 . 

» A=[0 3 ; .3 .15] ; p0=[0 12].'; 

(a) 

» CV.D] = eig(A) 

V = 

-0.9599 -0.9461 

0.2805 -0.3238 

D = 

-0.8766 0 

0 1.0266 

We expect lim„_ 00 T„/T n _i = 1.0266, the largest eigenvalue. In fact T„ = [1 l]p„ = [1 l]^4p n _i « 
[1 l]Ap n _ x = AT n _i, since eventually all p n are approximate eigenvectors for the largest eigen¬ 
value A = 1.0266. (See equation (9)). Also this fact about the eventual direction of p n means 
that limn—oo pj n /p a n = k/\ = 3/1.0266 = 2.9223(= V(1,2)/V(2,2) = A(l,2)/D(2,2)). 

(b) 

» p21=A*21*pO; y.Ratio of juveniles to adults alter 21 years 
» p=zeros(2,5) ;p(:, l)=p21; '/, Put years 21-25 into one 2x5 matrix 
» '/, Each year requires multiplication by A, thus we fill p a column at a time 
» for k=2:5,p(:,k)=A*p(:,k-l); end 

» p(l,:) ./p(2,:) */, Ratio of juveniles to adults for years 21,...,25 
ans = 

3.1249 2.7687 3.0687 2.8021 3.0283 

» T=sum(p) ; '/, sum(m by n) gives n column sums. So T is Total population 

» T(2:5)./T(l:4) ’/. Ratio of Tn to T{n-1>, n=22,...,25 

ans = 

0.9909 1.0582 1.0005 1.0496 
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So both the ratios T n /T„_i and Pj <n /Pa,n are still quite variable in the years 21 to 25 ( the first 
changes nearly 13 per cent a year and the second nearly 5 per cent a year). 

» p=zeros(2,5);p(:,l)=A~46*pO; V, How put all years 46-50 into one 2 rowed matrix 
» for k=2:5,p(:,k)=A*p(:,k-l); end 

» p(i,:) ./p(2,:) ’/, Ratio of juveniles to adults for years 46,...,50 
ans = 

2.9184 2.9254 2.9194 2.9245 2-9201 

» T=sum(p) ; 

» T(2:5)./T(l:4) */. Ratio of Tn to T{n-1>, n=47,...,50 

ans = 

1.0273 1.0260 1.0272 1.0262 

For the years 46 to 50 the variation is down to at most .2 per cent a year. 

(c) The ratio of the absolute values of the smallest to largest eigenvalue in MATLAB problem one 
was .8358/1.4358 = .5818, while for the present problem the ratio is .8766/1.0266 = .8539. The 
convergence to a stable distribution is governed by equation (8) and requires that (A 2 /A 1 )" —► 0. 

This approach to zero is very slow for a number like .8539, near 1, much more rapid for numbers 
like .58 which are closer to zero. 


» A = [ 0 1 ; .6 .8]; p0=[100 200]’; V, Growth, matrix and initial deer population 

(a) Compute the (largest) eigenvalue for A: 

» CV,D]=eig(A) 

V = 


-0.9044 

-0.6181 

0.4267 

-0.7861 

-0.4718 

0 

0 

1.2718 


The matrix has largest eigenvalue = 1.2718, and the other eigenvalue is strictly less in magni¬ 
tude. Also there is an eigenvector for the largest eigenvalue with all components positive. Under 
these conditions we have seen that T„/T„_i approaches the largest eigenvalue, i.e. the long term 
growth rate is 1.27. 

(b) The only change in the model is that the adult population in the following year will be decreased 
by those adults from the previous year killed by hunting which is just h times the adult popula¬ 
tion. This simply modifies the matrix A by subtracting h from the adult survival rate, A( 2,2). 

(c) 


» AH=A; AH(2,2)=A(2,2)-.6; 

» [AH‘10*p0 AH“20*p0 AH‘30*p0 AH‘40*p0 AH‘50*p0] 
ans = 

46.8229 13.5931 3.8386 1.0818 0.3048 

43.6535 12.0274 3.3830 0.9531 0.2685 

» CV,D]=eig(AH) 

V = 

-0.8265 -0.7503 

0.5629 -0.6611 

D = 

-0.6810 0 

0 0.8810 
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The components of the vectors AH n po get smaller and smaller, decreasing to zero. (By year 50, 
after rounding to integer values, there are no deer left.) Alternatively, note that the largest eigen¬ 
value, representing the total population growth rate, is .8810, less than one, so eventually the to¬ 
tal population goes down by about 12% a year; obviouly this leads to eventual elimination. 


» AH(2,2) =A(2,2)-.3; */. Modify AH(2,2) for h=.3 

» [AH~iO*pO AH*20*p0 AH"30*p0 AH‘40*p0] 
ans = 

1.0e+03 * 

0.2925 0.5440 

0.3115 0.5788 

» max(max(eig(AH))) 
ans = 

1.0639 


1.0111 1.8793 
1.0758 1.9994 

V, Largest eigenvalue > 


1 , so explosive growth 


» AH(2,2)=A(2,2)-.5; */. Try h=.5 

» [AH“10*p0 AH*20*p0 AH~30*p0 AH‘40*p0] 
ans = 


88.3481 47.4730 

84.1617 44.5902 

» max(max(eig(AH))) 
ans = 


25.2999 13.4808 

23.7564 12.6583 

'l Largest eigenvalue, still < 1, explaining decay 


0.9390 


» AH(2,2)=A(2,2)-.4; 

» [AH*10*p0 AH‘20*p0 AH“30*p0 AH‘40*p0] 
ans = 


162.1221 162.4977 

162.7267 162.5014 

» max(max(eig(AH))) 


162.5000 162.5000 

162.5000 162.5000 

'/, Largest eigenvalue = 1, 


ans = 


so eventual steady state. 


1 


For an h to determine a steady state, the largest eigenvalue must be one. Equation 10 in the text 
can be adapted to test for equality of the largest eigenvalue to 1 and becomes k = (1 — (3)/a. For 
the current problem this means h must satisfy 1 = (1 — .6)/(.8 — h) or .8 — h — .4, i.e. h — .4 
(e) The theory in the section (equation 9) shows that there will be growth if the largest eigenvalue is 
greater than 1, decay (extinction) if the largest eigenvalue is less than 1 and a steady state only if 
largest eigenvalue is one. 


4. 


» A=[0 21; .6 0 0 ; 0 .6 .4]; pO = [ 0 50 50]’; 

(a) The first row coefficients are the birth rates for females for the three age classes, i.e. 1 to 5 year 
olds give birth to 2 per year, over 5 year olds give birth to 1 per year. The second row gives the 
proportion of each age group that survives and has age 1 to 5 after one year. (Notice the num¬ 
bers mean .6 of the junveniles survive to 1 year, 0% of the 1 to 5 year olds survive and stay be¬ 
tween 1 and 5 years old.) The bottom row gives the proportion of each group that survives and 
becomes over 5 years old in any one year. These interpretations shows this model matrix is not 
reasonable: After one year the only members of the 1 to 5 year old class will be 1 year old. In 
another year none of them can be over 5 years old, so it can’t be that .6 of the 1-5 year olds be¬ 
come over 5. IF YOU WISH TO THINK OF THIS PROBLEM REALISTICALLY, change the 
middle group to be the class of 1 year olds and the upper class to be those 2 and over. To leave 
the group definitions unchanged it is necessary to change the model matrix entries. 
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(b) 


» p30=A*30*p0 */, Distribution after 30 years. 
p30 = 

1.0e+04 * 

9.0060 

4.2566 

2.9328 

» v=zeros(3,6) ;v(:,l)=p30; '/. Columns of v will be v30,v31,etc. 

» for k=2:6,v(:,k)=A~(29+k)*pO;end V, Calculate the populations at 31-35 
» T=sum(v) ;T(2:6) ./T(l:5) '/. sum the columns of v and take ratios 


ans = 


1.2705 

1.2701 

1.2704 

1.2702 

1.2704 


» V=v*diag( 

V — 

ones(1,6) 

./T) 

V, Columns of W 

are w30,w31,w32,etc. 

m — 

0.5561 

0.5563 

0.5561 

0.5562 

0.5562 

0.5562 

0.2628 

0.2626 

0.2628 

0.2627 

0.2627 

0.2627 

0.1811 

0.1811 

0.1811 

0.1811 

0.1811 

0.1811 

Since entries in v n 

are all nonnegative, the entries in w 

v„(i)/sum(v„), are exactly the propor- 


tion of v„ in the i’th entry. lim n _, 00 T n /T n -\ = 1.2705 from the results for years 31-35; thus 
it appears the total population is growing at about 27 per cent per year. Also lim n _oo w„ = 
(.5562, .2627, .1811)* and the entries give the eventual proportions of juveniles,1 to 5 year olds, 
and over 5 year olds in the population. Thus even though the populations are growing, the pro¬ 
portions are not changing. 


» [V,D]=eig(A) '/, D(2,2) is the largest eigenvalue, it is greater than 1 
V = 


D = 


0.8281 

-0.8674 

-0.0730 

-0.5133 

-0.4097 

-0.4489 

0.2252 

-0.2825 

0.8906 

-0.9679 

0 

0 

0 

1.2703 

0 

0 

0 

0.0976 


» z=-V(:,2) 
z = 


'/. An eigenvector for D(2,2) with all positive elements 


0.8674 

0.4097 

0.2825 


» zz=z/sum(z) 
zz = 

0.5562 

0.2627 

0.1811 

» T(6)/T(5) - D(2,2) , zz-W(:,6) */. Differences close to zero as expected 

ans = 

7.4247e-05 
ans = 

1.0e-04 * 

-0.2471 

0.3067 

-0.0596 
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The conclusion is that the vector of eventual proportions of each age class agrees with the pro¬ 
portions of the entries in the eigenvector for the largest eigenvalue. 

(e) Again equation 9 justifies the result about T(n)/T(n-1) and also the conclusion that the direc¬ 
tion of v„ should coincide with the direction of the positive eigenvector for the largest eigenvalue. 
Specifically, p„/[l 1 l]p„ » aiA"vi/(aiA n [l 1 l]v„) = v x /[l 1 l]vi. 


5. 


» P=[.8 .2 .05; .05 .75 .05; .15 .05 .9]; 

(a) (See MATLAB 1.6 solutions to problem 14 for details. Here are interpretations) The i th compo¬ 
nent of P"x represents the number of households buying product i after n months. As n gets larger, 
P n x seems to be getting closer and closer to a fixed vector, (900 500 1600)*, implying that the mar¬ 
ket share of each product stabilizes over time. 

(b) 


» CV,D]=eig(P) */, This has D(l,l) = 1 as largest eigenvalue, V(:,l) all positive 
V = 


0.4730 

0.7071 

0.8018 

0.2628 

0.0000 

-0.2673 

0.8409 

-0.7071 

-0.5345 

1.0000 

0 

0 

0 

0.7500 

0 

0 

0 

0.7000 


Any initial starting vector x with all positive entries will have a nonzero component in the direc¬ 
tion of the eigenvector for the largest eigenvalue, since 


0 < (1 1 l)x = (1 1 l)(a 1 V'(:, 1) + a 2 V(: } 2) + a 3 V(:, 3)) = a t + 0 + 0 

for any such vector. Now extend the discussion leading to equation (9) to M 3 , to conclude that 
when Ai = 1 is the largest magnitude of an eigenvalue, then P n x will approach some fixed multi¬ 
ple of the eigenvector, vj. In the present case this will approach the limit y = aiv n = ((1 1 l)x)v„ = 
3000vi since x = (1000,1000,1000)*. (In general if the eigenvector vj had not satisfied (1 1 l)vj = 

1, then it would have to be replaced by z = vi/sum(vi), an eigenvector normalized so that the 
components sum to 1). The limit vector has components which represent the long term distribu¬ 
tion of households which will be buying a given product each month. 


P=[.8 .1 

.1; .05 .75 .1; .15 .15 

.8]; '/, Pij = proportion of cars rented at 
'/, office j returned to office i. 

[V,D]=eig(P) */. D(1,1) = 1 is the 

largest eigenvalue. 

-0.5623 

-0.7071 0.0000 


-0.4016 

0.7071 -0.7071 


-0.7229 

0.0000 0.7071 


1.0000 

0 0 


0 

0.7000 0 


0 

0 0.6500 



» w=V(:,l)/sum(V(:,1)); 1000*« 
ans = 

333.3333 

238.0952 

428.5714 
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Since V(:,l) is an eigenvector associated with the eigenvalue 1, lOOOw will give you a vector in 
the direction of the eigenvector whose components add to 1000(the total number of cars). This 
vector represents the long term distribution of cars at each office: approximately 333 cars at of¬ 
fice 1, 238 cars at office 2, and 429 cars at office 3. 



of P * are the transposes of the columns of P. But P* 




says one is an eigenvalue for 


P* (with eigenvector 


). Thus one is an eigenvalue for P. (Compare with 6.1, Problem 34, 


or see MATLAB 6.1, Problem 5(b)). If one is the largest eigenvalue for P, then as in part (b), 
above, we expect P n x o to converge to an eigenvector for P for the eigenvalue one, which will rep¬ 
resent the long term distribution of the starting distribution xo evolving according to the transi¬ 
tion probablities given in the (columns) of the stochastic matrix P. 


6. (a) If A"x « A"aiUi then (A n x),/(1 1 l)A"x & (A"aiUu)/(A"ai(l 1 l)ui) = tqi/sum(ui). 

(b) Each row in A n x is just the sum of the entries in row i of A n , i.e. Ylj(A n )ij is the sum over j 
of the number of paths of length n connecting i to j, or the total number of paths of length n 
connecting i to any other vertex. Thus (A”x)j/sum(A n x) represents the proportion of all paths 
of length n which start from i; the greater this proportion, the more paths of length n come from 
vertex i. As n —► oo this gives the proportion of all paths (of any length) which start from i. 

(c) (i) From solutions to MATLAB 6.1, 11(a) 


» A=zeros(4,4); % Now put in l’s in row i in the "columns" connected to i. 

» A(1, [2 3 4] ) = [i 1 13;A(2,[1 3 4])=[i 1 1]; 

» A(3, [1 2 4] ) = [1 1 1];A(4,[2 3 4]) = [1 1 1]; 

» [V,D]=eig(A); 7, Compute eigenvectors and values 

» diag(D) ’ 7, Look at eigenvalues 

ana = 

-1.0000 0 3.0000 -1.0000 

» V(:,3)/sum(V(:,3)) 7, Importance vector as D(3,3) largest eigenvalue, 
ans = 

0.2500 

0.2500 

0.2500 

0.2500 


Each vertex has equal importance. This is to be expected since the graph is totally symmet¬ 
ric, with each vertex connected to every other vertex. 
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(ii) From MATLAB 6.1, 11(b) 

» A=zeros(6,6); '/. Put in l’s in row i in the "columns" connected to i. 

» A(1, [2 5 6]) = Cl 1 1] ;A(2, [1 3 6]) = [1 1 1]; 

» A(3,[2 4 6] ) = [i 1 1] ; A(4, [3 5 6]) = [1 1 1]; 

» A(5,[l 4 6])=[1 1 1];A(6,1:5)=[1 1111]; 

» [V,D]=eig(A); */. Compute eigenvectors and values 

» diag(D) ’ '/, Look at eigenvalues 

ans = 

-1.6180 0.6180 -1.6180 0.6180 3.4495 -1.4495 

» V(:,5)/sum(V(:,5)) i. Importance vector as D(5,5) largest eigenvalue, 
ans = 

0.1551 

0.1551 

0.1551 

0.1551 

0.1551 

0.2247 

Vertex 6 is the most important, and all others are of equal but lesser importance. The sym¬ 
metry of vertices 1 to 5, each connected to the same number of vertices suggests they should 
have equal importance, while the greater number of connections from vertex 6 suggests it 
should be more important. 

(iii) From MATLAB 6.1, 11(c) 

» A=zeros(5,5); '/, Now put in l’s in row i in the "columns" connected to i. 

» A(1, [2 4 5] ) = [1 1 1] ;A(2, [1 3 4 5]) = [1 111]; 

» A(3, [2 4 5] ) = [i 1 1] ;A(4, [1 2 3 5]) = [1 11 1]; 

» A(5,[1 2 3 4])=[1 111]; 

» [V,D]=eig(A); diag(D)’ */, Examine eigenvalues to find the largest 
ans = 

-1.0000 0.0000 -1.0000 -1.6458 3.6458 

» V(: ,5)/sum(V(: ,5)) '/, Importance vector as D(5,5) largest eigenvalue, 

ans = 

0.1771 

0.2153 

0.1771 

0.2153 

0.2153 

Again the symmetry of the connection patterns for vertices 2, 4, 5 and for 1,3 suggests mem¬ 
bers of each of these two groups should have equal importance, while the greater number 
of adjacent vertices for the 2,4,5 group suggests members of this group are more important 
than those in the 1,3 group. 
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(iv) For the airline route graph the adjacency matrix is: 

» A=zeros(8,8); 

» A(l,4)=l; A(2,[4 6]) = [1 1] ; A(3, [4 7 8]) =[111]; 

» A(4,[1 2 3 7]) = [1 1 1 1] ; A(5, [2 7 8]) = [1 1 1]; 

» A(6,[2 8])=[1 1]; A(7, [3 4 5]) = [l 1 1]; A(8,[3 5 6]) = [1 1 1]; 

» [V,D]=eig(A); diag(D)’ ’/. Look for largest eigenvalue 

ans = 

Columns 1 through 7 

-2.2909 2.8343 -1.8650 0 1.2524 0.1610 0.8601 

Column 8 
-0.9520 

» V(: ,2)/sum(V(: ,2)) '/. Importance as D(2,2) largest. 

ans = 

0.0598 
0.0874 
0.1662 
0.1694 
0.1372 
0.0784 
0.1668 
0.1347 

City number 4 has, proportionally, more multistop routes issuing from it than any other city 
with 7 and then 3 slightly behind. The fact that city 4 connects directly to more cities (4) 
than any other city is immediately obvious from the graph, but the more subtle fact that 
there are proportionally more paths of any (large) length n starting from city 4 requires 
a more complex analysis; one based on the eigenvalue/eigenvector properties of A and its’ 
powers. 
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Section 6.3 

In each of 1-15 the solutions only give Aj and v< and C = (vi,..., v„). You should also compute 
/A, OX 

AC, C I ' •. 1, and verify they are equal. 

\ 0 A„ / 

1. By problem 1, section 6.1, the eigenvalues of A are 3, —4. Since the eigenvalues of A are distinct, A is 
diagonalizable. Eigenvector for A = —4: ^ j ^ ; Eigenvector for A = 3: ^ jQ. Then C — ^ * jQ. 

3 — A —1 

2. _ 24 __\ = A 2 — 7A + 10; Eigenvalues: 2,5. Since the eigenvalues of A are distinct, A is diagonal¬ 
izable. Eigenvector for A = 2: ^ ^; Eigenvector for A = 5: ^ ^ ) • Then C = ^ j ^ ) • 

3. By problem 3, section 6.1, the eigenvalues of A are i, —i. Since the eigenvalues of A are distinct, A is 

diagonalizable. Eigenvector for A = i: ^ ^ ^; taking conjugates, eigenvector for A = — i: ( 2 j-) • 

= ( 1 A 

\2-i 2 + iJ 

= A 2 — 2A + 2; Eigenvalues: 1 + i, 1 — i. Since the eigenvalues of A are distinct, A 
is diagonalizable. Eigenvector for A = 1 + i: ^ ^-); taking conjugates, eigenvector for A = 1 — i: 

( 2 +?)- Then C= ( 2 — i 2 + z) ’ 

5. By problem 6 , section 6.1, the eigenvalues of A are 2 + 3 i, 2 — 3 i. Since the eigenvalues of + are dis¬ 
tinct, A is diagonalizable. Eigenvector for A = 2 + 3z: (_j 4 . 3 ^) > taking conjugates, eigenvector for 

A = 2 - 3i: (-l- 3 i) The " C =(-l + 3i-l-3i)- 

6 . By problem 7, section 6.1, the eigenvalues of A are 0,1,3. Since the eigenvalues of + are distinct, A is 


Then C 


4. 


3-A -5 
1 -1 - A 


-1 


diagonalizable. Eigenvector for A = 0: 1 ; Eigenvector for A = 1: | 0 ; Eigenvector for A = 3: 


1 ' 


' 1-1 1 ' 


-2 . Then C = 1 0-2 


1 


1 1 1 


7. By problem 8, section 6.1, the eigenvalues of A are —1,1,2. Since the eigenvalues of + are distinct, 

/ 3 \ ( l \ 

A is diagonalizable. Eigenvector for A = 1: [21; Eigenvector for A = 2: I 3 . Eigenvector for 


' 1 ' 


'3 1 T 


A = -1: 0 ; Then C= 2 3 0. 


1 


. 111 . 
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- 1 ' 

2 

0, 


- 1 ' 

2 

1 


Then A is 


8. The eigenvalues of A are 2,0,0. Ei = span ^ | 0 | i?o = span 

. 0. 

/I -1 -1' 

diagonalizable and C = I 0 2 2 

\0 0 1, 

9. The eigenvalues of A are 3,0,2. Since the eigenvalues of A are distinct, A is diagonalizable. Eigen- 


0 


O' 


r 


vector for A = 0: 111; Eigenvector for A = 2: 111. Eigenvector for A = 3: I 0 ). Then C = 


0, 


0, 


10 . 


0 0 1 
1 1 0 
,0 2 0 , 

3-A -1 -1 

11-A -1 
1 -11-A 


4 — 8A + 5A 2 — A 3 ; Eigenvalues: 1,2,2. E? = span 


Ei = 


span 


1 1 r 

1 I >• Then A is diagonalizable and C = | 10 1 |. 

Oil, 



11. By problem 14, section 6.1, the eigenvalues of A are 1,1,2. E\ — span 


1 

3 

. 0 , 


O' 

-2 

1 


Ei = 


span 


T 0 2' 

1 I > Then A is diagonalizable and C = | 3—2 1 

0 12, 



12. By problem 15, section 6.1, A is not diagonalizable since the eigenvalue of 2 has algebraic multiplicity 
two and geometric multiplicity one. 


13. 


-3 - A -7 -5 

2 4 — A 3 
1 2 2 — A 


-3 

= 1 — 3A + 3A 2 — A 3 ; Eigenvalues: 1,1,1. E$ = span ^ [ 1 | A is not 

1 


14. 


diagonalizable since the algebraic multiplicity of 1 is three and the geometric multiplicity of 1 is one. 

= A 4 + A 3 — 11 A 2 + A — 12; Eigenvalues: 3, —4, i, —i. Since the eigen- 


-2-A -2 0 0 

-5 1-A 0 0 

0 0 2 — A -1 

0 0 5 -2 - A 


values are distinct, A is diagonalizable. Eigenvector for A = 3: 


r 2 \ 

5 

1 

\ 1 / 


; Eigenvector for A = —4: 


q I; Eigenvector for A = i: 2 i I ’ Eigenvector for the conjugate A = — i: 2 — i I' ^ en 


, 0 , 

C = 


2 1 0 O' 

5 1 0 0 

1 0 2 + i 2 - i I’ 
1 0 5 5/ 
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15. 


By problem 15, section 6.1, the eigenvalues of A are 2,2,4,6. E 2 = span 1 


(l) 

1 

Vo/ 


span 


/ !\1 


r, 

( l \ 

V-i/ J 

>] E& = span < 

1 

i 1 

i 



( Q 

-1 

1 


► . Then C- 

0 

1 

1 



1 

0 

1 

_i 


Vo 

1 

-1 

j 




i 


0 


V i) 

4 


16. Since A is similar to B, B — D 1 AD for some invertible matrix D. Since B is similar to C, C = 
E~ l BE for some invertible matrix E. Then C = E~ l D~ l ADE = ( DE)~ 1 A(DE ). Thus A is similar 
to C. 

17. Since A is similar to B, B = C~ l AC for some invertible matrix C. Then B n = (C~ 1 AC) n = 
(C'-MCXC-MC).. .(AC)(C~ 1 AC) = C~ 1 A n C, as all interior CC _1 = I. Thus A n is similar to 
B n for any positive integer n. 

18. Suppose C is invertible. If x £ Na then CAx = CO = 0. Then x £ Nca- If x € Nca then Ax = 0 
since v(C) = 0. Thus x £ Na if and only if x £ Nca- Then u(CA) = v(A). Next, suppose x £ Ra- 
Then there exists y such that Ay = x. Since C is invertible, Rc = M n . Then there exists z such 
that Cz = y. Then ACz = x. Thus Ra C Rac- Suppose x £ Rac- Then there exists z such 
that ACz = x. Let y = Cz. Then Ay = x. Thus Rac Q Ra- Then Ra = Rac and therefore 
p(AC) = p(A). Then p(A) + v(A) = p(CA) + v{CA) =S> p(A) = p(CA). Then p(A) = p{AC) = p(CA). 
Since C~ l is invertible, p{C~ l AC) = p{(AC)C~ l ) = p{A). That is, p(B) = p{A). And then we also 
have v{A) — 1 '(B). 

20. Since A is similar to B, B = C~ X AC for some invertible matrix C. Then det B = det (C~ 1 AC) = 

~r~= (det A)(detC) = det A. 
det C 

21. Since C~ l AC = D then A = CDC~ l . Then A n = (CDC~ 1 ) n = CD n C~\ by adapting Problem 17. 


22. Let C = (J J). Then C- (’ lj)c= (J _?),«. (’ ij) = (? 1) (J _?) (_1 ~\)- Then 


23. Suppose that A is diagonalizable. Note that D = cl. Since D is similar to A, A = C~ 1 DC for some 
invertible matrix C. Then A = C~ 1 (cI)C = cl. If A = cl then A is already a diagonal matrix and 
thus is diagonalizable. Therefore, A is diagonalizable if and only if A = cl. 


/3 2 4 \ 10 _i /2 1 0\ /8 0 0\ 10 /—2—1 —2\ 

2 0 2 = ( 1 —2 —2 ) ( 0 —1 0 -5 2 4 

\ 4 2 3 / 9 V 2 0 V V° O' 1 / V 4 2 - 5 / 

(2 1 0\ /8 lo 0 0\ (—2 —1 —2\ 

= —- 1 -2 -2 0 1 0 -5 2 4 

9 \2 0 1 / V 0 0 1/ \ 4 2-5/ 

.(2 1 0\ (-2 x 8 10 -8 10 -2 x 8 10 \ 

= 1 -2 -2 j -5 2 4 

9 V^ 0 1/ V 4 2 “5/ 


24 . 
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/ _4 x 8 10 - 5 -2 x 8 10 + 2 -4 x 8 10 + 4 \ 

| —2 x 8 10 + 2 —8 10 — 8 —2 x 8 10 + 2 I 

\ -4 x 8 10 + 4 -2 x 8 10 + 2 -4 x 8 10 - 5 / 


25. Both A and B have n linearly independent eigenvectors since they both have distinct eigenvalues. 
Then D\ = Cf 1 ACi and D 2 — C^BC-i. Suppose A and B have the same eigenvectors. Then C\ = 
C 2 = C and AB = (CD 1 C- 1 )(CD 2 C~ 1 ) = CD^C' 1 = CD^C- 1 = (< CD 2 C~ l ){CDxC - 1 ) = BA. 
Suppose AB = BA. Let x be an eigenvector of B with corresponding eigenvalue A. Then BAx. — 
ABx = j4(Ax) = A Ax. Then Ax is an eigenvector for B corresponding to A. Since the algebraic mul¬ 
tiplicity of A = 1, Ax = /ix for some /i 6 M. Thus x is also an eigenvector of A. Similarly, every 
eigenvector of A is also an eigenvector of B. 

26. Since A is diagonalizable, A is similar to the diagonal matrix D = diag(Ai ,X 2 ,.. .,X n ). Then det A = 
det D — A 1 A 2 • • • A„. 
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CALCULATOR SOLUTIONS 6.3 

Problems 27-30 ask for a matrix C such that C 1 AC is a diagonal matrix, when A is the matrix given in the problem. 
These problems are easy to solve, since the required matrix is just the matrix of eigenvectors for the given matrix A. 
If we look carefully, we note that the matrices for these problems are the matrices from Problems 37-40 in Section 
6.1. In our solutions to those problems we computed the required eigenvector matrices, and saved them in variables 
VC 6 Inn. So for Problem mm in this section, C= VC 6 l(m + l)w. The instructions in the text show you how to actu¬ 
ally verify the requisite product is diagonal if you wish to. With the notation we have used in our solutions you 
would enter (say for problem 28) VC6138 F] (x) A6138 (x) VC6138 (ENTER] . We expect that the result 
will have as its diagonal entries the elements of VL6138 in order and that any off diagonal non-zero entries will be 
small relative to the diagonal entries. (We expect about 12 orders of magnitude decrease in the size of any non¬ 
diagonal entries.) 


27. VC6137 (or EIGVC A6137 ) |STO | C6327 (ENTER] yields the matrix 

[[ (-. 62142715 , 0 ) { . 71687784 , 0 ) ( . 04543794 ,- 3 . 19251194 ) { . 04543794 , 3 . 19251194 ) ] 

[ (-. 31716213 , 0 ) (-. 10298644 , 0 ) (-. 48915686 ,- 1 . 06860326 ) (-. 48915686 , 1 . 06860326 ) ] 

[ (-. 60074151 , 0 ) ( . 46085995 , 0 ) ( . 56855460 ,- 1 . 47374850 ) ( . 56855460 , 1 . 47374850 ) ] 

[ (-. 64889372 , 0 ) (-. 47071528 , 0 ) ( . 18909574 , 3 . 31095939 ) ( . 18909574 ,- 3 . 31095939 ) )) 


[[ .80930625 -.41169877 .17282897 ] 

28. VC6138 [STO] C6328 (ENTERl yields the matrix [ .39760427 .79901338 .43021880 ] . 

[ .57142906 .83487921 -.72384690 ]] 

29. EIGVC A6139 [STO ] C6129 (ENTER] yields the matrix 

[[ -.86904182 -1.13177594 .03887837 ] 

[ -.05274303 -.76511960 1.21858619 ] . 

[ .40418751 .13423638 -.98551797 ]] 


30. VC6140 [STO ] C6330 (ENTER] yields the matrix 


[( (. 30391413 , 0 ) (-. 41583517 , 0 ) ( . 07216788 , . 02724822 ) ( . 07216788 , -. 02724822 ) 

( (. 43510240 , 0 ) ( . 35954684 , 0 ) ( . 49417683 ,-. 12406035 ) ( . 49417683 , . 12406035 ) 

[ (. 85461548 , 0 ) (-. 63331201 , 0 ) (-. 11345962 , 1 . 60773524 ) (-. 11345962 ,- 1 . 60773524 ) 
[ (. 77355755 , 0 ) ( . 29739916 , 0 ) (-. 06111309 ,-. 74473569 ) (-. 06111309 , . 74473569 ) 

[ (. 85494504 , 0 ) ( . 31477757 , 0 ) (-. 36238989 ,-. 37130114 ) (-. 36238989 , . 37130114 ) 


( -. 18257769 , 0 ) ] 

( . 65346843 , 0 ) ] 

(- 2 . 15604925 , 0 ) ] 

( 1 . 65335384 , 0 ) ] 

( -. 39568255 , 0 ) ]] 
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MATLAB 6.3 


1. See MATLAB 6.1, solution for problem 8, which shows CAC~ X and A have the same eigenvalues. 

2 . 


» A=10*rand(4)-5*ones(4,4); 
» [V,D]=eig(A> 

V = 


-0.4178 

- 

0.5436i 

-0.4178 

+ 

0.5436i 

-0.4771 

+ 

0.4123i 

-0.4771 

- 

0.4123i 

0.2137 

- 

0.5274i 

0.2137 

+ 

0.5274i 

-0.1702 

- 

0.1398i 

-0.1702 

+ 

0.1398i 

-0.2502 

- 

0.0064i 

-0.2502 

+ 

0.0064i 

0.5903 

- 

0.3344i 

0.5903 

+ 

0.3344i 

-0.3449 

+ 

0.1564i 

-0.3449 

- 

0.1564i 

-0.3048 

+ 

0.0266i 

-0.3048 

— 

0.0266i 

-2.6731 

+ 

7.0801i 

0 



0 



0 



0 



-2.6731 

- 

7.0801i 

0 



0 



0 



0 



0.4213 

+ 

i.0786i 

0 



0 



0 



0 



0.4213 

- 

1.0786i 


» A-V*D*inv(V) 


ans = 

1.0e-14 * 

- 0.2220 - 0.1166i 
-0.2665 - 0.0708i 
-0.0666 - 0.0555i 
0.1110 - 0.0014i 


-0.3553 + 0.2220i 
0.3997 + 0.0638i 
-0.1776 + 0.061H 
-0.2665 + 0.0333i 


-0.4441 - 0.0305i 
-0.5329 - 0.0375i 
-0.0555 - 0.0500i 
0.1554 + 0.0222i 


0.2665 + 0.2331i 
0.0888 + 0.1069i 
0.3553 + 0.1055i 
0.2331 + 0.0167i 


(a) Almost all random matrices have distinct eigenvalues, i.e. all eigenvalues have algebraic multi¬ 
plicity one, just like almost all random matrices are invertible. 

(b) When A has distinct eigenvalues, then there exists a basis of eigenvectors by 6.1, Theorem 6. 
This says the matrix V of eigenvectors will be invertible and by the Corollary to Theorem 2, 
VDV- 1 = A, since AV = VD just expresses the eigenvector properties of the columns of V. 


3. (a) 


» A= [38 -95 55; 35 -92 55; 35 -95 58]; */. Matrix from MATLAB 6.1, problem 1 
» x= [1 1 1 ] ’; lambda = -2 ; ’/. x is an eigenvector for the eigenvalue lambda 

» y= [3 4 5 ]’; mu = 3 ; */. y is an eigenvector for the eigenvalue mu 

» z= [4 9 13]’; mu = 3 ; X z is an eigenvector for the eigenvalue mu 

» rref([x y z]) */, Since this is I, {x,y,z> is a basis, 

ans = 

10 0 

0 10 

0 0 1 

» C=[x y z] % An invertible matrix with independent eigenvectors as columns 
C = 

13 4 

14 9 

1 5 13 
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» D=diag([lambda mu mu]) V. Diagonal entries are eigenvalues for columns of C 
D = 


ans = 


-2 0 

0 

0 3 

0 

0 0 

3 

C*D*inv(C) 

’/. 

38 -95 

55 

35 -92 

55 

35 -95 

58 


(b) 


» A = [ 1 1 .5 -1 ; 
A = 

-2 1 -1 0; 0 2 0 2; 

2 1 -1.5 2] 


1.0000 1.0000 

0.5000 -1.0000 



-2.0000 1.0000 

-1.0000 0 



0 2.0000 

0 2.0000 



2.0000 1.0000 

-1.5000 2.0000 



» x = [ 1 i 0 -i] . * 

; lambda = l+2*i 

► 


» v = [ 0 i 2 1+i]. 

. 

> 



» y = [ 1 -i 0 i] . ’ 

; mu = l-2*i ; 



» z = [ 0 -i 2 1-i] 

) . 

9 



» rref ( [x v y z] ) 

f. Since this is I, {x,v,y,z} is a basis 


ans = 




10 0 

0 



0 10 

0 



0 0 1 

0 



0 0 0 

1 



» C=[x v y z] '/, An 

invertible matrix with independent eigenvectors as columns 

C = 




1.0000 

0 

1.0000 

0 

0 + l.OOOOi 

0 + l.OOOOi 

0 - l.OOOOi 

0 - l.OOOOi 

0 

2.0000 

0 

2.0000 

0 - l.OOOOi 

1.0000 + l.OOOOi 

0 + l.OOOOi 

1.0000 - l.OOOOi 

» D=diag([lambda lambda mu mu]) % Diagonals cure eigenvalues for columns of C 

D = 




1.0000 + 2.0000i 

0 

0 

0 

0 

1.0000 + 2.0000i 

0 

0 

0 

0 

1.0000 - 2.0000i 

0 

0 

0 

0 

1.0000 - 2.0000i 

» A-C*D*inv(C) */, Zero so A=C*D*inv(C) 

(it might just have 

been close to 0). 

ans = 




0 0 0 

0 



0 0 0 

0 



0 0 0 

0 



0 0 0 

0 
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4. (a) 


» A = C 1 -1 0; -1 2 -1; 0-1 1]; 

» d=eig(A), dd=d.~20; */. Take the 20’th power of the eigenvalues of A. 
d = 


0.0000 

1.0000 

3.0000 

» E=diag(dd) 

E = 

1.0e+09 * 

0.0000 0 

0 0.0000 
0 0 

» [V,D]=eig(A); 

» E-D‘20 
ans = 

1.0e-05 * 

0 0 

0 0 

0 0 


0 

0 

3.4868 

*/. Find the eigenvectors for A. 
V, Zero up to round-off. 


0 

0 

0.4292 


This should be zero since any power of a diagonal matrix is formed by just taking that power of 
the diagonlal elements. (The failure of exact equality is only a relative error of about IE-14 and 
shows that the MATLAB algorithm for computing matrix powers (of a diagonal) does not just 
take powers (of the diagonal elements).) 


» A“20-V*E*inv(V) 
ans = 

1.0e-04 * 

-0.0262 0.0525 

0.0525 -0.1049 

-0.0262 0.0525 


V, Will be zero 

I, (up to relative round-off error of about le-14). 

-0.0250 

0.0501 

-0.0250 


» A=[3 9.5 -2 -10.5; -10 -42.5 10 44.5; 6 23.5 -5 -24.5; -10 -43 10 45]; 
» d=eig(A), dd=d.*20; '/, Take the 20’th power of the eigenvalues of A. 
d = 

-3.0000 
2.0000 
1.0000 
0.5000 

» E=diag(dd) 

E = 

1.0e+09 * 


3.4868 

0 

0 

0 

0 

0.0010 

0 

0 

0 

0 

0.0000 

0 

0 

0 

0 

0.0000 
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» [V,D]=eig(A); l Find the eigenvectors lor A. 

» E-D“20 l Zero up to round-off, so E=D“20. 

ans = 

1.0e-05 * 

0.4768 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

» A~20-V*E*inv(V) */, Zero up to round-off, so A~20=V*E*inv(V). 

ans = 

0.0000 -0.0001 0.0000 0.0001 

-0.0014 -0.0056 0.0014 0.0056 

0.0007 0.0028 -0.0007 -0.0028 

-0.0014 -0.0056 0.0014 0.0056 

(c) From C~ l DC = A we get A = CDC~ X . Then A n = (C" 1 DC)(C- 1 DC)...(C- 1 DC)(C~ 1 DC), 
n factors of CDC~ X . The interior adjoining CC~ l all give I, leaving n factors of D, i.e. A n = 
CD n C~ x . (Compare with 6.3, problem 17 or 21.) 

5. (a) Ax = Ax for A > 0 says that A expands or compresses x, depending on whether A > 1 or A < 1. 
(b) A expands or compresses each eigenvector by a factor given by the associated eigenvalue. If A 
is diagonalizable there is a basis of eigenvectors. Since any vector is a linear combination of the 
eigenvectors in this basis, the effect of multiplication by A on any vector can be described as a 
linear combination of the expansions or compressions along the directions of the basis vectors. 


» A=[5/2 1/2;1/2 5/2]; 

» [V,D]=eig(A) V, Since D has distinct entries, A is diagonalizable 
V = 

0.7071 0.7071 

-0.7071 0.7071 

D = 

2 0 

0 3 

» V*diag([l i]./min(V)) */. This divides each eigenvector in V by its’ minimum 
ans = 

-1 1 

1 1 

The last result shows the eigenvectors are in the directions (1, — 1)* and (1,1)* and the eigenval¬ 
ues in D show multiplication by A expands in the direction (1 -1)* by a factor of 2 and expands 
the direction (1 1)* by a factor of 3. To sketch the image of the rectangle, whose corners are at 
eigenvectors, take the diagonal running from the (-1,-1) corner to the (1,1) corner and stretch by 
a factor of 3 in each direction; take the other diagonal and stretch by a factor of 2 in each direc¬ 
tion. Your sketch should yield a rhombus. 



Similar Matrices and Diagonalization MATLAB 6.3 


513 


(d) (i) 


iH 

CO 

1 

LO 

tA 

1_1 

II 

< 

A 

A 

17; 20.5 • 

-44 24.5; 

26.5 -58 32.5]; 

» [V,D]=eig(A) '/, Distinct diagonal entries in D>0 so A is diagonalizable 

V = 




-0.4243 

-0.2453 

0.5774 


-0.5657 

-0.5518 

0.5774 


-0.7071 

-0.7971 

0.5774 


D = 




2.0000 

0 

0 


0 

0.5000 

0 


0 

0 

1.0000 


» inv(V)*A*V 

*/. This 

verifies 

A is diagonalizable 

ans = 




2.0000 

0.0000 

0.0000 


0.0000 

0.5000 

0.0000 


0.0000 

0.0000 

1.0000 


» V*diag([l 

1 1]./min(abs(V))) 

V, Give eigenvectors with nice entries 

ans = 




-1.0000 

-1.0000 

1.0000 


-1.3333 

-2.2500 

1.0000 


-1.6667 

-3.2500 

1.0000 


» ans*diag([3 41]) 


*/, Still nicer eigenvectors 

ans = 




-3.0000 

-4.0000 

1.0000 


-4.0000 

-9.0000 

1.0000 


-5.0000 - 

13.0000 

1.0000 



The last matrix computed has three independent eigenvectors for columns, and shows that 
the geometry of A is given by an expansion by a factor of 2 in the direction (3 4 5) 1 , com¬ 
pression by a factor of 1/2 in the direction of (4 9 13) and expansion by a factor of 1 in the 
direction (1 1 1)‘. 


» B=10*rand(3)-5*ones(3,3); A=B’*B 
A = 


31.6145 -26.8123 -23.8618 


-26.8123 

23.4677 

20.1571 

-23.8618 

20.1571 

32.6538 

» [V,D]=eig(A) */. D 

has 3 distinct positive 

V = 

% so A is diagonalizable 

0.6599 

0.4240 

-0.6203 

0.7511 

-0.3930 

0.5305 

0.0188 

D = 

0.8160 

0.5778 

0.4161 

0 

0 

0 

10.5457 

0 

0 

0 

76.7743 


The three independent eigenvector columns of V give directions of expansion/compression for 
multiplication by A. 
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6. (a) 


» A=[22 -10; 50 -23]; e = eig(A) , d = det(A) 
e = 

2 

-3 

d = 

-6 

» A=[8 3; .5 5.5]; e = eig(A) , d = det(A) 
e = 

8.5000 

5.0000 

d = 

42.5000 

» A=[5 -11 7; -2 1 2; -6 7 0]; e = eig(A) , d = det(A) 
e = 

2.0000 

1.0000 

3.0000 

d = 

6 

» A=[26 -68 40;19 -56 35;15 -50 33]; e = eig(A) , d = det(A) 
e = 

-2.0000 

2.0000 

3.0000 

d = 

-12 

For each A the eigenvalues in e are distinct, so a set consisting of one eigenvector for each eigen¬ 
value will be a basis, the matrix C with this basis as columns will be invertible and C~ x AC will 
be diagonal with the eigenvalues on the diagonal; this says A is diagonalizable. 

For each A the product of the eigenvalues is equal to det (vl). 


» A = C 38 -95 55; 35 -92 55; 35 -95 58]; */. Matrix from MATLAB 6.1, 1 
» det(A), (-2)*3*3 '/, This verifies det(A) = the product of the eigenvalues 
ans = 

-18 


ans = 


-18 


A = C 1 1 

.5 -1 ; 

-2 1 -1 0; 

0 2 0 2; 

1.0000 

1.0000 

0.5000 

- 1.0000 

-2.0000 

1.0000 

- 1.0000 

0 

0 

2.0000 

0 

2.0000 

2.0000 

1.0000 

-1.5000 

2.0000 


» det(A), (l+2*i)“2*(l-2*i)~2 */, This verifies det(A) = product of eigenvalues 
ans = 

25 


ans = 

25.0000 
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(c) If A is diagonalizable, then det (A) is the product of the eigenvalues for A (counting algebraic 
multiplicity). Proof: Since A = C~ 1 DC where D has the eigenvalues for A along its diagonal, 
det(-A) = (1/det (C)) det (D) det (C) = det (D) = dud22---d nn - The equalities come from the 
product rule for determinants, the fact that det (C -1 ) =1/ det(C) and the fact that the determi¬ 
nant of a diagonal matrix is the product of its diagonal entries. 
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Section 6.4 

1. The eigenvalues of A are Ai = 5 and A 2 = —5. The corresponding eigenvectors are vi = ^ ^ and 

v!= (-0- 

|vi| = |v 2 | = VS. ThusQ = ^ I (j_ 2 ) ) g t = ^(j_ 2 ) and 

_l/25 0 \ _ /5 OV 

“ 5 V 0 -25j " \0 -5J 


2. The eigenvalues of A are Ai = 1 and A 2 = 3. The corresponding eigenvectors are vi 

vj= (0- 

|vi| = |v,| = V 5 . Thus(J = ^- (_} {), O’ = 75 (J “d 

-Kss)-(ss)- 


(-0 


and 


3. The eigenvalues of A are A 1 = 0 and A 2 = 2. The corresponding eigenvectors are vi = ^ j ^ and 

= (_!)• Ivil = |v,| = V2. Thu.e=^ 5 (|_{),<} , = ^ s ({_J) and 

«■*»=i (1 -!) (-! i) (!.!) - * (I -!) (S -0 ■ (! *)• 

4. The eigenvalues of A are Ai = 2 and A 2 = —1. Independent eigenvectors corresponding to Ai are vi = 


' 1\ /O' 

—1 I and v 2 = 

0/ V-l 


1 1. An eigenvector corresponding to A 2 is V 3 = 


|vx | = \/2 so let iij 


1/V2\ 

-1/-/2 I. Now v 2 = v 2 — (v 2 • ui)ui = 


|v' 2 | = \/ 6/2 so let U 2 = ^ 




. Orthogonalize vj, V 2 : 

/ 1/V2\ /1/2' 

+ 72 ( ~ 1 ^q] = ' 


Thus Q = 


l/yft l/x/6 1/V3\ 
-1/V5 1 /V 6 i/\/3 
0 -2/V5 1/V5 / 


1/Ve\ 

1/a/ 6 I . We also have u 3 = v 3 /|v 3 | = ^v 3 


1/V2 l/\/6 l/>/3\ 
-1/VS 1/V6 1/Vz 
0 —2/VS 1/V3 / 



V-i, 
/i/V5\ 
1/VS . 

Vi/vs/ 


(l/y/2-l/y/2 0\ / 2A/2 2/v / 6-l/v / 3\ /2 0 O' 

= 1/V6 1/V5 -2/v/5 — 2 /V 2 2/V6 —1/V3 = 02 0 


\1/V3 1/VS l/\/3, 


0 —4/V6 —1/V3 / V 00 - 1 , 
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5. The eigenvalues of A are Ai = —3, A 2 = 1 + 2\/2, and A 3 = 1 — 2\/2, with corresponding eigenvectors 


vi = 



/i/V5\ 

, v 2 = I 1/V2 I , v 3 = 



Since |vi| = |v 2 | = |v 3 | = \/2, we have 

(-1/V2 1/2 1/2 \ (-1/V21/V2 0 \ 

Q = 1/V2 1/2 1/2 , Q* = 1/2 1/2 1/V5 

V 0 1/V5 — 1/V5/ v 1/2 1 / 2 - 1 /V 2 / 

/- 1 /V 21 /V 2 o\ /-1 2 2 \ /- 1 /V 2 1/2 1 / 2 \ 

and QMQ = 1/2 1/2 1 /a/2 2-12 1/V5 1/2 1/2 

\ 1/2 1/2-1/V2 / \ 2 2 1/ \ 0 1/V2-1/V2/ 


/—3 0 0 \ 

0 1 + 2v/2 0 . 

\ 0 01 - 2 V 2 / 


6 . The eigenvalues of A are Ai = 0, A 2 = 1 and A 3 = 3. The corresponding eigenvectors are vi = 



v 2 = 



1 

and v 3 — | —2 
1. 


Since |vi| = \/3, |v 2 | = \/2, |v 3 | = y/6, we have 

/l/VS 1 /V 2 1 /VS\ /l/VS l/vs i/vs\ 

Q = i/V5 0 - 2 /V 6 , g* = 1 /V 2 0 - 1 /V 2 . 

\ l/v/3 —1/V2 l/v/6/ \W§ -2/VS 1/V5/ 


/1/V5 1/V3 1/V5\ / 1 —1 o\ / 1 /vS l/v^ i/V5\ 
Q*AQ = I/V 2 0 -l />/2 -1 2 1 1/V5 0 - 2 /V 6 

\i/V 6 - 2 /V 6 i/vs/ v 0 - 11 / V 1 /V 3 - 1 /V 2 1 /V 6 / 



7. The eigenvalues of A are Ai = 0, A 2 = 3 and A 3 = 6 . The corresponding eigenvectors are vi = 


Since |vi| = |v 2 | = |v 3 | = 3 we have 

/ —2/3 1/3 2/3 \ / —2/3 2/3 1/3 \ 

Q= 2/3 2/3 1/3 , Q* = 1/3 2/3 -2/3 and 

\ 1/3 -2/3 2/3 / \ 2/3 1/3 2/3 / 

/—2/3 2/3 1/3\ /3 2 2\ / —2/3 1/3 2/3\ /0 0 0\ 

Q'AQ = 1/3 2/3 -2/3 2 2 0 2/3 2/3 1/3 = 0 3 0. 

\ 2/3 1/3 2/3/ \2 0 4/ \ 1/3-2/3 2/3/ \0 0 6/ 

8 . The eigenvalues of ^4 are Ai = 0, A 2 = 2, A 3 = (1 + \/5)/2, A 4 = (1 — V5)/2. 
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The corresponding eigenvectors are vj 



v 2 


o 

Vi / 


/ 

\ 



V4 


|vi| = 1, |v 2 | = 1, |v 3 | = 



= |VlO-2A |v 4 | = 1^10 + 2^. 


So Q = 


/0 0 

0 0 

1 0 
\0 1 


-S A v 

yj 10 —2\/5 \/io+2V^ ' 

l-%/5 1+vd} 

V10-2V5 \/l0+2\/5 


0 0 

0 0 / 


, and Q X AQ — 


/00 0 0 \ 

0 2 0 0 

0 0 0 

\0 0 O 1 ^/ 


/ 

V 



0 

0/ 


9. Let u be an eigenvector corresponding to A with |u| = 1. Then 1 = |/u| = \Q 1 Qu| = \XQ : u| = 
|AQ*u| = |A<5u| (since Q is symmetric) = |A 2 u| = A 2 . Hence A = ±1. 

10. We have B = Q f AQ and C = R l BR, where Q and R are orthogonal. As B = RR t BRR t = RCR t = 
Q*AQ, then C = R‘RCR}R = R t Q t AQR. Since Q and R are orthogonal, then QR is orthogonal, and 
hence, A is orthogonally similar to C. 

11. As Q is orthogonal, then det (Q) = ±1 (problem 2.2.32). We have Q -1 = ^_^det(Q) a/det(Q)) " 

Q t== (id) det W) = then6= ~ c - If det W) = -1 > then b = c - 


12. By theorem 3, A has n real orthogonal eigenvectors {vi, v 2 ,..., v„}. As {vj, v 2 , ...,v„} is a basis for 
® n and A\i — 0 for each v,-, then A is the zero matrix. 


13. If the 2x2 matrix A has two orthogonal eigenvectors, then A is orthogonally diagonalizable. Thus, by 
theorem 4, A is symmetric. 

14. Let A be an eigenvalue of A with eigenvector v. Then A(v, v) = (Av, v) = (Av,v) = (v, A i \) = 

(v, —Av) = (v, — Av) = —A(v, v). As v ^ 0, then A = —A, which means A = ia for some agl. 

15. Let A be an eigenvalue of A with eigenvector v. Then A(v, v) = (Av,v) = (Av,v) = (v, A*v) = 

(v, Av) = (v, Av) = A(v, v). As v ^ 0, then A = A, which implies A is real. 

16. Let Ai and A 2 be distinct eigenvalues of A (real by Problem 15) with corresponding eigenvectors Vi 
and v 2 . Then Ai(vi,v 2 ) = (Aivi,v 2 ) = (Av!,v 2 ) = (vi,A*v 2 ) = (v 1( A 2 v 2 ) = A 2 (vi,v 2 ) = 
^ 2 (vi,v 2 ). As Ai and A 2 are distinct, then Ai — A 2 ^ 0, and hence, (vj,v 2 ) = 0. 


17. We want to show that to every eigenvalue of algebraic multiplicity k there correspond k orthonormal 
eigenvectors. With this result and the conclusion of problem 16, the proof will be complete. Let ui 
be an eigenvector of A corresponding to Ai, with |ui| = 1. We can expand {ui} to an orthonormal 
basis {uj, u 2 ,..., u n } of C*. Let Q = (u,) be the matrix whose » th column is u,-. As Q is unitary, 


then A is similar to Q*AQ, and hence, |<3*AQ—A/| = |A—A/|. We have Q*AQ = 



A(uiu 2 • • u„ 


V(u n y / 


H CN 

v — 

(AuiAu 2 • 

■ • Au„) = 

f^Y\ 

(* 2 )* 

(AxuiAu 2 • 

•Au„) = 

/Ai (ui)*Au 2 (ui)*Au 3 • 
0 (u 2 )‘Au 2 (u 2 )‘Au 3 • 

• (ui)‘Au„\ 

• (u 2 ) i Au„ 

V(u„)‘> 



^(u n )*> 



\ 0 (u„)*Au 2 (u„)‘Au 3 • 

• (u„)‘Au n / 


since (uiJ'uj = 1 and (ui)*Ui = 0 for i ^ 1. As ( Q*AQ )* = ( Q*AQ) f = [Q'A^A*)*] = Q t A t Q = 
Q*AQ, then Q*AQ is hermitian, which implies that the zeros in the first row must match the zeros in 
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the first column. Hence, Q*AQ = 


0 0 -- 

0 (u 2 )‘Au 2 (u 2 )*Au 3 • • • (u 2 )*Au„ 


. The rest of the proof 


\ 0 (u n )‘Tu 2 (u n )*j4u 3 ■ • • (u„)‘4u„ / 
follows, as in the proof of theorem 3, with Q* replaced by Q*. 


18. As 


1 - A 1 - i 
1 + i —A 


A 2 — A — 2, the eigenvalues of A are Ai = — 1 and A 2 = 2. The corresponding 
eigenvectors are Vi = ^ 1 + 0/2^ an( j[ V2 = ^ * ^. As |vi| = ^3/2, and |v 2 | = \/3, then 

«=( ( - 1+ ^ (1 -^)—(-;;)• 

19. The eigenvalues for Ai = — 1 and A 2 = 8, with corresponding eigenvectors vj = ^ ^ 

(i + i)' ** |v ‘ l = ^ and l VJ l = ^ then 0 = ( (_1 + (1 + #$) D = (“J s)' 


and v 2 = 


20. If A = A* = A*, then de t {A) — det (A*) = det (A*) = det (A*) = det (A), since det (A) = det (A 1 ). 
Hence det (A) = det (A) or det (A) is real. 
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MATLAB 6.4 

1. (a) Because of the random choice, we expect distinct eigenvalues. Since normalization of any eigen¬ 
vector is just multiplication by a nonzero number, the result is still an eigenvector. The n unit eigen¬ 
vectors for the distinct eigenvalues will be orthogonal since A is symmetric, and thus these n unit 
eigenvectors will form an orthonormal basis for M n . 

(b) Here is one 3x3 random example. 


» B=10*rand(3)-5*ones(3,3); A=triu(B)+triu(B)’ '/, 

Produce a random symmetric 

A = 




-5.6208 

1.7930 

0.1942 


1.7930 

8.6939 

3.3097 


0.1942 

3.3097 

-9.3086 


» [V,D]=eig(A) */. Note the eigenvalues lor A are 

distinct, and real. 

V = 




-0.9925 

-0.0299 

0.1182 


0.1111 

0.1779 

0.9778 


0.0503 

-0.9836 

0.1733 


D = 




-5.8313 

0 

0 


0 

-9.9014 

0 


0 

0 

9.4972 


» V’*V 

*/, This yields I, showing V already had orthonormal columns. 

ans = 




1.0000 

0.0000 

0.0000 


0.0000 

1.0000 

0.0000 


0.0000 

0.0000 

1.0000 


» Q=V; A-Q*D*Q’ '/, This is zero (up to round-off) 

so A=G)DQ’. 

ans = 




1.0e-13 

* 



0.0266 

-0.0089 

-0.0006 


-0.0133 

-0.1421 

0 


-0.0006 

0 

0.0533 



2 . 


» B=8*rand(4)-4*ones(4,4); C=6*rand(4)-2*ones(4,4); A = B+i*C; */, Random A 
» H=triu(A)+triu(A)’ 


H = 

-4.4967 

3.4775 - 1.1616i 
-3.7234 - 2.2071i 
-3.9384 + 1.7152i 


3.4775 + 1.1616i 
-1.8640 

-3.5723 - 3.4619i 
-0.9327 - 2.4165i 


-3.7234 + 2.2071i 
-3.5723 + 3.4619i 
0.4752 

-3.4653 + 0.0306i 


-3.9384 - 1.7152i 
-0.9327 + 2.4165i 
-3.4653 - 0.0306i 
-1.3202 


(a) Inspection shows H — H* or check via MATLAB: 

» H-H’ '/, This is zero so H=H’, i.e H is hermitian. 
ans = 


0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
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» eig(H) '/. Find the eigenvalues tor H. Note they are all real, 
ans = 

-10.4644 - O.OOOOi 
-6.6520 + O.OOOOi 
7.2996 + O.OOOOi 
2.6111 + O.OOOOi 

(b) The extension of part 1(a) to the complex case follows immediately from the extensions of Theo¬ 
rems 1,2 and 3, once 1" is replaced by C*. Part 1(b) proceeds as follows: 


» [V,D]=eig(H) '/, For one random Hermitian matrix, use H from part (a) 
V = 


0.6522 + O.OOOOi 

0.4984 

+ 

0.1665i 

0.4637 

+ 

0.0259i 

-0.2332 

- 

0.1686i 

-0.1051 - 0.2730i 

-0.4880 

+ 

0.5223i 

0.5283 

- 

0.1205i 

-0.1432 

+ 

0.2991i 

0.4353 - 0.0526i 

-0.3513 

+ 

0.2708i 

-0.5355 

- 

0.4271i 

-0.2462 

- 

0.2852i 

0.5071 - 0.1993i 

-0.1271 

+ 

0.0108i 

-0.0912 

+ 

0.1152i 

0.7443 

+ 

0.3337i 

10.4644 - O.OOOOi 

0 



0 



0 



0 

-6.6520 

+ 

O.OOOOi 

0 



0 



0 

0 



7.2996 

+ 

O.OOOOi 

0 



0 

0 



0 



2.6111 

+ 

O.OOOOi 


» V. Note that the eigenvalues of the random hemitian H are real and distinct 
» V’*V */, This yields I, showing that V is unitary. See page 580. 

ans = 


1.0000 

0.0000 - O.OOOOi 
0.0000 - O.OOOOi 
0.0000 + O.OOOOi 


0.0000 + O.OOOOi 

1.0000 

0.0000 - O.OOOOi 
0.0000 - O.OOOOi 


0.0000 + O.OOOOi 
0.0000 + O.OOOOi 
1.0000 

0.0000 - O.OOOOi 


0.0000 - O.OOOOi 
0.0000 + O.OOOOi 
0.0000 + O.OOOOi 
1.0000 


» Q=V; A-Q*D*Q’ '/, This is zero (up to round-off) so A=Q*D*Q 


ans = 


2.2483 + 2.1206i 
-7.1012 + 2.6954i 
5.1543 + 5.7898i 
5.3728 + 1.3618i 


0.0000 + O.OOOOi 
0.9320 - 1.4482i 
3.7276 + 5.3854i 
3.5804 + 2.9125i 


0.0000 + O.OOOOi 
0.0000 + O.OOOOi 
-0.2376 + 2.5732i 
4.8345 - 0.4559i 


0.0000 - O.OOOOi 
0.0000 + O.OOOOi 
0.0000 + O.OOOOi 
0.6601 + 1.7958i 


3. (a) For an orthogonal Q, 1 = det(Q*Q) = det(Q) 2 , using Q*Q = I, and det(Q‘) = det(Q). Hence 

det (Q) = ±1. Now if det ( Q ) = — 1 multiplying a column of a matrix by -1 multiplies the deter¬ 
minant by -1, so produces a new Q with det ( Q ) = 1. However, multiplying a column by -1 does 
not change the length of the column or the fact that is is orthogonal to the other columns. Thus 
the result is still an orthogonal matrix. Moreover, since -1 times an eigenvector is still an eigen¬ 
vector for the same eigenvalue, the new orthogonal matrix still has eigenvectors for its columns, 
and the corresponding eigenvalues are exactly the diagonal elements of D. Hence Q*AQ = D or 
QDQ* = A for the new orthogonal Q. 

(b) Once we know that the first column of Q can be written as (cos(0)sin(0)) ( , then there are only 
two unit vectors orthogonal to this column: ±(— sin(0) cos(0))*. Since the plus sign choice yields 
the matrix Q with det (Q) = cos 2 (6) + sin 2 (0) = 1, and the minus sign choice gives a matrix with 
determinant -1, only the given form for Q matches the assumptions. From the form of rotation 
transformations given on page 470, equation (5), or implicitly in MATLAB 4.8, Problem 9 and 
MATLAB 4.9, Problem 15, Q is a rotation matrix, corresponding to the transformation of R 2 
given by counterclockwise rotation by an angle 6. 
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(c) Since Q* = Q -1 , one first rotates clockwise by an angle 9, then expands or compresses along the 
x- and y -axes as indicated by the positive entries in the diagonal matrix D, and then rotates 
back, that is counterclockwise, by the same angle. 

(d) (i) 

» A=[7/2 1/2 ; 1/2 7/2]; [Q,D]=eig(A) 

Q = 

0.7071 0.7071 

-0.7071 0.7071 

D = 

3 0 

0 4 

» atan2(Q(2,l),q(l,l))*180/pi */. atan2(y,x) gives the angle (in radians) for 
ans = 

-45 

» '/, the polar coordinates of (x, y) 

Rotate clockwise by 0 = —45°, expand by 3 along the ar-axis and expand by 4 along the y- 
axis and then rotate counterclockwise by 0. See figures below. This has the same effect as 
expanding by 3 in the direction of (1 — 1)* and expanding by 4 in the direction of (1 1)*. 



i 1 

(a) (b) ( C) ( d) 


» A=[2.75 -.433; -.433 2.25]; [Q,D]=eig(A) 


Q = 

-0.8660 

-0.5000 

0.5000 

-0.8660 

D = 

3.0000 

0 

0 

2.0000 


» atan2(Q(2,i),Q(l,l))*180/pi */, atan2(y,x) gives the an angle (in radians) for 
ans = 

150.0004 

» '/, the polar coordinates of (x, y) 

Rotate clockwise by 9 m 150°, expand by 3 along the x-axis and expand by 2 along the y- 
axis, and then rotate counterclockwise by 0. The image of the unit circle is sketched below. 

V 

I 



X 
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Section 6.5 


3-A -1 
-1 -A 


= A 2 -3A-1 = 0=>A = 


1 (-?-;) 

v 2 = ( 3 + Vi|);l v il = \/26-6v/l3, |v a | = 726 + 6713; Q = 


3±7l3 


/ 


;Vl = (3-Vn) and 


-\ 


( 3 + VT f 3 _ yi|) and (3+ 2 ^ - ) .(x / ) 2 + (3 ^ (i/) 2 = 5; Hyperbola; 0 « 343.15° 


726 - 6-M \/26 + 6v/l3 
3 — \/IZ 3 + 713 

V 726 - 6713 726 + 6713 1 


'4 2A /zA ( x 



. 21 ; V y 


y. 


= 9; 


4-A 2 
2 1-A 


= A 2 -5A = 0=+A = 0,5. Vl = 





-2 


and v 2 


(O' 


|vi| = 75 , |v 2 | = 75; Q = ^_2 D - ^ and 5 (y 7 ) 2 = 9; Pair of straight lines; 

0 « 296, .57°. 


3 (i-0 (;)•(;: 


9; 


4-A 2 
2 -1-A 


= A 2 -3A-8 = 0=*A=i^. v 1= f 5 + ^and 






v 2 


( 5 vq j); |V!| = 782 + 10751, |v 2 | = 782 - 10741; Q = 


1/3 + 741 0A (3 + 741) 2 (3-74l) ^ 2 _ n , 

D ~ 2 V 0 3 - 74l ) aDd 2 } + 2 


/ 5 + 741 5-741 \ 

782+ 1075T 782 - 10741 
4 _ 4 

\ 782 + 10741 782 - 10751 ' 
(j/) 2 = 9; Hyperbola; 0 = 19.33°. 


4 - ( 1/2 1 / o) (*,) ■ (l) = ■' I 1,2 -AI = A’ - 1/4 = 0 =» a = ±1/2. V, = (;) and v, = (-{); 

= V2, |V,| = Q = ^5 (! “!) D = ( V o -1/2) “ d ^7 - ^ = 1 Hypelb ° la; 


M 

0«45°. 


5 ' ( 1/2 !/ o) (#) • (j) = 11/2 -a| = - 1/4 = 0 => A = ±1/2. »,= (;) and v, = ( }); 

|vi| = 72; |v 2 | = ^2; Q = ^ ( 1 ” 5 ) D = ( X/ o - 1 / 2 ) and = “• Hyperbola; 


315°. 

4 1A ( x 


" ( 



13/W 


= - 2 ; 


4 — A 1 
1 3-A 


A 2 - 7A + 11 = 0 => A = 


7 ± 75 


;Vl = ( 


-i + 1) 

/ -1 + 75 -1-75 A 

7l0 - 275 7l0 + 275 

2 _ 2 

V 710 - 275 710+ 275 / 

-( y ') 2 = —2; Degenerate conic section. 
7. Same as problem 5 except that the roles of x 1 and j/ are reversed since a < 0. 


and v 2 = ^ 1 |vi| = 7l0 - 275, |v 2 | = 7l0 + 275; Q = 

n - 7(7+ 75)/2 0A (7-75) , 2 (7 + T5) ,. a2 

0(7-T5)/2 ) and 2 + 2 
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( 


1 2\ x 



2 4 J \y J V y 


= 6 ; 


1 - A 2 
2 4-A 


= A 2 -5A = 0=>A = 0,5; V! = and v 2 = 


|vi| = n/5,|v 2 | = v/5; Q = i D = and h{yf) 2 = 6; Pair of straight lines; 

■0) 


6 tv 333.43°. 



—1 — A 1 

1 -1 - A 


= A 2 + 2A = 0 =» A = 0, -2; vj = [ t ) and 

v 2 = ( _ l)i l v il = V2, |v 2 | = y/2-Q = ~j) D = (J and -2(j/f = 0; Single 

straight line; 9 = 45°. 




= 4; 


2-A 1/2 
1/2 1 - A 


= A 2 — 3A + 7/4 = 0 => A = —-—; vi = ^ l j 


and v 2 = ^ ^ j; |vi| = \A + 2\/2, |v 2 | = \/4 - 2\/2; Q = 

/3 + \/2 O' 

V 03-\/2, 


3±v^ .„ _ fl + ^ 

2 

/ -1 + V2 l-y/2 \ 

\/4 + 2\/2 \/4 — 2\/2 r, 

1 _ 1 

V v/4 + 2^2 >/4 - 2v/2 / 


^ and M(x') 2 + (3 ~^ (y') 2 = 4; Ellipse; 0 = 22.5°. 

4 J 2 2 



= 36; 


3-A -3 
-3 5-A 


= A 2 -8A + 6 = 0=*A = 4± VIO; vi = ( 1 + 

/ 1 + VIO 1 - VTO \ 

V^20 + 2vT 0 \/20-^2\7l0 
3 3 


and v 2 = |vi| = -s/20 + 2VlO, |v 2 1 = ^20 -2VlO; Q = 

V V^O+ITlO V^O - 2 a/10 ) 

D = ( 4 " ^ 4 + and (4 - Vl0)(x') 2 + (4 + VT0)(z/) 2 = 36; Ellipse; 0 » 35.78°. 

- (_vi - 3/ 4) (;)■(;)H Ui ^ | - -»* a . ^.=(-> +*) 

and v 2 = f 1 + |vi| = \/4 - 2\/2, |v 2 | = \/4 + Q = 


/ -1 + V2 1 + V2 \ 

y/4-2y/2 a/4 + 2 V^ 
-1 1 


£> = 


\ \J\-2\f2 V4 + 2\/2 / 


( 5 + 'I 5 - 3 J) “ d = 1; Ellipse; . = 292.5°. 


13. 


( 


6 5/2 A /xA (x A 



5/2-6 /Ui I y 


= -7; 


6 - A 5/2 
5/2 -6 - A 


= A 2 - 


169 


= 0 =>■ A = ±13/2; vi = and v 2 = 


( i)ilvl = V 5 S.W = ^ 6 ;« = D = (“.^and 

13(x') 2 13(j/) 2 


= -7. Hyperbola; 0 m 11.31°. 

a z 

14. Two straight lines, a single straight line, or a single point. 



1 — A -1 -1 

-11-A -1 
-1 -11-A 


- 100 A 

= —4+3A 2 — A 3 = 0 => A = -1,2,2. j 0 2 0; 

0 0 2 / 


~( x ') 2 + 2(y / ) 2 + 2(z') 2 . 
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16. 


/ —3 0 

2 dh y/Ti 



0 


0 


-1-A 
2 
2 


2 2 

A 2 

2 1 — A 


= 21 + 3A - A 2 — A 3 = 0 => A = -3, 


2 ± y/ff 


—3(ar') 2 + 


(2 + Vff) 


W) 





3h/) 2 + 


2 2-A 0 
2 0 4-A 


/ 0 0 0 \ 

—18A + 9A 2 — A 3 = 0 => A = 0,3,6; 0 3 0 ; 

\0 0 6 / 



19. 


/ 1 1 2 7/2\ 

1 13-1 

2 33 0 

\ 7/2 -10 1/ 



1 — A -1 0 


/0 0 0\ 

-12-A -1 
0 -11-A 

= -3A + 4A 2 — A 3 = 0 => A = 0,1,3; | 

0 0 

0 t—‘ 

0 


20 . 


✓ 1 0 1/2 0 \ 

0 1 0 - 1/2 
1/2 0 0 0 

\ 0 - 1/2 0 1 / 


21 . 


/ 3 -7/2 1/2 -1 3/2\ 

-7/2 -2 -1/2 1/2 0 

1/2 -1/2 3 -2 -5/2 

-1 1/2 -2 -6 1/2 

V 3/2 0-5/2 1/2 -1/ 


22. Note that det A < 0 since we have a hyperbola. Then det A < 0 regardless of the value of d. Thus 
the equation represents a hyperbola for any nonzero value of d by Theorem 2, i. 


23. 


( cos 9 — sin0A /a:A _ (x cos 9 — y sin 9 A _ ( x '\ 
sin 9 cos 9J \y) ~ 2 r sin 0 + ycos 9J \j /J 


. Then a(x') 2 + bx'y 1 + c(y') 2 = 


a(xcos9 — ysin9) 2 + b(xcos9 — ysm9)(xsin9 + ycos9) + c(xsin9 + ycos9) 2 . Then the coefficient of the 
ary-term is (—2asin0cos0 + 6cos 2 9 — b sin 2 9 + 2csin 9 cos 9) — (c — a)(2sin0cost?) + 6(cos 2 9 — sin 2 9). 
This is 0 if (c — a) sin 29 + b cos 29 = 0, or 6 cos 2 9 — (a — c ) sin 29. So cot 29 — (a — c)/b. 


24. If a — c then cot 29 = 0 which implies that 29 = ±7r/2. Then 9 = ±?r/4. 


25. Let A 


-G 


6/2 an< * ^ = ^6'/2 ^ ^c')' ^ en ^ ere ex i sts a unique orthogonal matrix Q such 

that A = QA'Q*. Then A and A! are similar. Thus they have the same characteristic polynomials. 
But det {A — A I) = A 2 - (a + c)A -f (ac — 6 2 /4) = A 2 — (a' + c')A + ( a'c' — 6 ,2 /4). 
a) So a + c = a' + c' from equality of A terms. 

(b) b 2 — 4 ac = b' 2 — 4ac from equality of constant terms. 


26. F(x) = Ax-x = Dx' x'. D = diag (Ai, A 2 ,..., A n ). But if Dx' x' is to be greater than or equal to zero 
for all x' € ®”, then A* > 0, 1 < i < n. If Dx! ■ x! > 0 for all x! £ 0, then Dei • ei = Ai > 0, De 2 • e 2 = 

A 2 > 0,..., De n e„ = A„ > 0. If A,- > 0, 1 < i < n, then Dx' x' = A 1 (ar' 1 ) 2 H-|-A„(^) 2 = F(x) > 0, 

for all x G ® n and F(x) = 0 if and only if x = 0. Thus F(x) is positive definite if and only if A has 
positive eigenvalues. 


27. In problem 26, it is shown that F(x) > 0 =£• A* > 0, 1 < i < n. If A,- > 0 then F(x) = Dx' • x' — 

Ai(a?x) 2 4- b \ n (x' n ) 2 . Then F(x) > 0 for all x € ®". Thus F(x) is positive semidefinite if and only 

if the eigenvalues of A are nonnegative. 


28 ' 4 =(o°) 


A = 2,3; A is positive definite. 
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29. 

30. 

31. 

32. 

33. 

34. 

35. 


36. 


37. 


38 . 



| ; A = —3, —3; A is negative definite. 


A = —2,3; A is indefinite. 

' 4 =(! 0 ;A 

= (3 ± \/5)/2; A is positive definite. 

j1= (-1 s ) 

|; A = (3 ± V5)/2; A is positive definite. 

" 1= (-2 3j 

| ; A = 2 ± \/5; A is indefinite. 

A-(~ l ^ 

\ 2 -3 / 

| ; A = —2 ± i/5; A is indefinite. 

A-(~ l ° 

V 1-2 ) 

|; A = (—3 ± a/5)/2; A is negative definite. 


det Q — ad—be = 1. Q % Q = 


{ a 2 + <? ab + cd\ _ (1 0 ^ 
V ab + cd 6 2 + d 2 ; “ \0 l) 


lb + Id = o} =* c(62+<f2) = ~ b =* b = " c 


since 6 2 + d 2 = 1. Then —ac -f cd = 0 => ac = cd => a = d, provided c ^ 0. If c = 0 then 
a 2 — 1 => a = ±1, and detQ = ad = 1 =*■ d = 1/a. Then d = a. Since a 2 + c 2 = 1, a = cos# and 


c = sin # for some 9 G [0, 2tt). Then Q = ( ™ J ) ■ 

(a) If a > 0 and c > 0, then 0 < 6 < ir/ 2 and 6 = cos -1 a. 

(b) If a > 0 and c < 0, then 37r/2 < 9 < 2n and 9 = — cos -1 a. 

(c) If a < 0 and c > 0, then ir/2 <9<i r and 9 = cos -1 a. 

(d) If a < 0 and c < 0, then ir < 9 < 3tt/ 2 and 9 = 2n — cos -1 a. 

(e) If a = 1 and c = 0, then 9 = cos -1 (l) = sin -1 (0) = 0. 

(f) If a = — 1 and c = 0, then 9 = cos -1 (—l)x. 


(This problem, and part (v) are slightly wrong, det .A ^ 0, d = 0 yields either a single point if 
det A > 0 or two straight lines if det A < 0.) If det i / 0 then Ai ^ 0 and A 2 £ 0. If Ai and 
A 2 have opposite signs then we have Ai(x') 2 + A 2 (y') 2 = 0 => j/ = ±\J—\\/\ 2 x'. This represents 

two straight lines through the origin with slope ±>/—Ai/A 2 . If Ai and A 2 have the same sign then the 
only solution is x' = 0 and j/ = 0. These are the equations of a point. If det A. = d = 0 then either 
A* = 0 or A 2 = 0. If Ai = 0 then we have A 2 (j/) 2 = 0 => y 1 = 0, which is a straight line. If A 2 = 0 then 
we have x' = 0, which is a straight line. Note both Ai = A 2 = 0, does not correspond to a true curve; 
we have all x, y. 


(a) Equation (1) is a hyperbola if det A = AiA 2 < 0. (This uses det (A) = product of eigenvalues). 

(b) Equation (1) is an ellipse, circle or degenerate conic (possibly empty or a single point) section if 
det A = AjA 2 > 0. 
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MATLAB 6.5 


1. For problem 10: 2x 2 + xy + y 2 = 4 

(a) Using the formula from Theorem 2 we see 


(b) 


(c) 


» A=[2 1/2; 1/2 1]; 

» CQ,D]=eig(A) 

Q = 

-0.9239 0.3827 

-0.3827 -0.9239 

D = 

2.2071 0 

0 0.7929 


I So (Av)’v=4, v=(x y) ’ is the given equation. 


'/, det(Q) is one, so just find angle of column 1 


» det(q) 
ans = 

1.0000 

» theta=atan2(q(2,l),q(l,l)) '/, atan2(y,x) gives polar angle of (x,y) 
theta = 

-2.7489 

» theta*180/pi V, Convert to degrees 

ans = 

-157.5000 

» ans+360 '/, To give a rotation angle in [0,360) 

ans = 

202.5000 

(d) The equation in the new coordinates is 2.2071x' 2 + .7929j/ 2 = 4. It is an ellipse. 


» det(A) 
ans = 

1.7500 


'/, det(A)>0 for this ellipse, 
'/, so Theorem 2 is verified. 


(e) The picture below shows the ellipse with major and minor axes along the eigenvectors (with an¬ 
gles 9 = 292.5° and 9 = 202.5 and ^/(d/Xi),i =1,2 as the lengths of the semi-major and semi¬ 
minor axes. The foci are at x' = ±\Jd( Aj" 1 — = 0. 


a « sqrt{4/.7829) 
b x sqrt{4/2.2071} 

y - foci at±sqrt{4/.7829^/2.2071) 
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2. For problem 8: x 2 + 4 xy + 4 y 2 — 6 = 0 

(a) Using the formula from Theorem 2 we see 

» A=[l 2; 2 4]; */, So (Av)’v=6, v=(x y) ’ is the given equation. 

(b) 

» CQ,D]=eig(A) 

Q = 

0.8944 0.4472 

-0.4472 0.8944 

D = 

0 0 

0 5 

(c) 

» det(q) */. det(q) is one, so just find angle of column 1 

ans = 

1.0000 

» theta=atan2(q(2,l) ,q(l,l)) '/. atan2(y,x) gives polar angle of (x,y) 
theta = 

-0.4636 

» theta*180/pi '/, Convert to degrees 

ans = 

-26.5651 

» ans+360 '/, To give a rotation angle in [0,360) 

ans = 

333.4349 

(d) The equation in the new coordinates is 5y' 2 = 6, which represents two straight lines. 

» det(A) ’/, det(A)=0, with d=6, 

ans = */. so case iii of Theorem 2 applies 

0 

(e) A picture would show two straight lines, at j/ = ± a/ 6/5. The distance of each of these lines from 

the origin is \/{d/ A 2 ), where A 2 = 5 is the one nonzero eigenvalue. The inclination of these lines 
(angle between the r-axis and the lines) is —26.5651°, and the normal to these lines is given by 
U 2 = Q(:,2), the eigenvector for A 2 . 

3. For problem 4: xy = 1 

(a) Using the formula from Theorem 2 we see 

» A=[0 1/2; 1/2 0]; % So (Av)’v=l, v=(x y)’ is the given equation. 

(b) 

» [q,D]=eig(A) 

q = 

0.7071 0.7071 

-0.7071 0.7071 

D = 


-0.5000 

0 


0 

0.5000 
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(‘) 

» det(q) '/. det(Q) is one, so just find angle of column 1 

ans = 

1.0000 

» theta=atan2(q(2,l) ,Q(1,1)) */, atan2(y,x) gives polar angle of (x,y) 

theta = 

-0.7854 

» theta* 180/pi '/, Convert to degrees 

ans = 

-45 

» ans+360 '/. To give a rotation angle in [0,360) 

ans = 

315 

(d) The equation in the new coordinates is —.5a:' 2 + .5j/ 2 = 1, which represents an hyperbola. 

» det(A) % Since det(A)<0, Theorem 2 is verified, 

ans = 

-0.2500 

(e) The picture below shows t he hyp erbola with its axis along the eigenvector U 2 = Q(', 2) for A 2 = 
.5 at angle 9 — 45° and \f{d/ A 2 ) as the distance from the origin to the vertices of the hyperbola. 

The foci of the hyperbola are at \Jd (Aj 1 - AJ" 1 ) along the y’-axis and the width of the opening 

along the lines through the foci perpendicular to the axis (i.e. in the x ’ direction) is < 2\Jd/(—\\). 



4. For problem 12: x 2 — 3 xy + 4y 2 = 1 

(a) Using the formula from Theorem 2 we see 

» A=[l -3/2; -3/2 4]; 7. So (Av)’v=l, v=(x y) ’ is the given equation. 


» [q,D]=eig(A) 

Q = 

0.9239 -0.3827 

0.3827 0.9239 

D = 

0.3787 0 

0 4.6213 
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(c) 

» det(Q) f, det(Q) is one, so just find angle of column 1 

ans = 

1.0000 

» theta=atan2(Q(2,1) ,Q(1,1)) '/, atan2(y,x) gives polar angle of (x,y) 
theta = 

0.3927 

» theta*180/pi '/, Convert to degrees 

ans = 

22.5000 

(d) The equation in the new coordinates is .3787x ,:! + 4.6213 yf 2, — 1. It is an ellipse. 

» det(A) */, Since det(A)>0, Theorem 2 is verified, 

ans = 

1.7500 


(e) The picture below shows the (rotated) ellipse with the major and minor axes along the eigenvec¬ 
tors at angles 9 = 22.5° and 6 = 112.5° and y/(d/Xi),i = 1,2 as the lengths of the semi-major and 

semi-minor axes. The foci are on the x’-axis at x’—is/d/Xi — d/X^ 


4, 


a = sqrt{1/.3787} 
b= sqrt{1/4.6213} 

• foci at x 1 - ±sqrt{1/.3787-1/4.6213} 
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Section 6.6 

1. no 

2. yes 

3. no 

4. yes 

5. yes 

6. no 

7. no 

8. no 

9. yes 

10. yes 

11. no 

12. yes 

13. yes 

14. yes 


15. The matrix is 

a Jordan matrix 

, so C = I works. 



16. The matrix has A = —5 as an 

eigenvalue of algebraic multiplicity 2. Upon solving (A + 5I)v 


we find vj = ^ j ^ as an eigenvector. As there are no other linearly independent eigenvectors, we 
solve (A + 57 )v 2 = Vi to find v 2 = as a generalized eigenvector. Thus C = ^ and 

17. The matrix has A = —3 as an eigenvector of algebraic multiplicity 2. We solve (A + 3I)v = 0 to find 

vi = as an eigenvector. Since there are no other linearly independent eigenvectors, we solve 

(A + 3J)v 2 = vi to find v 2 = ^ as a generalized eigenvector. Hence C = ^ j an ^ 

18. The matrix has A = 3 as an eigenvalue of algebraic multiplicity 2. Upon solving (A — 3/)v = 0, we 
find vi = Q ^ as an eigenvector. As there are no other linearly independent eigenvectors, we solve 

(A — 3/)v 2 = vj to find v 2 = ^ J ^ as a generalized eigenvector. So C = ^ J g ) anc ^ ^ ~ ( 0 3 ) ' 

/A a c\ 

19. (a) Expand {vj} to a basis {v^x, y} of C?. Then A = I 0 &n 612 I with respect to this basis. Now 

\ 0 b 2 i b 22 ) 

the matrix B = ( J 11 ^ 12 ] has p(t) — (t — A ) 2 as its characteristic polynomial, and A as an eigenvalue 
\°21 0 22 J 

of algebraic multiplicity 2. Note that for B, A has geoemetric multiplicity 1, otherwise the dimension 
of the eigenspace of A would be greater than 1. Let w = ^ uj ^ , where is an eigenvector of B. 

/A a fc' 

As w and vj are independent, we can expand {vj,w} to a basis {vi,w,z} of C 3 , and A = I 0 A c 

\0 0 d, 

with respect to this basis. Moreover, a ^ 0 since w is not an eigenvector. Now let v 2 = -w. Then 

11 ( X 1 b \ 

Av 2 = -Aw = -(avi + Aw) = vi + Av 2 , so that (A — A/)v 2 = vi and A = 0 A c with respect to 

a ° [OOdJ 

the basis {vi,v 2 ,z}. 
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(b) Let w = ^ u[ j , where (B - XI) ^ ^ ). It is clear that {vi, v 2 , w} forms a basis for 

( Xlb \ . 

C?, and A = I 0 A 1 I with respect to this basis. Now let V 3 = w — bv 2 - Note that vi,V 2 , and 

\ooxj 

V 3 are linearly independent, and Av 3 = Aw — 6 Av 2 = bvi -f v 2 + Aw — 6 (vj + AV 2 ) = V 2 + AV 3 . 

/A 1 0\ 

Hence (A — A/)v 3 = V 2 , and A = I 0 A 1 I with respect to the basis {vi, V 2 , V 3 } of C 3 . 

\00A/ 

/A 1 °\ 

(c) Let C = (vi,V 2 , V 3 ), and J = I 0 A 1 I. Then CJ = AC, so that J = C~ 1 AC. 

\0 0 A/ 

20. A = — 1 is an eigenvalue of A with geometric multiplicity 3. Solve (A + 7)v 1 = 0, (A + I)v 2 = vj, 

(l\ fo\ ( i\ /10 1 \ 

and (A + 7 )v 3 = v 2 to find vi = I 1 I, V 2 = I 1 I and V 3 = I 11. Hence C — 111 1 I and 

W v 1 / V- 1 / \° 1 -!/ 

/-! 1 0 \ 

J = [ 0-1 1 . 

V 0 0 - 1 / 

21. A = 0 is an eigenvalue of A with algebraic multiplicity 3 and geometric multiplicity 1. Solve Avj = 

l 0 \ (-!' 

0, Av 2 = vj, and AV 3 = v 2 to find vi=| 0 I, V 2 = I lj, and V 3 = | 1 J . Thus 


-1 


/-I 0-l\ / 010 \ 

C — [ 0 1 1 and J - 0 0 1 . 

\ 1 - 1 - 1 / \ 0 0 0 / 


22. A = —2 is an eigenvalue of A with algebraic multiplicity 3 and geometric multiplicity 1. Solve 


PI 

II 

CN 

> 

\ T 

' \ 


- 2 ' 

—1 1, and 


2\ /-5 -2 2\ / —2 1 O' 

v 3 = | 1 J. So C = -3 -1 1 and J = 0-2 1 

-2 / V 7 3 -2 / \ 0 0 -2, 


23. If m = k, then A m = 0. If m > *,then A m = A* • A m ~ k = 0 • A m ~ k = 0. 

r-1 , 


24. We will show that N£ = 


(° 0 - 0 \ 

0 0 ••• 0 ••• 0 

\o 0 ••• 0 0/ 


P-1 


using induction on r. If r = 1, then the 


result is true. Suppose the result is true for r = l. Let JV* = (n^) and = (a, j). Then A^ +1 = (6<;) 
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k 

where 6 tJ - = ^n la a 3J -. If j < i + 1 or i > k — 1, then 6,j = 0. If j > t+ 1 and i < k — 1, then 

3 — 1 


bij = n,-,,+ia,+ij — a,+jj — 



if (*, j) = (a, a + r + 1) where a = 1,2 ,..k — r — 1 , 

v v > > > / » > > which means 

otherwise 



. Hence Nk has index of nilpotency k. 

I 


a 0 0 0 
0 6 0 0 
00 cO 
0 0 0 d 


a 0 0 0 
0 6 0 0 
0 0 c 1 
0 0 0 c 


a 0 0 0 
0 6 10 
0 0 6 1 
0 0 0 6 


a 1 0 0 
0 a 1 0 
0 0 a 1 
0 0 0 a 


a 1 0 0 
0 aO 0 
0 0 6 1 
0 00 6 


a, 6, c, and d are not necessarily distinct, and the blocks may be permuted along the diagonal. 


( -1 0 0 0 \ 
0-100 
0 0 2 0 
0 0 0 2 / 
the diagonal. 

—4 0 0 0 \ 

0 3 0 0 
0 0 3 0 ’ 
0 0 0 3/ 

/3 0 0 0\ 

0 3 0 0 | 

0 03 0 ’ 

Vo 0 0 3/ 


-1 10 0 \ 

0 —1 0 0 | 

0 0 2 0 ’ 
0 0 0 2 / 


-1 0 0 0 

0-100 
0 0 2 1 

0 0 0 2 


-1 10 0 

0-100 
0 0 2 1 

0 0 0 2 


; the blocks may be permuted along 


-4 0 0 0\ 

0 3 0 0 ) 

0 0 3 1 ]’ 
0 0 0 3/ 


-4 0 0 0 
0 3 10 
0 0 3 1 
0 0 0 3 


; the blocks may be permuted along the diagonal. 


3 0 0 \ /3 0 0 0 
0 3 0 0 |. [ 0310 
0031 ’ 0031 
0 0 0 3/ \0 0 0 3 


3 10 0 
0 3 10 
0 0 3 1 
0 0 0 3 


; the blocks may be permuted along the diagonal. 


/—3 0 0 0 0\ /—3 1 00 0\ /—3 1 0 00\ /-3 1 0 0 0\ /-3 0 0 0 0\ /-3 0 0 0 0\ 

0 —3 0 0 01 0 -3 000 0 -3 000 0 -3 000 0 -3 000 0 -3 000 

29. 0 0400; 0 0400; 0 0400; 0 0410; 0 0400; 0 0410; 

0 0040 0 0040 0 0041 0 0041 0 0041 0 0041 

V 0 0004/ V 0 0004/ V 0 0004/ V 0 0004/ V 0 0004/ V 0 0004/ 

the blocks may be permuted along the diagonal. 

/6 0 0 0 0 \ /6 0 0 0 0 \ /6 0 0 0 0 \ 

0 —7 0 0 0| 10 —7 0 0 01 0 -7 000 

30. 0 0 -7 0 0; 0 0 -7 0 0; 00-710; 

000 -7 0 000 -7 1 000 -7 1 

Vo 0 0 0 -7/ Vo 0 0 0 -7/ Vo 0 0 0 -7/ 

/6 0 0 0 0 \ 

0-7100 

0 0—710 ; the blocks may be permuted along the diagonal. 

0 0 0 -7 1 

Vo 0 0 0 -7 / 
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/—7 0 0 0 0\ /—7 0 0 0 0\ /—7 0 0 0 0\ 

0 -7 000|[ 0 -7 000 0 -7 000 

31. 0 0 -7 0 0; 0 0 -7 0 0; 0 0 -7 0 1; 

000 -7 0 000 -7 1 000 -7 1 

\ 0 0 0 0 -7/ \ 0 0 0 0 -7/ \ 0 0 0 0 -7/ 

/—7 0 0 0 0\ / —7 1 0 0 0\ 

0 -7 1 0 0 0 -7 1 0 0 

00—7 10; 00—7 10; the blocks may be permuted along the diagonal. 

0 0 0 -7 1 0 0 0 -7 1 

\ 0 0 0 0 -7/ V 0 0 0 0 -7/ 

32. As C~ X AC = J, then det (C^AC) = det (C)" 1 det (A) det ( C ) = det (A) = det (J) = \ x \ 2 • • • A„ 
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MATLAB 6.6 

1. (a) Let 

» J=diag( [2 2 3 3]); */. First enter the diagonal entries of J 

» J(3,4) = l '/, Next enter the one off diagonal 1 

J = 

2 0 0 0 

0 2 0 0 

0 0 3 1 

0 0 0 3 

» cl=[l 12 1]’; c2= [2 3 4 3]’; c3=[2 5 3 3]’; c4=[-l 3 0 6]’; 

» C=[cl c2 c3 c4] ; A = C*J/C 

A = 

-14.0000 5.0000 8.0000 -5.0000 

-62.0000 20.0000 31.0000 -18.0000 

-30.0000 9.0000 17.0000 -9.0000 

-54.0000 15.0000 27.0000 -13.0000 

(i) We show the columns cl and c2 are eigenvectors for A for the eigenvalue A = 2, by showing 
{A - 2J)c,- = 0: 

» (A-2*eye(4))*cl '/, If (essentially) 0 then cl is eigenvector for A 

ans = 

1.0e-14 * 

-0.1776 

0.3553 

0 

-0.3553 

» (A-2*eye(4))*c2 

ans = 

1.0e-14 * 

-0.5329 

0 

-0.3553 

0 

» '/, Preceding is (essentially) 0, so c2 an eigenvector for A 

(ii) Now we investigate the eigenvector properties of c3 and c4. 

» (A-3*eye(4))*c3 '/, (Essentially) 0 so c3 is an eigenvector for A 

ans = 

1.0e-13 * 

-0.0178 

0 

0.0355 

0.1421 

» (A-3*eye(4))*c4 '/, Hot 0 (not close) so c4 is NOT an eigenvector for A 

ans = 

2.0000 

5.0000 

3.0000 

3.0000 

» '/, Note (A-3I)c4 = c3, which is an eigenvector, i.e. 
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» (A-3*eye(4))*((A-3*eye(4))*c4) 

ans = 

1.0e-12 * 

-0.1865 

-0.6821 

-0.3304 

-0.5969 

» '/, (Essentially) 0 so c4 is a generalized eigenvector lor A 

(iii) Repeat the calculations with any other choice of an invertible C. 

(iv) To see that A = CJC ~ 1 has A = 2 as an eigenvalue of algebraic and geometric multiplicity 

2 and /z = 3 as an eigenvalue of algebraic multiplicity 2 and geometric multiplicity 3 (for 
any invertible C ) first note that since A and J are similar, they have the same characteristic 
polynomials(Theorem 6.3.1). But det(J — tl) = (2 —1) 2 (3 — t) 2 as J — tl is upper triangular, 
so both 2 and 3 are eigenvalues with algebraic multiplicity 2. 

As to geometric multiplicity, it is immediate that if E{ A) is an eigenspace for J, then CE( A) 
is the corresponding eigenspace for A = CJC~ l , and both have the same dimension since C 
is invertible. But J —21 is already in echelon form from which we see that v(J—2I) = 2 since 
x\,X 2 will be free variables in any solution to (J — 2/)x = 0. Thus the geometric multiplicity 
of 2 as an eigenvalue for A is 2. For the eigenvalue 3, J — 3/ is also in echelon form, but with 

3 non-zero rows, so v(J — 3 1) = 4 — 3 = 1. Thus the geometric multiplicity of 3 as an 
eigenvalue for A is 1. 

(b) Form a new J and a new A: 


» J = diag([3 3 3 3]); J(l,2)=l ; J(2,3)=l 
» A = C*J/C 


24.0000 

15.0000 

42.0000 

15.0000 


-5.0000 

0.0000 

- 10.0000 

-3.0000 


- 11.0000 

- 8.0000 

-19.0000 

- 8.0000 


6.0000 

4.0000 

12.0000 

7.0000 


(i) 


» (A-3*eye(4))*C(:,4) 7, Get the easy case over: c4 is eigenvector for A 

ans = 

0 

0 

0 

0 

» for j=l:3, (A-3*eye(4))*j*C(:,j) , end 
ans = 

1.0e-14 * 

0 

0.0888 

-0.1776 

0 


ans = 

1.0e-12 * 
-0.0853 
0.1137 
-0.0853 
-0.0426 
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ans = 

l.Oe-li * 

-0.0917 

-0.0568 

-0.1819 

-0.0568 

» '/, Each was (essentially) zero, so cl,c2,c3 are generalized eigenvectors 

This shows that cl and c4 are actually eigenvectors for A. To verify that c2 and c3 are only 
generalized eigenvectors we must check that {A — 3/)c2 ^ 0 and (A — 3/) 2 C3 ^ 0. 

» (A-3*eye(4))*c2 V. Hot zero so c2 only a generalized eigenvector lor A 

ans = 

1.0000 

1.0000 

2.0000 

1.0000 

» */. Hote (A-3I)c2 = cl 

» (A-3*eye(4))‘2*c3 '/, Hot zero so c3 only a generalized eigenvector for A 

ans = 

1.0000 

1.0000 

2.0000 

1.0000 

» */, Hote (A-3I)*2 c3 = cl 

(ii) Repeat the above with another invertible C of the same size. The pattern of zero and non¬ 
zero products and the conclusions about which columns of C are eigenvectors or generalized 
eigenvectors should be the same as in (i). 

(iii) As in (a)(iv), det (A - tl ) = det (J - tl) = (3 - <) 4 so 3 is an eigenvalue of algebraic mul¬ 
tiplicity 4. Also, J — 3/ is in echelon form, and shows there are 2 free variables in solutions 
to (J — 3J)z = 0. Applying C to the null space of J — 3/ yields the null space of A — 3/; in 
particular, a basis of two independent solutions to (J — 3/)z,- = 0 becomes x* = Cz,-, a basis 
of two independent solutions to 0 = (A — 3 1)x = C(J — 3/)C -1 (Cz). Thus the geometric 
multiplicity of the eigenvalue 3 is 2. 

(c) Form a new J and A with 

» J=diag([2 2 3 3]); J(l,2)=l ; J(3,4)=l ; 


» A=C*J/C 

A = 


19.0000 

-4.0000 

-9.0000 

5.0000 

-29.0000 

11.0000 

14.0000 

-8.0000 

36.0000 

-9.0000 

-17.0000 

11.0000 

-21.0000 

6.0000 

10.0000 

-3.0000 


(i) We expect columns cl, c3 to be eigenvectors and c2, c4 to be generalized eigenvectors. 


» for j=l:4, (A-J(j,j)*eye(4))*C(:,j) , end 
ans = 

1.0e-14 * 

-0.0888 

0.1776 

-0.1776 

0 
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axis = 

1.0000 

1.0000 

2.0000 

1.0000 

axis = 

1.0e-13 * 

-0.0711 

0 

-0.1421 

0 

axis = 

2.0000 

5.0000 

3.0000 

3.0000 

Since (A—2I)ci = 0 and (A — 3 /)c 3 = 0, cl, c3 are eigenvectors for A for the eigenvalues 2,3 
respectively. Also, note that the second product above says (A — 2 /)c 2 = ci(^ 0), so c 2 is 
not an eigenvector for A but is a generalized eigenvector for A (as (A — 2 /) 2 C 2 = (A — 2/)ci = 
0). Similarly, the fourth product above says (A — 3/)c<t = C 3 and shows c4 is a generalized 
eigenvector for A. 

(ii) A repetition with different invertible C will yield exactly the same patterns of eigenvectors 
and generalized eigenvectors. 

(iii) The algebraic multiplicities of 2 and 3 are both 2, since det (A — tl) = det (J — tl) = 

(2 — <) 2 (3 — t) 2 has (f — 2) and (t — 3) as factors of order 2. However, J — 21 has 3 pivots, after 
moving the second row to the bottom, so v{J — 21) = 4 — 3 = 1, and thus the geometric mul¬ 
tiplicity for the eigenvalue 2 for A is 1. (As usual the eigenspace for J maps under C to the 
eigenspace for A.) Similarly J — 31 has 3 pivots and the same reasoning shows the geometric 
multiplicity for the eigenvalue 3 of A is 1. 

2. First we form an invertible 5x5 matrix, C: 

» C = round(10*rand(5)-3*ones(5,5)) 

C = 

-112 12 

-3 2 4 4 -2 

45-334 
4-3161 
6-2-2 5 4 

» det(C) '/, If non-zero then invertible 
ans = 

-673 

» '/, To make cl,c2 (generalized) eigenvectors associated with 2 

» '/, and c3,c4,c5 (generalized) eigenvectors associated with 4 

» '/. Form the following Jordan matrix 

» J = diag([2 244 4]); J(l,2)=l ; J(3,4)=l ; J(4,5)=l 
J = 

2 10 0 0 
0 2 0 0 0 

0 0 4 1 0 

0 0 0 4 1 

0 0 0 0 4 
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Since this J has ei, e 2 as (generalized) eigenvectors associated with 2 and e 3 , e-i, es as (generalized) 
eigenvectors associated with 4, then the similar matrix, A = CJC~ l will have Ce\ = Ci, Ce 2 = C 2 
as (generalized) eigenvectors associated with 2 (and also the last 3 columns of C will be (generalized) 
eigenvectors for A associated with 4). Also, for J,hence for A, the algebraic multiplicity of 2 will be 2 
and the algebraic multiplicity of 4 will be 3. (Look: det (A—tl) = det (C(J—tI)C~ 1 ) = det (J—tl) = 
(2 — <) 2 (4 — 0 3 ) Also the geometric multiplicity of 2 and of 4 will be 1, for both J and A, since mul¬ 
tiplication by C will take the null space of J isomorphically onto the null space of A. The following 
calculates A and verifies these facts: 

» A = C*J/C 

A = 


4.0134 

0.0698 

-0.4086 

-0.1055 

0.7132 

0.8276 

3.2110 

-0.5111 

0.9153 

0.4740 

-0.6686 

4.5082 

-0.5691 

-9.7251 

10.3388 

0.1040 

4.3210 

-1.6226 

-3.9316 

7.2140 

-0.2823 

5.4146 

-2.5958 

-10.3284 

13.2764 


» (A-2*eye(5))*C(:,1) ^(Essentially) zero so cl is an eigenvector, eigenvalue 2. 

ans = 

1.0e-13 * 

0 

0 

-0.1421 

0 

0 

» (A-2*eye(5))*C(:,2) V.This gives C(:,l), so c2 is a generalized eigenvector, 

ans = 

-1.0000 

-3.0000 

4.0000 

4.0000 

6.0000 

» (A-4*eye(5))*C(: ,3) '/,(Essentially) zero so c3 is an eigenvector, eigenvalue 4. 

ans = 

1.0e-14 * 

-0.0444 

0.0222 

0.3653 

-0.3553 

0 

» (A-4*eye(5))*C(:,4) ’/.This gives C(:,3), so c4 is a generalized eigenvector, 

ans = 

2.0000 

4.0000 

-3.0000 

1.0000 

- 2.0000 

» (A-4*eye(5))“2*C(: ,5) '/.Also gives C(:,3), so c5 is a generalized eigenvector, 
ans = 

2.0000 
4.0000 
-3.0000 
1.0000 
- 2.0000 



540 Chapter 6 Eigenvalues, Eigenvectors and Canonical Forms 


Instructor’s Manual 


1. 


Section 6.7 

-2- A -2 
—5 1 — A 

e At = Ce Jt C~ 1 


3-A -1 
-2 4-A 


= A> + A-12;J = -4,3.C= = J);J= ( <“). 


1 (5e~ 4t + 2e 3t 2e~ 4t -2e 3t \ 
7 V5e- 4t -5e 3t 2e- 4i + 5e 3 ‘/' 


2-A -1 
5 -2-A 


A = 2,5. C = 


—2e 2 ‘-2e 5 ‘\ 

—e 2t +4e 5 * J' 


II 

O 

•n 

1 

II 

'2 + i 2- A 
, 5 5 ; 

( 2sint + cost 

— sint 


5 —2 + i 
-5 2 + i 


0= 


4. 


5. 


5 sin t —2 sin t + cos t )' 


6 . 


j =(oJ)-'" =Ce '" c ' 1 n 

+ C= ( 2 _^ + ');C- = 155 (-2^1)= J = 

(1 + i OA At _ Jt ! _ t (2sint + cost -5sinA 

V OI -17 ~ ^ sin t —2 sin t + cos t J' 

|- 10 " A 7 4_- a 7 | = A 2 + 6A + 9;A = -3,-3. C = (_} ; C" 1 = 


-2-A 1 
5 2 — A 


e At = c Jt r - 1 _ fcos5 — 2 sin t -sinA 

\ 5 sin t cos <4-2 sin t J ' 


7. 


-12-A 7 
-7 2-A 


= a! + ioa +25 - a =- 5 '- 5 - c = (1 1/7)' c " =(-' ?) ; J = (0 - 0 - 


e At = Ce Jt C- 1 = e~ 5t ( 1 ~ 7 7 t t 


7 A 

ltlt + 1) 


8 . 


1-A 1 -2 

-12-A 1 

0 1-1-A 


-1 -2 7' 
3 0-3 
-2 2 2 , 


/ 131 \ ll 

= -2 + A + 2A 2 - A 3 ; A = -1,1,2. C = 0 2 3 ; C~ x = ± 

\1 11 / V 

/-100A , / —e“* + 9e* — 2e 2t —2e~* + 2e 2< —7e -t — 9e* + 2e 2< A 

J = j 0 1 0 . e At = Ce Jt C~ 1 = - 6e* - 6e 2t 6e 2t -6e‘ + 6e 2 ‘ 

\ 0 0 2 / 6 \-e“‘+ 3e‘- 2e 2t -2e~‘+ 2e 2t -7e-‘- 3e ( + 2e 2 7 


9 . 


4-A 6 6 


( 4 

3 

°\ 

1 3-A 2 

= 4 - 8A + 5A 2 - A 3 ; A = 1,2,2. C - 

1 

1 

0 

1 

cs 

1 

10 

1 

r-H 

1 


V-3 

-2 1/2/ 


1 —3 0 \ / 1 0 0 \ 

C~ l = ( -1 40 ; J= 02 1 . 

\0 0 2} 


2-2 2 
e At = Ce Jt C~ 1 = 


4 e* - 3e 2t + 6<e 2 * -12e‘ + 12e 2 * - 6<e 2 * 6te 21 A 

e* — e 2t + 2 te 2t -3e* + 4e 2< - 2te 24 2 te 2t 1 

-3e 4 4- 3e 2< — 4te 2 * 9e* — 9e 2t -f 4<e 2t —4 te 2t -f c 2t J 
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10. x(l) = ( _ 2 *! + ^ ! e« ) ( 2 a ) = C ‘ ( 4 a /3 )' Then b ° th P°P ulations S row at a 

rate proportional to e*. 

11. Let xo = ( j) , where 6 > 2a. Then x(l) = + ^3 + (fj^e 4 */!!) ’ N ° te that sinCe 6 > 2a ’ 

2a — 6 < 0. Then there exists 1 > 0 such that (a + 6)e‘/3 + (2a — 6)e 4< /3 < 0. That is, the first 
population will be eliminated. 


12. *(o=«*( 1 -;,;!) (:$|) = t $S») -‘( 0 > - ^+*><°»= 0 => 

t = xi(0)/(xi(0) + x 2 (0)). 

13. Let xi(t) = kg. of salt in tank 1 and x 2 (l) — kg. of salt in tank 2. Then ^ ^ 3 Q _ 3 Q^’ 


_ /l000'\ -0.03-A 

“V 0 )' 


0.01 

0.03 -0.03-A 


= A 2 + 0.06A + 0.0006; A = -0.03 ± V0.0003. Let a = -0.03 + 

v«-,- -0,3-^ooM. c- (»«>-■ = —jnsg ]gg) s 

J = (m>< 


= Ce Jt C 


-x _ ( (e“+e^)/2-V6~0003(e“-e^)/2A 

_ ^0.015(e a -e^)/vOT03 (-e“ + e^)/2/ 


e At x 


( 500(e« + e*)\ 

W " V-500V0^003(e“ + eP)) ‘ 


'0 a O' 

14. Note that if A = | 0 6 0 | then e At = 
0 cO 


1 ( ae bt — a)/b 0 
0 e bt 0 


'*i (<)' 


0 —axi(0) O' 


(a) x' 2 (l) - 0 axi(0) — 00 x 2 (l) 


0 ( ce bt — c)/6 1 i 

( *i(*)\ 




0 


/?0/ \x 3 (l)/ 


e At x(0) = 0 


.0 


1 (-axi(0)e( o,Cl W P)* + ax 1 (0))/(axi(0) — 0) 0 

e (a*,(0)-/3)i q 

( 0 e(«**<o)—«* _ p)/(axi(0) - 0) 1 

/ *i(0) + X 2 ( 0 )(-axi( 0 )e(" j:i ( 0 ) - ^ 1 + axi(0))/(axi(0) — 0) 

= j x 2 (0)e(“ ;c H o )- /3 ) < 

\ * 3 (0) + X2(0)(/fc<**‘(°>-«* - /?)/(a*i(0) - 0) 

(a) If axi(0) < 0 then x 2 (l) < 0 which implies that no epidemic can build up 
(c) If axi(0) > 0 then x 2 (l) > 0 and an epidemic will occur. 

15. (a) x[(t) = x'(l) = x 2 (t). 

X 2 (l) = x"(l) — —ax'(l) — bx(t ) = — 0 x 2 ( 1 ) — 6xi(l). 


/xi(0)\ 

*a(0) 

\*s(0)/ 


/XWW 0 iU* x (i)\ 

\ *^2(0 / V- 6 -“/ v*a(<)/ 


(b) 


-A 1 
—6 —a — A 


= A 2 + aA + 6 = 0. 

16. A 2 + 5A + 6 = 0 => A = -2,-3. C = = ( 2 });-7 = ("oJ) 5 

e* = Ce>*C-'= ( 3e " 2< " 2e " 3t e- 2 ‘- e - 3 ‘^ ( Xl (t )\ = ^ (l \ = ( ^-2e~ 3b \ 

\-6e~ 2 ‘+ 6e~ 3< -2e _2 ‘+ 3 e~ 3t J \X 2 ( 1 )/ \0y \-6e _2 ‘ + 6e 3 * J 

Then x = 3e~ 2 * - 2e~ 3t . 
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17. A 2 + 6 A + 9 = 0=>A = -3,-3. C = j); C " 1 = (J J = ( o -l)’ 6 ** = Ce '’ tC ~ 1 = 

'- 3 ' ( :1 1 - 3 !)■ ( I'M) =‘ M ( 0 = «' 3 ' (2- + lS)■ The “ * = e ~ 3 '* 1 + 5 ‘)- 


19. A 2 


e - 3 ' (‘ 1 _ 3!)- (l'M)= eM 0 )= e ' 3 ' ( 2 - + i! 0 - Then x = e ' 3,(1+5<) - 

A’ + 4 = 0 ^ A = ±2i. C = (_ 2 * -_ 2 '); C- = ^ (’4 a) i ' = (” J) i = 

(.,ss <-, 22> (;M)=‘ A ‘ (?) ■ (“)• t -» *■(-“)/*• 

A--3A-10 = 0 =» A = -2,5. C = (_“);C-‘ = \ (* "l)iJ = (“ 05 )^' = 


Ce Ji C - 1 _ 1 ( 5e~ 2t + 2e 5t -e~ 2t + e 5 ‘ 

Ge ° " 7 V-10e" 2i + 10e 5t 2e" 21 + 5e 5t 

Then x = (13e~ 2t + 8e 5f )/7. 


- K - 


)• (:;S) = -(?) -K-S 


2t + 8e 5< ' 
+ 40e 5< 


20 . N$ 


0 1 0 \ /0 10 
0 0 1 0 0 1 


000/ \000 


00 1\ /0 1 0 


000 ; JVf =1000 001 = 000 


000/ \000 


21. e N >* = I + N a t + Ngt 2 / 2! + A7^ 3 /3! + ••• 

= I + N 3 t + Nit 2 / 2, since JV 3 m = 0 for m > 3. 


0 0 < 2 /2 


= 010 + 00<+00 0=01 < 


0 0 0 


1 < t 2 /2 


0 0 1 


22. Jt = Xlt + AT 3 f. Then e J1 = e ( A/ ‘ +N3t ) = e XIt e N3 *. Then e J1 = 


1 < t 2 /2 
0 1 t 
0 0 1 


e At 0 OWl t t 2 /2 
0 e At 0 0 1 t 


0 0 e xt 


23. From Problem 6.6.20, C = 1 2 1 ; C" 1 = 

\° 1 0/ 

(l-t-1 2 /2 < + < 2 /2 —< 2 /2 \ 

e~* —2< - t 2 /2 1 + 2* + < 2 /2 -t - 1 2 /2 . 

\ -t < l-t I 


1 0 -1 


-1 1 -1 


-1 1 0 


0 0 1 ; J=\ 0-1 1 ; e At = Ce Jt C~ 1 = 


0 0-1 


-5 1/7 25/49 


0 0 1/7 


24. C = -3 2/7 1/49 ; C" 1 = -1/7 25/7 10/7 ; J = 0-2 1 ; e At = Ce^C" 1 = 


2 -1 1 


-2 1 0 


0 0-2 


l-Zt/l-bt 2 —18* + 5< 2 /2 -7t-5t 2 /2 

t — Zt 2 1 — lit + 3< 2 /2 —4< — 3< 2 /2 

-t + It 2 25< - 7< 2 /2 1 + 10< + 7< 2 /2 


25. J = 


A 1 0 0 
0 A 1 0 
0 0 A 1 
0 0 0 A 


= A/ + 


0 10 0 
0 0 10 
0 0 0 1 
0 0 0 0 


. Note that 


0 10 0 
0 0 10 
0 0 0 1 
0 0 0 0 


/I 11 2 /2 < 3 /6\ 

= 0. Then e Jt = e At [ ? I ? ^ I. 


0 0 1 t 
0 0 0 1 
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e 2t 

0 0\ 

e 2< 

0 0 1 

0 e 3t te 3t 

0 

0 e 3< / 

te~ 

■4* t 2 e~ 4t 


(Apply the above results to each block.) 


- 4 */2 0 
te~ 4t 0 
4t n 
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Section 6.8 

'■ MfW = A! + A ~ (b) P (^) = (“u) + (isl) - (‘ 012 ) = (o!!) 1 

M»!W = ^ + /;(b)pG4) = + (J®) = 

/ 5-9 4\ / 2 —3 1 \ / 1 -1 0\ 

3. (a) p(A) = A 3 - 4A 2 + 3A; (b) p(A) = -9 18 -19 - 4 -3 6 -3 + 3 -1 2 -1 = 

\ 4—9 5/ \ 1-3 2/ \ 0 -1 1 / 

/o 0 0\ 

I 0 0 0 I; (c) is not invertible, as constant term is 0. 

\0 0 0/ 

4. (a) p(A) = A 3 - 5A 2 + 8A - 47; 

/—9 34 24 \ / —1 10 8 \ ( 1 2 2 \ /4 0 0\ /0 0 0\ 

(b) p(A) = -5 18 12 -5 -1 64 +8 021- 040 = 000 ; 

\—7 14 8 / \-3 6 4/ \ —1 2 2/ \0 0 4/ \0 0 0/ 

f / —1 10 8\ / 1 2 2\ /1 0 0\I I 1/2 0 —1/2\ 

(c) A -1 = - -1 6 4 +5 0 2 1 -8 0 1 0 = -1/4 1 -1/4 . 

4 [ \-3 6 4/ \ —1 2 2/ \0 0 1/J \ 1/2-1 1/2/ 

5. (a) p(A) = A 3 - 3 A 2 + 3+ - 7; 

/I -3 3\ / 0 01\ /0 10\ /10 0\ /0 0 0\ 

(b) p{A) = 3 -8 6 -31 -3 3 +3 0 01- 010 = 000 ; 

\6 —15 10/ \3 —8 6/ \ 1 —3 3/ \0 0 1 / \0 0 0/ 

/ 0 oi\ /o io\ AooM /3 —3 l\ 

(c) A" 1 = - -1 -3 3 +3 0 01-3 010 =1 00 . 

\3 —8 6/ \1 -3 3/ \001/J \0 10/ 

6. (a) p(A) = A 3 - 3 A 2 + 3A - 7; 

/—20 —30 —33\ /—10 —17 —16\ /-3-7-5\ /1 0 0\ /0 0 0\ 

(b) p(A) = 9 13 15 -3 5 8 8 +3 2 4 3 - 010 = 000 ; 

\ 6 9 10/ \ 3 5 5/ \ 1 2 2/ \00l/ V 0 0 0 / 

/—10 —17 —16\ / —3 —7 —5\ /iOOM / 2 4 —1\ 

(c) A -1 = - - 5 8 8 +3 2 4 3 -3 010 = -1 -1 -1 . 

\ 3 5 5/ \ 1 2 2/ \001/J V 0-1 2/ 

7. (a) p(A) — A 3 - 6A 2 - 18+ - 97; 

/ 63 54 108\ / 3 12 9\ /2 -1 3\ /1 0 0\ /0 0 0\ 

(b) p(+) = 180 189 324 - 6 18 27 36 - 18 4 1 6 -9 0 1 0 = 0 0 0; 

\ 168 204 315/ \25 19 42/ \ 1 5 3/ \0 0 1/ \0 0 0/ 

/ 3 12 9\ /2 — 1 3\ /10 0\] / -3 2 -l\ 

(c) A" 1 = — - 18 27 36 + 6 4 1 6 + 18 0 1 0 = -2/3 1/3 0 . 

9 \25 19 42/ \1 5 3/ \0 0 1/J \ 19/9 —11/9 2/3/ 
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8 . 


(a) p(A) = A 4 - A 2 - A - 97; 


(b) p(A) = 


/10 0 2 1\ 


/0 0 1 1\ 

/ 1 0 10\ 


(l 00 0\ 

/0 0 0 0\ 

10 11 0 0 


8 3 0 -2 

f 2-1 0 2 

Q 

0 10 0 

[ 0 0 0 0 

2 17 1 


3 1-20 

-1 0 0 1 

— y 

0 0 10 

“ 1 0 0 0 0 

\ 11 0 3 10/ 


\7 —1 4 1/ 

V 4 1-10^ 


Vo oo 1 / 

Vo o o o/ 


(c) yl- 1 = 



- 

/3 1-1 1\ 


/ 1 0 10 \ 

1 


6-5 10 6 


2-1 0 2 

9 

— 

7-1 3 0 

+ 

-1 0 0 1 



V5 2 6 2/ 


V 4 1 - 10 / 


/lOOOy 
0 1 0 0 I 


/1/9 1/9 -2/9 1/9\ 

4/9 -5/9 10/9 4/9 | 

0 0 1 0 I 


8/9 -1/9 2/9 -1/9 I 

Vo 0 01 /. 


V1/9 1/9 7/9 1/9/ 


9. (a) p(A) = (A - al) 4 ; (b) p(A) = 


fO b00\ 4 
00 cO | 
OOOd 

Vo 0 0 0 / 


/0 00 0 \ 

0 0 0 0 I i ( c ) If a = 0, then A does not have an 
\0 0 0 0 / 


inverse. If a ^ 0, then A 1 — 


1 



/a 3 3a 2 6 3a6c bcd\ 
0 a 3 3a 2 c 3 acd 

+ 4a 

/a 2 lab be 0\ 
0 a 2 2ac cd | 

- 

0 0 a 3 3a 2 d 

00a 2 2 ad 


O 

O 

O 


CN 

C3 

O 

O 

O 


fa b 0 0^ 


/I 0 00\ 


6a 2 J “ C 0 

+ 4a 3 

0 100 


1 0 0 a d , 

0 0 10 


Vo 0 0 a) 


Vo 0 0 1 / 

. 


/ 1 /a—b/a? cb/a 3 —bcd/a 4 \ 

0 1/a —c/a 2 cd/a 3 | 

0 0 1/a — d/a 2 I' 

V 0 0 0 1/a/ 


10. an = 2, a 2 2 = 5, a 33 = 6, ri = 1, r 2 = 1, and r 3 = 1; |A - 2| < 1, |A - 5| < 1, or |A - 6| < 1; |A| < 7 
and Re A > 1. 



11. an = 3, a 22 = 6, a 33 = 5, a 44 = 4, r 4 = 5/6, r 2 = 1, r 3 = 1, and r 4 = 1; |A — 3| < 5/6, |A — 6| < 1, 
|A — 5| < 1, or |A — 4| < 1; |A| < 7 and ReA > 13/6. 
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12. an = 1, a 22 = 5, 033 = 6 , 044 = 4, ri = 8 , r 2 = 9, r 3 — 5, and r± — 5; |A — 11 < 8 , |A — 5| < 9, 
|A - 6 | < 5, or |A — 4| < 5; |A| < 14 and Re A > -7. 



13. an = -7, a 2 2 = -10, 033 = 5, a 44 = 4, n = 4/5, — 1/2, r 3 = 3/4, and r 4 = 1; |A + 7| < 4/5, 

|A + 10| < 1/2, |A — 5| < 3/4, or |A - 4| < 1; |A| < 21/2 and -21/2 < Re A < 23/4. 


(x+10)* + y* » (1/2)* 




.y-lmz (x-4)* + y* » 1* 




-> 


\ 

(x+7)» + y ! • (4/5)' 


x.Rez 


\ 

(x-5) z + y 2 - (3/4)2 


14. an = 3, a 2 2 = 5, a 33 = 4, a 44 - 3, a 55 = 2, a 6 6 = 0, n = 1, r 2 = 2, r 3 = 6/5, r 4 = 1, r 5 = 3/2, and 
r 6 = 1; |A - 3| < 1, |A - 5| < 2, |A - 4| < 6/5, |A + 3| < 1, |A - 2| < 3/2, or |A| = 1; |A| < 7 and 
Re A > —4. 



15. As A is symmetric, the eigenvalues are real. By Gershgorin’s theorem, we have A = ReA>4 — (2 + 
1+1/4) =3/4. 

16. As A is symmetric, the eigenvalues are real, and by Gershgorin’s theorem, — 6 — (1 + 2 + 1) = —10 < 
Re A = A < -4 - (1 + 1 + 1) = —1. 
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17. (a) F( A) = (Bo + B\X)(Co + CiA) — BqCo + (BoCi + 5iCo)A + BiCiA 2 ; 

(b) P(A)Q(A) = BoC 0 + B 1 ACo + B 0 C 1 A+B 1 AC 1 A and F(A) = 5 0 Co + (5oC , i + 5 1 C'oM + S 1 C , iA 2 . 
So F(A) = P(A)Q(A) if and only if ACo = CqA and AC\A — CiA 2 . 

18. As |a,i — A,-1 < r,- then |A,| < |aj,|+r,-, for i = 1,2,.. .,n. Hence r(A) = max|A,| < max(|a,-,| + r,) = |A|. 

19. det A = AiA 2 • • • A„. If A; = 0 for some i, then \au - A,- 1 < r,-, so that |a,-j| < n, which is impossible 
since A is strictly diagonally dominant. Hence A,- ^ 0 for i = 1,2,..., n and det A ^ 0. 
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MATLAB 6.8 
1. For problem 1 in 6.1 

» A = C -2 -2 ; -S 1]; 

and its characteristic polynomial is det (A — XI) = (—2 — A)(l — A) — (—2)(—5) = A 2 + A — 12 = 
(A — 3)(A + 4). So to check Cayley-Hamilton we calculate: 

» A*2+A-12*eye(2) */, This is zero so Cayley-Hamilton verified 

ans = 

0 0 

0 0 

To find the inverse we note Cayley-Hamilton implies A 2 + A = 12 1, or (1/12)(A + I)A = I. Thus the 
inverse of A is: 

» (l/12)*(A+eye(2)) 

ans = 

-0.0833 -0.1667 

-0.4167 0.1667 

» ans-inv(A) '/, This is essentially zero - thus verifying (1/12) (A+I) is inv(A) 
ans = 

i.0e-16 * 

0.1388 0.2776 

0.5551 -0.2776 

For problem 13 in 6.1 

» A = [ 1 -1 -1; 1 -1 0; 1 0 -1]; 

and its characteristic polynomial is det (A — XI) = (—1 — A)(A 2 + 1) = —1 — A — A 2 — A 3 from the 
solution to 6.1.13 or MATLAB 6.1.3 for problem 13. Now to verify the Cayley-Hamilton theorem we 
compute p(A) using the factored form: 

» (-l*eye(3)-A)*(A‘2+eye(3)) '/, This is zero - verifying Cayley-Hamilton 

ans = 

0 0 0 

0 0 0 

0 0 0 

For the inverse of A, use Cayley-Hamilton to deduce I = —A — A 2 — A 3 . Then factoring out an A 

yields A (—I — A — A 2 ) = I so A -1 is: 

» -eye(3)-A-A“2 
ans = 

-1 1 1 

-10 1 
-110 
» ans-inv(A) 

0 0 

0 0 

0 0 


ans = 


0 

0 

0 


'/, This is zero, verifying that inv(A) = -I-A-A*2 
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2. (a) 

» A=10*rand(4)-5*eye(4) 

A = 

-2.8104 9.3469 0.3457 0.0770 

0.4704 -1.1650 0.5346 3.8342 

6.7886 5.1942 0.2970 0.6684 

6.7930 8.3097 6.7115 -0.8251 

» c=poly(A) i This gives the negative of the characteristic polynomial 
c = 

1.0e+03 * 

0.0010 0.0045 -0.0413 -0.5349 -1.9534 

» '/. polyvalm(c,A) evaluates the polynamial, coeffients in c, at the matrix A 

» polyvalm(c,A) */, This is zero up to round-off (relative error le-14) 
ans = 

l.Oe-10 * 

0.0864 0.1433 0.0613 0.0485 

0.0790 0.1728 0.0605 0.0713 

0.1148 0.2171 0.0978 0.0989 

0.1872 0.3786 0.1453 0.1728 

(b) Since A 4 +c(2)A 3 +c(3)A 2 +c(4)A+c(5)J = O, we see that A(A 3 +c(2)A 2 +c(3)A+c(4)7) = —c(5)J. 
Thus if c(5) ^ 0, the following gives A -1 : 

» (-l/c(5))*(A“3+c(2)*A“2+c(3)*A+c(4)*eye(4)) 
ans = 

-0.0691 -0.0196 0.1203 -0.0002 

0.0871 -0.0103 0.0423 -0.0055 

-0.0331 0.0635 -0.1714 0.1532 

0.0396 0.2512 0.0220 -0.0230 

» ans - inv(A) % Zero up to relative error about le-14 
ans = 

1.0e-14 * 

0.0278 0.0656 0.0305 0.0393 

0.0527 0.0911 0.0409 0.0343 

0.0611 0.1374 0.0389 0.0611 

0.1145 0.2331 0.0840 0.0864 

(c) 

» A=A+i*(5*rand(4)-2*ones(4,4)) '/. Use previous A for real part 

A = 

-2.8104 - 0.9052i 9.3469 + 2.6735i 0.3457 - 1.8271i 0.0770 - 1.96151 

0.4704 - 1.7648i -1.1650 - 0.0825i 0.5346 - 1.7327i 3.8342 - 0.0829i 

6.7886 + i.3943i 5.1942 + 0.5971i 0.2970 + 0.6485i 0.6684 - 1.66S8i 

6.7930 + 1.3965i 8.3097 + 2.1548i 6.7115 + 1.3557i -0.8251 + 0.0874i 

» c=poly(A) '/, c has coeffients for -p(t) 

c = I, the negative of characteristic polynomial 

1.0e+03 * 

Columns 1 through 4 

0.0010 0.0045 + 0.0003i -0.0541 + 0.0501i -0.5477 + 0.1642i 

Column 5 

-1.5172 - 0.7405i 
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» polyvalm(c,A) ’/, Zero up to round-off, showing A satisfies p(A)=0 
ans = 


1.0e-ll * 


0.1364 - 0.0568i 

0.2643 

+ 

0.0909i 

0.0455 + 

0.0682i 

-0.0568 - 

0.1933i 

0.0483 - 0.0682i 

0.1819 

- 

0.0909i 

0.0261 - 

0.0938i 

0.1236 - 

0.0227i 

0.1478 - 0.0909i 

0.2615 

- 

0.3070i 

0.0909 - 

0.1933i 

0.1478 + 

0.0284i 

0.2686 - 0.1535i 

0.5031 

- 

0.0171i 

0.1638 - 

0.0654i 

0.1819 - 

0.0682i 

» (-l/c(5))*(A"3+c(2)*A~2+c(3)*A+c(4)*eye(4)) */, See b for 

derivation 

ans = 








-0.0585 + 0.0445i 

-0.0573 

+ 

0.0143i 

0.1330 + 

0.0152i 

-0.0214 - 

0.0433i 

0.0996 - 0.0228i 

0.0096 

+ 

0.0809i 

0.0419 - 

0.0294i 

-0.0201 + 

0.0256i 

-0.0642 - 0.0317i 

0.0888 

- 

0.1203i - 

-0.1892 + 

0.0135i 

0.1936 - 

0.0048i 

0.0420 - 0.0608i 

0.3031 

+ 

0.0601i 

0.0111 - 

0.0358i 

-0.0109 + 

0.0908i 

» ans - inv(A) V. 

Zero up 

to relative 

error about le-14 



ans = 








1.0e-15 * 








0.0833 - 0.0416i 

-0.0555 

- 

0.1839i - 

-0.0833 - 

0.1631i 

0.1527 + 

0.0069i 

0.0416 - 0.0867i 

0.1388 

- 

0.0555i 

0.0694 - 

0.0312i 

-0.0382 


0 - O.lllOi 

0.3192 

- 

O.lllOi 

0.0833 - 

0.0104i 

0.0833 - 

0.1353i 

0.1596 - 0.1457i 

0.5551 

- 

0.1665i 

0.0607 - 

0.1457i 

0.1422 + 

0.0139i 


3. (a) Find centers and radii of Gersgorin circles for random 2x2. 

» A=6*rand(2)-3*ones(2,2) 

A = 

-1.6862 1.0732 
-2.7177 1.0758 

» Al=6*rand(2)-3*ones(2,2); V, More random matrices may show other patterns 
» A2=6*rand(2)-3*ones(2,2); 

» rl=sum(abs(A(l,:)))-abs(A(l,l)) 
rl = 

1.0732 

» r2=sum(abs(A(2,:)))-abs(A(2,2)) 
r2 = 

2.7177 

» al=real(A(l,1)), bl=imag(A(l,l)) 
al = 

-1.6862 
bl = 

0 

» a2=real(A(2,2)), b2=imag(A(2,2)) 
a2 = 

1.0758 

b2 = 

0 

Now compute coordinates for top and bottom halves of first circle 

» xx=-r1:2*r1/100:rl; 

» x=xx+al; 

» z=real(sqrt(rl*rl-xx.*xx)); 

» y=z+bl;yy=-z+bl; 

» xl=[x fliplr(x)]; 

» yi= Cy yy]; 
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Now compute coordinates for top and bottom halves of second circle 

» xx=-r2:2*r2/100:r2; 

» x=xx+a2; 

» z=real(sqrt(r2*r2-xx.*xx)); 

» y=z+b2;yy=-z+b2; 

» x2=[x fliplr(x)]; 

» y2=[y yy]; 

Now compute the eigenvalues and plot the circles and eigenvalues: (We compute eig(A) first, rather 
than after starting the plots since the text’s placement leads to separate plots in some versions of 
MATLAB) 

» e = eig(A) I, In the text this appears between hold on and 2nd plot 
e = 

-0.3052 + 1.0047i 
-0.3052 - 1.0047i 
» sucis(’square’) 

» plot(xl,yl,’b: ’ ,x2,y2,’g-’) '/, Blue - dotted. Green - solid 
» hold on '/, So printed circles distinguishable 

» plot(real(e),imag(e),’w*’) 

» hold off 

» print -deps fig683a.eps 



Observe that each of the eigenvalues, plotted as are always inside at least one of the circles. 
When the random matrix has complex eigenvalues, they are complex conjugates, and so both lie 
inside one circle. If the eigenvalues of the real matrix A are real, then each one may be in a dif¬ 
ferent circle. 

Here are the raw data and plot for a second example with real eigenvalues. 

» 7, Here’s the picture with A2 computed above. 

» A2 
A2 = 

-2.7926 0.1782 

-2.6792 1.0269 

» V, With eigenvalues 
» e = eig(A2) 
e = 

-2.6632 

0.8975 

» 7% Redo all the plot preparation and plotting for this A2 to get 
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(b) Find centers and radii of Gersgorin circles for a random 2x2 complex matrix. 

» A=8*rand(2)-5*ones(2,2)+i*(6*rand(2)-3*ones(2,2)) 

A = 

-4.7234 - 2.9538i -0.7624 - 2.5989i 

-4.5723 - 0.6995i 0.3692 - 0.4951i 

» rl=sum(abs(A(l,:)))-abs(A(l,1)) 
rl = 

2.7085 

» r2=sum(abs(A(2,:)))-abs(A(2,2)) 
r2 = 

4.6255 

» al=real(A(i,l)), bl=imag(A(l,l)) 
al = 

-4.7234 
bl = 

-2.9538 

» a2=real(A(2,2)), b2=imag(A(2,2)) 
a2 = 

0.3692 

b2 = 

-0.4951 

Now compute coordinates for top and bottom halves of first circle 

» xx=-rl:2*rl/100:rl; 

» x=xx+al; 

» z=real(sqrt(rl*rl-xx.*xx)); 

» y=z+bl;yy=-z+bl; 

» xl=[x fliplr(x)]; 

» yi=Cy yy3; 

Now compute coordinates for top and bottom halves of second circle 

» xx=-r2:2*r2/100:r2; 

» x=xx+a2; 

» z=real(sqrt(r2*r2-xx.*xx)); 

» y=z+b2;yy=-z+b2; 

» x2=[x fliplr(x)]; 

» y2= [y yy]; 
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Now compute the eigenvalues and plot the circles and eigenvalues: 

» e = eig(A) ’/, Compute this first so it doesn’t interfere with plot 
e = 

-6.8146 - 4.2918i 
1.4604 + 0.8429i 
» axis(’square’) 

» plot(xl,yl,’b:’,x2,y2,’g-’) 

» hold on 

» plot(real(e),imag(e),’w*’) 

» hold off 

» print -deps fig683b.eps 



(c) Find centers and radii of Gersgorin circles for a random 3x3 complex matrix. 

» A=6*rand(3)-3*ones(3,3)+i*(8*rand(3)-4*ones(3,3)) 

A = 

-1.6862 - 3.5723i 1.0768 - 3.9384i 0.1165 - 0.6601i 

-2.7177 + 0.2376i 2.6082 - 0.9327i 1.9858 + 1.4942i 

1.0732 + 1.3692i -0.6990 - 3.4653i -2.7926 + 0.7118i 

» rl=sum(abs(A(l,:)))-abs(A(l,l)) 
rl = 

4.7530 

» r2=sum(abs(A(2,:)))-abs(A(2,2)) 
r2 = 

5.2132 

» r3=sum(abs(A(3,:)))-abs(A(3,3)) 
r3 = 

5.2747 

» al=real(A(l,l)), bl=imag(A(l,l)) 
al = 

-1.6862 
bl = 

-3.5723 
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» a2=real(A(2,2)), b2=imag(A(2,2)) 
a2 = 

2.6082 

b2 = 

-0.9327 

» a3=real(A(3,3)), b3=imag(A(3,3)) 
a3 = 

-2.7926 
b3 = 

0.7118 

Now compute coordinates for top and bottom halves of first circle 

» xx=-rl:2*rl/100:rl; 

» x=xx+al; 

» z=real(sqrt(rl*rl-xx.*xx)); 

» y=z+bl;yy=-z+bl; 

» xl=[x fliplr(x)]; 

» yi=Cy yy]; 

Now compute coordinates for top and bottom halves of second circle 

» xx=-r2:2*r2/100:r2; 

» x=xx+a2; 

» z=real(sqrt(r2*r2-xx.*xx)); 

» y=z+b2;yy=-z+b2; 

» x2=[x fliplr(x)]; 

» y2=[y yy] ; 

Now compute coordinates for top and bottom halves of first circle 

» xx=-r3:2*r3/100:r3; 

» x=xx+a3; 

» z=real(sqrt(r3*r3-xx.*xx)>; 

» y=z+b3;yy=-z+b3; 

» x3=[x fliplr(x)]; 

» y3=[y yy]; 

Now compute the eigenvalues and plot the circles and eigenvalues: 

» e = eig(A) l In the text this appears between hold on and 2nd plot 
e = 

-2.4763 - 5.1109i 
4.3118 - 0.4596i 
-3.7061 + 1.7773i 

» 7, In some versions of MATLAB the later placement leads to separate plots 

» axis(’square *) 

» plot(xl,yl,’b:*,x2,y2,’g-’,x3,y3,’r--’) 

» hold on 

» plot(real(e),imag(e),’w*’) 

» hold off 

» print -deps fig683c.eps 
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Review Exercises for Chapter 6 


1. p( A) = (A + 2)(A — 4); the eigenvalues are —2 and 4; £L 2 = span | ^ | and ^ 4 = s P an {( 0 }' 

2. p(A) = (A — 2) 2 ; the matrix has 2 as an eigenvalue; E? = span | }’ 


3. p(A) = (A - 1)(A — 7)(A + 5); the eigenvalues are 1, 7, and —5; Ei = span 

f/ 0 ' 

span I ^3 J j, and £_ 5 = span j ^0 

4. p(A) = (A — 1)(A + 1)(A + 5); the eigenvalues are 1, —1, and —5; E\ = span 

1 


- 6 ' 

3 

4 


E 7 = 


0 | ^ j E—i = 
1 


span ^ | 2 I ^, and £_ 5 = span 

-7 


'- 1 ' 

1 

1 


5. p(A) = (A —3)(A— 1 )(A 2 — 6 A+ 11 ); the eigenvalues are 3, 1, 3+*V2, and 3 —i\/ 2 ; £3 = span j 





J 

1 

. 


0 


K 

\o) 

j 


Ei = span < 


(/r 
2 
0 

1 \o> 


f > ^3+*V2 s P an < 


u pi 

l V.V5/ J 


\, and £ 3 _ iV 5 = span ^ 


/ °\1 

0 

V»V2/ J 


>. 


f/1' 

6 . p(A) = (A + 2) 3 ; the matrix has —2 as an eigenvalue; E -2 = span < I 0 

l Vo, 

7. A has eigenvalues 2 and —3, with corresponding eigenvectors ^ ^ and ^ j ^. Hence 

C = (1-1) “dC-MC=(^J). 

8 . A has eigenvalues 1 and —1/2, with corresponding eigenvectors ^ jQ and ^ So 

c =(l^) andc "' 4c= 0- 1 /“) 


o' 


9. A has eigenvalues — 1 , i, and — i, with corresponding eigenvectors j — 1 j, 

1 


t 1 • \ 

—1 — i 

1 |,and 
1 


' 1 1 •' 

-1 +1 


0 — 1 — i — 1 + i 


r -10 O' 


1 . Thus C= -1 


1 and C~ X AC = 0 i 0 . 


1 1 


0 0 -i 
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10. The eigenvalues of A are 2, 6, and —3,with corresponding eigenvectors 1,1, and 0 . So 


0/ VO 


-1/V2 l/\/2 0 


0 0 1 


Q = 1/n/2 1/v^ 0 and Q'AQ = 06 0 . 


2 0 0 


0 0-3 


11. The matrix A has 1 as an eigenvalue, with Ei = span < I 1 I >. So A is not diagonalizable. 


12. The eigenvalues of A are 16, —2, and —10, with corresponding eigenvectors 0 , [ 1 I, and I 0 


Hence, Q 


3/VT3 0 —2/\/l3 


2/\/l3 0 3/\/l3 


0 and Q*AQ = 0-2 0 . 


16 0 0 


0 0 -10 


13. A has eigenvalues 0, 4, and —3, with Eq = span < I 1 I >, E 4 = span < 1 1 >, and E-z = 


-1/V2 l/y/2 o 


span 0 Thus Q = 1/V2 1/V2 0 and Q x AQ =04 0 


0 0 1 


14. The eigenvalues of A are 2, 4, and 6, with E 2 = span 


0 0 0 


0 0-3 


0 ’ 1 


, E 4 = span 


and E 6 — span 


. SoC = 


-10 0 1 

10-10 

0 1 0 0 

0 1 11 


and C~ l AC = 


2 0 0 0 \ 

0 2 0 0 
0 04 0 ‘ 
0 0 0 6 / 


15. A has 3 and —1 as eigenvalues, with E 3 — span 


0 0 
0 ’ 0 


and E-i = span 


Hence C = 


10 0-1 

00 1 1 

0 0 1 0 

0 10 1 


and C~ X AC = 


3 0 0 0 
0 3 0 0 
00-1 0 
0 0 0 -1 


16. We have A = {^y /2 ^ 0 ) ’ e *S enva l ues °f ^ are 1/2 and —1/2, with corresponding eigenvectors 

(1) and (-l)- Hence ’ with (y ) = (-1/^ 1/^) (y)’ then we have T - T = l ’ which is 


an equation of a hyperbola. 
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17. AsA= J). A has 3 + \/2 and 3 — a/2 as eigenvalues, with corresponding eigenvectors ^ ^ ^ 

and ( 1_V ^). Thus , with = ^(! +v^)/« ( x ~ where a = \A + 2a/2 and 

/- x12 y ,2 

P — v4 — 2\/2, then ——- j=- + ——-— = 1, which is an equation of an ellipse. 

8/(3 + v 2) 8/(3 — y2) 

18. As A = ^_3/2 > A h 35 (5 + 3\/2)/2 and (5 — 3 a/ 2)/2 as eigenvalues, with ^ j an< ^ 

(l + a/5^ ^ corres P on di n 8 eigenvectors. Let a = \A — 2/2 and /? = \A + 2/2. Hence, with 

O') = ((1 - //« (1 + V2)m) (»)' ‘ hen 2/(5 + 3^5) + 2/(5-7) = *' WhiCh " *“ e<1 “ alion 


2. Hence, with 


of an ellipse. 


-=--|- -=- — 1 , which is an equation 

2/(5 + 3/5) 2/(5 - 3/5) 


19. As A = A has (3 + /l3)/2 and (3 — /l3)/2 as eigenvalues, with corresponding eigen¬ 
vectors + and ^ . Let ct = a/26 + 6/l3 and p = a/26 - 6/l3. With = 


( —2/a -2/p\ (x\ 

V(3 + /l3)/a (3 - a/13 )/p) \y)' 


a hyperbola. 


then -=- H- -==- 

10/(3+ /l3) 10/(3 — a/13) 


= 1 , which is an equation of 


20. We have A = The matrix has 0 and 5 as eigenvalues, with ^ ^ and ^ 2 ) 35 corre ' 

sponding eigenvectors. Let (j/)’ ^ ien ^ x ' 2 ~ ~ w ^' c ^ * s a degenerate con 


section. 


/ 2 2 0\ / 1\ /1\ / 0\ 

21. A = I 2 2 0 I has 0, 4, and —3 as eigenvalues, with I —1 | , I 1 I , and I 0 1 as corresponding 

\00-3 ) \ 0 ) \0 / [lj 

fx'\ I l //2 1//5o\ fx\ 

eigenvectors. Let ( / = ( -1 /a/2 1//2 0 y , then we have 4 / 2 - 3z' 2 . 

\ 2 '/ \ 0 0 l/\r/ 

22. The matrix A has 1 as an eigenvalue, with Ei = span | ^ 5 ) )• Solving (A — I)v 2 = Vi for v 2 , we 
obtain v 2 = ^ _2 ) ’ an< * hence, C = ^g _2 ) an< * ^ = ^0 1)' 

23. The matrix A has —2 as an eigenvalue, with £L 2 = span | ^ 1 ) Upon solving (A + 2/)v 2 = vi, a 

obtain v, = ( - J ). So C = ( J - J ) and } = (~ jj ). 
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24. The matrix A has —1 as an eigenvalue, with E i = span 

and (A + /)v 3 = v 2 , we obtain v 2 

'-1 1 O ' 

J = | 0-1 1 

0 0 - 1 . 


- 2 ' 

—1 ] and v 3 = 


'-5' 
-3 
7, 

2 ' 

1 

- 2 , 


►. Upon solving (A + J)v 2 = vj 
-5-2 2\ 

Then C = 1-3-1 1 and 

7 3-2/ 


So e At = Ce Ji C~ 1 = 


25. The eigenvalues of A are 1 and —1, with ^ j and as corresponding eigenvectors. With C = 

(ll) andJ = (j-l)’ thene>U = = (l l) e-*) ( _ 1 -l) = 

f-e* + 2 e“* 2 e* — 2 e -t \ 

V — e t + e -t 2 e t —e~ t )' 

26. From problem 23, we have that C = ^ and J = ^ O—^)’ 

/2 fe~ 2t te~ 2t \ ( 0 l\ _ 21 f 1 - 2t 4A 

VI oji, 0 e~ 2i J V- 12 J _e \ —t l + 2t)' 

27. The eigenvalues of the matrix are -1 + 2i and -1 - 2i, with corresponding eigenvectors 

“<* (—1 + •)' With C + ’) aad J = (- 1 +2 ‘ then = CJC~‘ = 

_ t /"cos 2 f — sin 2 t — 2 sin 2 t\ 

V sin 2t cos 2 1 + sin 2 < J' 

28. As p(A) — A 3 — 7A 2 + 19A — 23J, then 


(-t-t) 


A- l = ~{-A 2 + iA-m) 


-1 

23 

J_ 

23 


-1 8 6 ' 

-| -3 -2-11+7 
-11 -11 14, 

"4 -13 -1' 

4 10 -1 
3-4 5, 


31 \ 

/I 00 

10 

- 19 0 1 0 

-14 / 

\o 0 1 


29. We have |A - 3| < 1/2 + 1/2 = 1, |A - 4| < 1/3 + 1/3 = 2/3, |A - 2| < 1 + 1 = 2, and |A + 3| < 
1/2 + 1/2 + 1 = 2. Hence |A| < 5 and -5 < Re A < 14/3. 
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Appendix 1. Mathematical Induction 


1. For n = 1, the equation holds. Assume that the equation holds for n = k. Then 2 + 4 +- 1 - 2k + 

2 (Jfc + 1 ) = k(k + 1 ) + 2 (k + 1 ) = (k + l)(fc + 2 ), which completes the proof. 

2. For n— 1, the formula holds. Assume the equation holds for n — k. Then 1 + 4 + 7 +-h (3 k — 2) + 

[2(1:1!) 2 ] = k{3k ~ 1) | 3 jb| 1 = 3P + 5F + 2 = (F + l)(3fc + 2) ^ (fc + l)[3(F+l)-l] 

2 2 2 2 

3. For n = 1, the equation holds. Assume the formula holds for n = k. Then 2-f 5-f 8 d-h[3(Ar-f-l)—1] = 

k(U + 1) 3Jb 2 + 7Jb + 4 = (k + l)(3k + 4) _ (k + l)[3(k + 1) + 1] 

2 + + 2 2 2 

4. As the equation holds for n = 1, we assume that it holds for n = k. Then 1 + 3 + 5 +-h (2 k — 1) + 

[3(k + 1) - 1] = k 2 + 2k + 1 = (k + l) 2 . 

5. (I ) 1 = | < { = 1, so inequality is true for n = 1. Now assume it is true for n = k. That is, (~) k < j. 

Then (|) t+1 = | (I ) 4 < \ (£) = < k+I s * nce 2F > k +1 if k > 1. 

6 . As the inequality holds for n = 4, assume that it holds for n = k. Then 2 k+1 = 2 • 2* < 2 • n! < 

(k + l)fc! — (k + 1 )!. 

7. The formula holds for k = 1. Assume that the formula holds for n = k. Then 1 + 2 + 4 + • • • + 2 * +1 = 
2 *+* - 1 + 2* +1 = 2* +2 - 1 . 

8 . The equation holds for n = 1. Suppose that the equation holds for n — k. Then 1+3+94-1-3 * +1 — 

3** 1 -! | 3 t + i = 3 fc+2 ~l 

2 2 

9. As the equation holds for n = 1, assume that it holds for n — k. Then 1 + ^ + +- 1 - = 

2 -l + JL_ 2 __i_ 

2 k 2 k + 1 2 i+1 ‘ 

10. For n = 1, we have 1 = 1. Now assume that the equation holds for n = k. Then 1 — ^ + ^ — •• • + 

o y 


H) ,+ ‘=IhHn + H)‘ w ^h(-iy 


11. For n = 1, we have 1 = 1. Suppose that the formula holds for n = k. Then l 3 + 2 3 +-f (k + l ) 3 = 


k 2 (k + l ) 2 


+ (k + l ) 3 = 


3 (fc + l) 2 (fc + 2) 2 


12. As the equation holds for n = 1, assume that it holds for n = k. Then 1-2 + 2-34- 1 -(& + l)(k + 2) = 


k(k + 1 )(F + 2 ) 


+ (k + 1 )(F + 2 ) — 


(F + l)(F + 2)(fc + 3) 


13. For n = 1, we have 2 = 2. Suppose that the equation holds for n = k. Then 1-2 + 3- 44-1- [2(1: + 

1 ) - l][2(ifc + 1)] = + X )( 4k ~ !) + 2{2k + l)(Jb + 1) = . 

o o 
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14. For n = 1 the equation holds. So suppose that the equation holds for n = k. Then 

11 13 1 11 

2 2 - 1 + 3 2 - 1 + " ' + (k + 2 ) 2 - 1 ” 4 2{k + 1) 2(k + 2) + k 2 + Ak + 1 

3 1 1 

“ 4 “ 2(k + 2) 2{k + 3) 


15. When n = 1, n 2 + n = 2, which is even. Now suppose that k 2 + k is even. Then (k + l ) 2 + (fc + 1) = 
k 2 + 3k + 2 — k 2 + k + 2(k + 1), which is even. 


16. For n = 12, the inequality holds. Suppose that the inequality holds for n = k, k > 11. Then k + 1 < 

F - * + 2 + 1 = + + 3 = (t+1)2 .: 3t+9 + 2 < (t+1)2 ,: (t+11 +2 ( ».c 


10 

3fc — 9 > F + 1). 


10 


10 


10 


17. If n = 1, then n(n 2 + 5) = 6 . Suppose 6 divides k(k 2 + 5). Then {k + l)[(fc + l ) 2 + 5] = (k + l)[(fc 2 + 
5) + (2ifc+1)] = ib(Ir 2 + 5) + 3(ife 2 + ife + 2). Using problem 15, we see that 6 divides (fc + l)[(fc+l ) 2 + 5]. 

18. For n — 1, 3ra 5 4-5n 3 +7n = 15. Suppose 15 divides 3k 5 +hk 3 +lk. Then 3(^+l) 5 +5(fc + l) 3 +7(I; + l) = 
3ife 5 + 15/b 4 + 35F 3 + 45 & 2 + 371; + 15 = (3Jb 5 + 5ik 3 + 7k) + (15I; 4 + 30 k 3 + 45I : 2 + 301: + 15), which is 
divisible by 15. 


19. We will show that (x - 1)(1 + x + x 2 + -h x n-1 ) = x" - 1. For n = 1, we have equality, so suppose 

the equation holds for n = k. Then (x — 1)(1 + x + x 2 + -h x k ) = x k — 1 + (x — \)x k = x fc+1 — 1. 

Thus x n — 1 is divisible by x — 1. 


n —1 


20. We will show (x — y) J2 x 'y' 

i—0 

holds for n = k — 1. Then 




x n — y n . For n — 1, we have equality, so suppose the equation 


k 

I 

i—0 


k — 1 


(x-y)J2 x 'y k ’’ = (*- y) xk + ( x - y) ^2 x 'y k 1 


i=0 
t-1 


= (x - y)x k + (x - y)y ^ x'y k 1 ’ 


»=o 

= (x — y)x k + y(x k — y k ) by induction 


= x — y . 


21. If n = 1, then (ab) 1 = ab. Now suppose that ( ab) k = a k b k . Then (a £>)* +1 = ( ab)(ab) k = ( ab)(a k b k ) = 
aa k bb k =a k+1 b k+1 . 

22. Proof by induction on n. Let / be a polynomial of degree 1, i.e. /(x) = ax+6, a ^ 0. Then ax+b = 0 
implies x = —b/a. Therefore / has exactly one root. This proves the desired proposition for n = 1. 

Now suppose that it is true for n = k. Let g be a polynomial of degree k + 1. g has at least one 
complex root, so let a be a root of g. Then g{x) = (x — a)h(x) by division where h is a polynomial 
of degree k. h(x) has exactly k roots by the induction hypothesis so g{x) has exactly k + 1 roots since 
g(x) = 0 only if (x — a) = 0 or h(x) = 0. This completes the proof. 

23. Suppose det(j 4 iyl 2 • • • A m _i) = detail detA 2 ••• detj4 m _j. Then 

det (A 1 A 2 ■ ■ -A m ) = det (A\A-i ■ ■ -y4 m -i)det (>l m ) = det^lj detvl 2 • • • det A m - 
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24. Suppose (j4i + A 2 + • • • + -At-i)* = A[ + A\ + • • • + . Then {A\ + Ai + • • • + At)* = 

(Ai + A^ + ■ —I- -Ajt-i)* + A\ = A\ + A\ +-b A\. 

25. If S is a set with 0 elements, then 5 is the empty set. The proposition states that S must have ex¬ 
actly 2° = 1 subset. But the empty set does have exactly one subset, namely, the empty set itself. So 
suppose that sets with k elements have exactly 2* subsets. Let S = {xj,£ 2 , • • •, *i+i} be any set of 
size k + 1. Then we may classify all subsets of S into two groups: those subsets which contain Xk+i 
and those that do not. Note that the number of subsets of S that contain xt+i is the same as the 
number of subsets that do not contain £*+i. Now, the subsets of S that do not contain £*+i are pre¬ 
cisely the subsets of T = {xj, £ 2 ,...,x*}. By hypothesis, T has exactly 2* subsets. Hence there are 
2 • 2* = 2* +1 subsets of S. 

26. Suppose 2k — 1 is even. Since 2 divides (2Jfc — 1) + 2, then 2 (k + 1) — 1 is even. To conclude something 
by induction, we would need to show that 2ib — 1 is even for some integer k. But 2k — 1 is odd. 

27. For the induction step to be valid, the intersection of Si and S 2 would have to be nonempty to link 
the two sets of equalities. But if k = 2, Si fl £2 is empty. 
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Appendix 2. Complex Numbers 


1. (2 - 3*) + (7 - 4 i) = 9-7* 

3. (1 + i)(l -0 = 2 
6 . 5t = 5e "/ 2 
9. 3 - 3t = 3v/2 • e ”"/ 4 
12 . 1 — >/3* = 2 e -’"'/ 3 
15. -1 - V3i = 2e ~ 2 "/ 3 
18. ( e 3,r, / 4 )/2 = -\/2/4+ V2i/4 
20. 6 e "/ 6 = 3-y/3 + 3* 

23. 3e - 2 "'/ 3 = -3/2 - 3^3*72 
26. 3 + 4* 

29. 7* 

32. 4c - 3 "/ 5 


2. 3(4 + 0 - 5(— 3 + 60 = 12 

4. (2 - 30(4 + 70 = 29 + 2* 

7. 5 + 5* = by/2 ■ e "/ 4 
10. 2 + 2V3i = 4e "/ 3 
13. 4v/3 - 4* = 8 e -"/ 6 
16. e 3 " = -1 

19. (e - 3 "/ 4 )/2 = — \/2/4 - V2i 
21. 4e 5 "/ 6 = —2\/3 + 2* 

24. V3e 23 "/ 4 = a/6/2 - -76*72 
27. 4 - 6 * 

30. 16 
33. 3e 4 "/ u 


3*+ 15-30* = 27-27* 

5. (-3 + 20(7 + 3i‘) = -27 + 5* 

8 . -2 - 2 * = 2y/2 ■ e " 3 "/ 4 

11. 3Vi + 3i = 6 e "/ 6 
14. -6v/3 - 6 * = 12e - 5 "/ 6 
17. 2e- 7x< = -2 

22 . 4e- 5 "/ 6 = -2N/3 - 2i 
25. e*' = 0.5403+ 0.8415* 

28. -3 - 8 * 

31. 2c ""/ 7 

34. e -0 012i 


35. Suppose z = a + i/3 is real. Then /? = 0. Then z = a — z. Next, suppose z — z. Then a + i/3 — a — if). 
Then if) = —if) =$ f) = —ft =>•/? = 0. Then 2 is real. 

36. Suppose 2 = a + i/3 is pure imaginary. Then a = 0. Then 2 = —if) — —z. Next, suppose z = —z. 

Then a + i/3 = —a + ip Then a = -a => a = 0. Then z is pure imaginary. 

37. Let 2 = a + */?. Then 22 = (a + */?)(<* — *7?) = a 2 + P 2 = | 2 | 2 . 

38. The unit circle (a;, t/) : * 2 + y 2 = 1. As complex numbers, the unit circle = {2 = x + iy : x 2 + y 2 = 1}. 

But ar 2 + j / 2 = | 2| 2 = l=+| 2 | = l. Thus the unit circle is the set of points in the complex plane that 

satisfies | 2 | = 1 . 

39. The circle of radius a centered at 20 . 

40. The circle and interior of the circle of radius a centered at 20 . 

41. First note that ( 2 )" = 2 ". Then p(z) = p(z), since coefficients are real. So if p(z) = 0, then p(z) = 

0 = 0 . 

42. cos 4 0 + * sin 4 6 = (cos 6 + * sin 0) A 

= (cos 4 0 + sin 4 0 — 6 cos 2 0 sin 2 0) + (4 cos 3 0 sin 0 — 4 cos 0 sin 3 0)i 
Then cos 40 = cos 4 0 + sin 4 0 — 6 cos 2 0 sin 2 0 = 1 — 8 cos 2 0 sin 2 0 and sin 40 = 4 cos 3 0 sin 0 — 4 cos 0 sin 3 0. 


43. For n = 1, (cos0 + *sin0 ) 1 = cos0 + tsin0. Thus DeMoivre’s formula is true for n = 1. Suppose it is 
true for n = k, that is, (cos0 + i sin 9) k = cos (k0) + i sinfkd). Then consider n = k + 1. 

(cos 0 + * sin 0) k+l = (cos 0 + i sin 0) k (cos 0 + * sin 0 ) 

= (cos(fc 0 ) + *sin(& 0 ))(cos 0 + *sin 0 ) 

= (cos(ib 0 ) cos 0 — sin(fc 0 ) sin 0 ) + (cos (k0) sin 0 + sin(& 0 ) cos 0)i 
= cos ((k + 1 ) 0 ) + *sin((F + 1 ) 0 ) 


Thus DeMoivre’s formula holds for n = 1,2,... 
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Appendix 3. The Error in Numerical Computations and Computational Complexity 


1. 0.33333333 x 10° 

2. 0.875 x 10° 

3. 

-0.35 x lO " 4 

4. 0.77777778 x 10° 

5. 0.77777777 x 10° 

6 . 

0.47142857 x 10 1 

7. 0.77272727 x 10 1 

8 . -0.18833333 x 10 2 

9. 

-0.18833333 x 10 : 

10. 0.23705962 x 10 9 

11. 0.23705963 x 10 9 

12 . 

-0.237 x 10 17 

13 0 83742 y Ifi- 20 





14. e a = |0.49 x 10 1 - 5| = 0.1; e r = 0.1/5 = 0.02 

15. € a = |0.4999 x 10 3 - 5001 = 0.1; e r = 0.1/500 = 0.0002 

16. e a = |0.3704 x 10 4 - 3720| = 16; e r = 16/3720 = 0.0043 

17. e a = |0.12 x 10° - 1/8| = 0.005; e r = 0.005 • 8 = 0.04 

18. e a = |0.12 x 10 " 2 - 1/800| = 0.00005; e r = 0.00005 • 800 = 0.04 

19. e a = |- 0.583 x 10 1 + 5§|= 0.0033333 ...; e r « 0.57143 x 10 ~ 3 

20. e a = |0.70466 x 10° - 0.70465| = 0.1 x 10" 4 ; e r = 0.70465 x 10 " 5 

21. e a = |0.70466 x 10 5 - 70465| = 1; e fl « 0.1419144 x 10 ~ 4 

22. There are three different operations: (1) divide row i by a,-,- in colums i+1 to n + 1, (2) multiply row i 

by aji in columns i+1 to n + 1, and subtract it from row j for j > i; (3) multiply 6,- by aji, j < i, and 

n n(fi -j- 

subtract it from bj. Operation (1) requires k = ^ —- multiplications, k — n + l — i. Operation 


k =1 


( 2 , requires £ *(* + 1 ) . £ * + £ „ = + ISzlfc = =! 


multiplications 


kzz 1 


Jb=l 


fc=i 

n-l 


71 ^ 71 

and additions. Operation (3) requires ^ k = —-— multiplications and additions. Adding these 

k =1 2 

fractions together gives the formulas in row 2 of Table 1. 

23. There are three operations: (1) dividing row i by an in columns i + 1 to n + 1, (2) multiplying row i 
by aji in columns i+1 to n +1 and subtracting it from row j for j > i, (3) the back substitution. Op- 

n n(n + 1 ) " -1 

eration (1) requires =--- multiplications. Operation (2) requires k(k + 1 ) = 

k= 1 fc=l 

r» — 1 2 

multiplications and additions. Operation (3) requires ^ k — —-— multiplications and additions. 

i=l 

Adding these fractions together gives the desired results. 

24. Let (A\I) = ( bij ). At the i th step, we divide b^j by for k + 1 < j < n + k as the rest of row k 
is zero, and then multiply btj by a;*, for i ^ k. This gives n + n(n — 1) = n 2 multiplications at each 
step. As there are n steps, then there are n 3 total multiplications. As for the number of additions, 
note that at each step k, we perform (n — k)(n - 1) + (k — l)(n — 1) additions. Hence, there are 

n-l n n 

y^(n — k)(n — 1 ) + — l)(n — 1 ) = (n — l)^(n — 1 ) = (n — l) 2 n = n 3 — 2 n 2 + n total additions 

k=l k-2 Jfc=l 

and subtractions. 


n 3 - n 
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25. For the operation of dividing a row by an in columns i + 1 to n, we have n(n — l)/2 divisions. At 
each step k, k — 1,2,.. ., n — 1, we multiply row k by a,* in columns k + 1 to n, for j > k, and 

subtract it from row j. So this accounts for k 2 = —-jr-- additions and multiplications. 

*=l 

Finally, keeping track of the diagonal elements and multiplying them together at the end requires n— 1 

n 3 2n ..... n 3 n 2 n 

multiplications. Adding these fractions gives — + —— 1 multiplications and —-— + — additions. 


26. As it would require 4, 200 multiplications and 3, 990 additions, the average time would be 4,200 • (2 x 
10" 6 ) + 3,990 • (0.5 x 10~ 6 ) = 0.104 seconds. 

27. Since it would require 3, 060 multiplications and 2, 850 additions, the average time would be 3,060 • 
(2 x 10~ 6 ) + 2,850 • (0.5 x 10~ 6 ) = 7.545 x 10“ 3 seconds. 

28. 50 x 50; 0.31 seconds 

200 x 200; 19.96 seconds 

10,000 x 10,000; 2.5 x 10 6 seconds 


n 

29. AB = (cij ) where cy = ^a,*6^. As i 

k =1 


tions and m ■ q ■ (n — 1) additions. 


1,2,..., m and j = 1,2,...,?, there are m ■ q ■ n multiplica- 
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Appendix 4. Gaussian Elimination with Pivoting 

/ 2 -1 1 0.3\ /-4 3 -2 -1.4 \ /I -0.75 0.5 0.35\ /1 -0.75 0.5 0.35\ 

1. -4 3 -2 -1.4 ) —> ( 2 -1 1 0.3 — 0 0.5 0 -0.4 — 0 -5.75 1.5 -0.95 — 

\ 3 -8 3 0.1 / \ 3 -8 3 0.1/ \0 -5.75 1.5 -0.95/ \0 0.5 0 -0.4/ 

/I -0.75 0.5 0.35\ /1 -0.75 0.5 0.35 \ 

0 1 -0.260870 0.165217 — 0 1 -0.260870 0.165217 . 

\0 0 0.130435 -0.482609/ \0 0 1 -3.700000/ 

Then x 3 = -3.7 

z 2 = 0.1653217 + 0.260870(-3.7) = -0.800002 
= 0.35 + 0.75(—0.800002) - 0.5(-3.7) = 1.60000 


/ 4.7 1.81 2.6 -5.047\ /12.3 0.06 0.77 

2. -3.4 -0.25 1.1 11.495 — -3.4 -0.25 1.1 

V 12.3 0.06 0.77 7.9684/ \ 4.7 1.81 2.6 


/I 

0.00487805 

0.0626016 

0.647837\ 


0 

1.7807 

2.30577 

-8, 09183 

—► 

\0 

-0.233413 

1.31285 

13.6976 / 



/I 0.00487805 0.0626016 0.647837 \ 
0 1 1.29025 -4.52799 

\0 0 1 7.83186/ 


7.9684N 

/I 

0.00487805 

0.0626016 

0.647837\ 

11.495 -+ 

0 

-0.233413 

1.31285 

13.6976 

-5.047 / 

Vo 

1.7807 

2.30577 

8.09183 / 


/I 0.00487805 0.0626016 0.647837 \ 
0 1 1.29025 -4.52799 

\0 0 1.61401 12.6407/ 


Then x 3 = 7.83186 

x 2 = -4.52799- 1.29025(7.83186) = -14.6330 

*i = 0.647837 - 0.00487805(—14.6330) - 0.0626016(7.83186) = 0.228931 


/ -7.4 3.61 8.04 25.1499\ /12.16 -2.7 -0.891 3.2157\ 

3. 12.16 -2.7 -0.891 3.2157 -7.4 3.61 8.04 25.1499 

\ -4.12 6.63 -4.38 -36.1383/ \-4.12 6.63 -4.38 -36.1383/ 

/I -0.222039 -0.073273 0.264449\ /l -0.222039 -0.073273 0.264449\ 

— 0 1.96690 7.49778 27.1068 -♦ ( 0 5.715197 -4.681885 -35.048770 

\0 5.71520 -4.68188 -35.0488/ \0 1.966908 7.497780 27.106823/ 

/I -0.222039 -0.073273 0.264449\ /l -0.222039 -0.073273 0.264449\ 

-+ 0 1 -0.819199 -6.132556 ] —*- [ 0 1 -0.819199 -6.132556 

\0 0 9.109069 39.168996/ \0 0 1 4.300000/ 

Then x 3 = 4.3 

x 2 = -6.132556 + 0.819199(4.30000) = -2.61 

x\ = 0.264449 + 0.222039(-2.61000) + 0.073273(4.3) = 0.0 
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4. 


✓ 4.1 -0.7 

8.3 

3.9 

2.6 8.1 

0.64 

- 0.8 

-5.3 -0.2 

7.4 

-0.55 

V 0.8 -1.3 

3.6 

1.6 


-4.22 \ 


/-5.3 -0.2 7.4 -0.55 

-25.73 \ 

37.452 


2.6 8.1 0.64 -0.8 

37.452 

-25.73 


4.1 -0.7 8.3 3.9 

-4.22 

-7.7/ 


\ 0.8 -1.3 3.6 1.6 

-7.7/ 


Z 1 

0.377358 -1.39623 

0.103774 

4.85472 \ 


/I 

0.377358 

-1.39623 

0.103774 

4.85472 \ 

° 

8.00189 4.27020 

-1.06981 

24.8297 


0 

1 

0.533649 

-0.133695 

3.10298 

0 

-0.8547168 14.0245 

3.47453 

-24.1244 


0 

0 

14.4806 

3.36026 

-21.4722 

\0 

-1.33019 4.71698 

1.51698 

-11.5838/ 


Vo 

0 

5.42683 

1.33914 

-7.45625/ 

n 

0.377358 -1.39623 

0.103774 

4.85472 \ 


/1 

0.377358 

-1.39623 

0.103774 

4.85472 \ 

0 

1 0.533649 

-0.133695 

3.10298 


0 

1 

0.533649 

-0.133695 

3.10298 I 

0 

0 1 

0.232053 

-1.48283 


0 

0 

1 

0.232053 

-1.48283 

Vo 

0 0 0.0798278 

0.590816/ 


Vo 

0 

0 

1 

7.40113/ 


Thenx 4 = 7.40113 

* 3 = -1.48283 - 0.232053(7.40113) = -3.20028 

x 2 = 3.10298 - 0.533649(—3.20028) + 0.133695(7.40113) = 5.80030 

*i = 4.85472 - 0.377358(5.80030) + 1.39623(-3.20028) - 0.103774(7.40113) = -2.57044 



5. Gaussian elimination with partial pivoting: 

12 -3 
8 15 
0.05 0.2 

1 2.08 -0.25 
0 1 0.588 

k 0 0 0.318 

Gaussian elimination without partial pivoting: 

0.5 2 

19 -27 
11.5 29 


1 2.08 -0.25 

0 22.6 13.3 

0 -0.158 0.225 



0.833\ 

/1 

2.08 

-0.25 

0.833 \ 

0.346 -+ 0 

1 

0.588 

0.346 . Then x 3 = 3.99, x 2 = -2.00, £1 = 5.99. 

1.27/ 

Vo 

0 

1 

3.99 / 






Then x 3 = 4.00, x 2 = —2.00, x\ — 6.00. 


Exact solution: £1 = 6 , x 2 = —1, £3 = 4. 

Relative error with partial pivoting: £j : 0.00167, x 2 : 0, x 3 : 0.0025 
Relative error without partial pivoting: Xi : 0, x 2 : 0, £3 : 0. 

6 . Gaussian elimination with partial pivoting: 


0.03 -0.04 




10 8 

6 \ 

/I 

0.2 

0.16 

2 4 

0 

- 0 

- 1.2 

1.44 

0.03 -0.04 

-0.04 / 

Vo 

0.026 -0.0432 


0 . 12 \ 

1.6 - 

0.0424 / 

Gaussian elimination without partial pivoting: 



Then £3 = 7, £2 = 10, x\ = -3. 



0.03 -0.04 

2 4 

-0.04 N 
0 

| - ( 

10 8 


1 \ 





Then £3 = 8.43, x 2 = 12.4, £1 = —3.74. 
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Exact solution: xi = —3, £ 2 = 10, *3 = 7. 

Relative error with partial pivoting: xi : 0, xi : 0, £3 : 0. 

Relative error without partial pivoting: xi : 0.247, x 2 : 0.24, £3 : 0.204. 

7. Exact solution: £1 = 15650/13, £2 = —15000/13. 

Rounding to three significant figures we have: Xl X2 — 50 

£1 + 1.03£ 2 = 20 

Then £1 = 1050, x 2 = —1000. Approximate relative error: Xl . 0.1278 

£2 : 0.1333 

Thus the system is ill-conditioned. 

8 . Exact solution: xi = —1.0001, £2 = 1.9999. Rounding to three significant figures we have the same 
system and thus the same solution. Thus the system is not ill-conditioned. 
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25. 

s\\\\4\\\\\\ 

26. 

t x/2-y/3-l 


-5 

J_I_ 



<x-y)/3*2 


(x-y)/3-2 


x/2-y/3sl 


x/3+y/2<-1 

/ / / / / 


x/3+y/2—1 


7a.. 

x/3-yy5-l/2 


x/3-y/5a;l/2 
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40. No points of intersection. 
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43. 



44. 

y 



■5 

* y ^2v a, 4 

! a/ 2 .9/a> 

5 

i i i t _ l 

?\?**2y-6 3 

/ iAi i i i 

-x+2y:S4 


3x+2ys6 


x.y&O 



•5 


45. 



47. 



46. 

y 


x-o! 

5 2x+y-l 

l i i i J 


2x+ y>l 

■ ^ y-0 

X+2y>l 

[ x+2y-l 

x+ y<3 


x. y»0 

* 


M 


< = -l :(5,4) 

</ = 0 : ( 2 , 3 ) 
t= 1/3 : (1,8/3) 
t = 2/3: (0,7/3) 
* = 1 : (- 1 , 2 ) 

< = 2:(-4,l) 
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50. S' is the empty set. 51. 



52. 


53. 



a) . See #48. 

b) . See #49. 

c) . See #50. 

d) . See #51. 

e) . See #52. 


54. (a) ax i + bx 2 + CX 3 — a where a,b,c£ M. 

(b) Those for which b = a. 

(c) b = c = 0 . 

55. (a) axi + bx 3 + CX 3 + ax 4 = a + b + c 

(b) Those for which a + b + c = 0. 

(c) Those for which a + b + c = —a. That is , b + c = —2a. 

56. 2ii + 12x2 + 2 x 3 < 10 

xi - 2 x 2 + x 3 < 2 _ 

3®i 3 x 3 <12 Xi + x 3 < 4. But, we also are given xi + x 3 > 6 . 

Thus, the solution set is empty. 

57. (a) {y : 1 < y < 3} (b) 3 (c) { 2 /: 1 < y < 6 } 


1 

-1 

0 



,6 = 





58. A = 


59. A = 
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Application 1.2 

1. 65 chairs; 40 tables; Profit = $525 

2. 95 chairs; no tables; Profit = $760 

3. We have P = 5* + 6y, 30* + 40y < 11,400, 4* + 6 y< 1,650, * > 0, and y > 0. The corner points are 
(0,0), (380,0), (0,275), and (120,195). A maximum profit of $1,900 is earned when 380 chairs and no 
tables are produced. 

4. no chairs; 275 tables; Profit = $2,200 

5. 380 chairs; no tables; Profit = $3,040 

6 . We have ax + ay < c, bx + by < d, x > 0, and y > 0. If c/a < d/b, then the corner points are (0,0), 
(0,c/a) and (c/a,0). If d/b < c/a, then the corner points are (0,0), (0, d/b), and (d/6,0). In either 
case, as P = 3* + 4y, the owner will maximize profits by producing tables only. 

7. The corner points are (0,10), (5,5), and (5,10). So the cost is minimized at $4,000 per day if x = 5 
mgd and y = 5 mgd. 

8 . corner points: (0,0), (0,4), (5/2,0), (1,3) 

/(0,4) = 16, /(5/2,0) = 15/2, /(1,3) = 15 
/ is maximized at (0,4) 

9. corner points: (0,0), (0,4), (5/2,0), (1,3) 

/(0,4) = 12, /(5/2,0) = 10, /(1,3) = 13 
/ is maximized at (1,3) 

10. corner points: (0,0), (0,3), (4,0) 

/(0,3) = 3,/(4,0) = 4 

/ is maximized at (4,0) 

11. corner points: (0,0), (0,10/3), (3,0), (2,2) 

/(0,10/3) = 10, /(3,0) = 6, /(2,2) = 10 

any point on the line 2* + 3y = 10 between (0,10/3) and (2,2) will yield the maximum value / = 10 

12 . corner points: (0,0), (0,1), (1,0), (10/11,10/11) 

/(0,1) = 5, /(1,0) = 3, /(10/11,10/11) = 80/11 
/ is maximized at (10/11,10/11) 

13. /(0,1) = 3, /(1,0) = 5, /(10/11,10/11) = 80/11 
/ is maximized at (10/11,10/11) 

14. /(0,1) = 1, /(1,0) = 12, /(10/11,10/11) = 130/11 
/ is maximized at (1,0) 

15. /(0,1) = 12, /(1,0) = 1, /(10/11,10/11) = 130/11 
/ is maximized at (0,1) 

16. corner points: (0,4), (4,0) 
ff(0> 4) = 20, <?(4,0) = 16 

g is minimized at (4,0) 

17. corner points: (0,3), (4,0), (2,1) 

<7(0,3) =15, 5(4,0) =16, ^(2,1) = 13 
g is minimized at (2,1) 

18. corner points: (0,1), (1/3,0), (1/5,1/5) 

<7(0,1) = 8, <7(1/3,0) = 4, <7(1/5,1/5) = 4 

any point on the line 12* + 8y = 4 between (1/5,1/5) and (1/3,0) will yield the minimum value <7 = 4 
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19. corner points: (0,1), (1,0), (1/13,8/13) 

0(0,1) = 7, ff(l, 0) = 3, <7(1/13,8/13) = 59/13 
g is minimized at ( 1 , 0 ) 

20. corner points: (2,0), (0,5/2) 

<7(2,0) = 6, <7(0,5/2) = 5 

<7 is minimized at (0,5/2) 

21. Let x and y denote the amount of the first and second food groups, respectively. We want to mini¬ 
mize / = 0.5x + y subject to the constraints: 0.9a: + 0.6y > 2, 0.1a: -f 0.4y > 1, x > 0, and y > 0. 
The corner points are (10,0), (0,10/3), and (2/3,7/3). Upon computing / at the corner points, we 
find that 2/3 lb of Food I and 7/3 lb of Food II provides the diet requirements at minimum cost. The 
cost per lb is $ 8/9 ss 89 cents. 

22. Let x and y denote the number of regular and super deluxe pizzas, respectively. We want to maximize 
P = 0.5a: + 0 . 752 / subject to the constraints: a; + y < 150, 4a; + 8 y < 800, 0 < x < 125, and 0 < y < 
75. The corner points are (0,0), (0,75), (50,75), (100,50), (125,25), and (125,0). Upon evaluating P 
at the corner points, we find that when Art makes 100 regular pizzas and 50 super deluxe pizzas, his 
profit is maximized at $87.50. 

23. Let x and y denote the number of species I and II, respectively. We want to minimize E = 3x + 2y 
subject to the constraints 5x + y > 10, 2x + 2y> 12, x + 4y > 12, x > 0, and y > 0. The corner points 
are (1,5), (4,2), (0,10), and (12,0). Upon evaluating E at the corner points, we find that if x = 1 and 
y = 5, then the energy expended will be minimized at 13 units. 

24. (a) 

X ». 

2 , 



(b) 



(c) By sketching lines, observe that / is maximized at (20/7,6/7) with / = 58/9, and g is minimized 
at (1/7,4/7) with g = 58/7. 
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25. (a) 

y T 


x+2y-3 


(b) The first two inequalities ae satisfied for all (xi,X 2 ,xa) as long as £ 1 + 2:3 > 5 and £2 > * 1 +^ 3 — 8 . 
Hence the problem is unbounded. 

26. (a) 

<>x+6y-n 
2x*5y-5 


(b) From the first two inequalities we have that 6 x 1 + 4x 2 + 3 x 3 < 14, but this contradicts the third 
inequality. 

27. (a) Minimize C — 2xi + 2 . 5 x 2 + 0 . 8 x 3 subject to the constraints: xi + £2 + IOX 3 > 1, lOOxi + 10 x 2 + 
lOx + 3<?e50, 10xi + 100 x 2 + IOX 3 > 10, xi > 0, £2 > 0, and £3 > 0. 

(b) ( 0 , 0 , 0 ); ( 0 , 0 , 1 / 10 ); ( 0 , 0 ,5); ( 0 , 0 , 1 ); ( 0 , 1 , 0 ); ( 0 ,5, 0 ); ( 0 , 1 / 10 , 0 ); ( 1 , 0 , 0 ); ( 1 / 2 , 0 , 0 ); ( 1 , 0 , 0 ); 

(0,49/9, -4/9); (0,1/11,1/11); (0, -4/9,49/9); (49/99,0,5/99); (1,0,0); (4/9,0,5/9); (4/9,5/9,0); 
(1,0,0); (49/99,5/99,0); (53/108,5/108,5/108) 

(c) (0,0,5); (0,5,0); (1,0,0); (1,0,0); (1,0,0); (4/9,0,5/9); (4/9,5/9,0); (1,0,0); (53/108,5/108,5/108) 

(d) 


(e) Cost is $245/216 as $1.13 when xi = 53/108 a: 0.49 gallon of milk, X 2 = 5/108 a: 0.046 pound of 
bef, and £3 = 5/108 as 0.046 dozen eggs consumed daily. 

28. Let x, y, and z denote operations I, II, and III, respectively. We want to maximize P = lOOx + 150y + 
200z and N = x + y + z subject to the constraints: 0.5x + y 2 z < 80, x > 0, y > 0. The corner points 
are (0,0,0), (160,0,0), (0,80,0), and (0,0,40). Both P and N are maximized at (160,0,0). Hence, to 
maximize the revenue and the total number of operations, 160 of type I, 0 of type II, and 0 of type III 
should be performed. 
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29. Let *i, * 2 , and £3 denote the number of cans of mixtures 1, 2, and 3, respectively. We want to max¬ 
imize P = 0.3£i + 0.4x 2 + 0 . 5£3 subject to the constraints: ^£1 + ^£ 2 < 10,000, ^£1 4- ^£ 2 + 

2 o 2 o 

^£3 < 12,000, ~£ 2 + ^£3 < 8,000, £1 > 0, £ 2 > 0, and £3 > 0. The corner points are (0,0,0), 

2 o 2 

(8000,18000,4000), (20000,0,4000), (4000,24000,0), (8000,0,16000), (0,24000,0), and (20000,0,0). 
Upon evaluating P at the corner points, we find that if (£ 1 , £ 2 , £ 3 ) = (8000,18000,4000), then P is 
maximized with P = $11,600. 
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Application 1.3 

*1 + *2 "Ml = 3 
1. 2*1 + *2 +«2 = 7 

« 1)«2 > 0 

2*1 + *2 -Mi = 10 

„ 3*1 + 2*2 -M 2 = 30 

4*1 + 7*2 -M 3 = 20 

Sl,«2,«3> 0 

7*1 + *2 + 3*3 + *4 -Mi = 8 

_ 3*1 + 2*2 + 5*3 4- 12*4 -M 2 = 12 

2*i 4- 5*2 + 8*3 + 2*4 -M 3 = 9 

«1,S2,S3> 0 

*1 + 2*2 +si = 5 
6 . (a) 3*i 4- 7*2 -M 2 = 20 

si,s 2 > 0 

A 2 1 0 I 5\ fl 2 1 0 5\ /I 0 7-2 -5\ 

W \,3 7 0 1 W VO 1 -3 1 5 / V° 1 " 3 1 5 / 

Then *1 = — 5 — 7si + 2s 2 ‘, *2 = 5 4- 3si — « 2 - 

A 1 2 0 I 5\ A 1 2 0 |5\ A 0 7/3 1/3 20/3 \ 

' \3 0 7 1 I 20_/ *" \0 -3 1 1 I 5y “^ VO 1 -1/3 -1/3 -5/3 ) 

Then *1 = (20 — 7*2 — « 2 )/ 3 ; si = (—5 + *2 + S 2 )/ 3 . 

A 2 1 0 5\ fl 0 1/7 -2/7 -5/7 \ 

8 '^0 7 3 1 20/ VO 1 3/7 1/7 20/7 y 

Then * 2 = (20 - 3*i - 5s 2 )/7; «i = (-5 - *1 + 2s 2 )/7. 

2*i + 5*2 -Mi = 12 
9. (a) 4*i 4- 9*2 -M 2 = 20 

« 1,«2 > 0 

,/2 5 1 0 I 12\ /I 5/2 1/2 0 | 6 \ A 0 -9/2 5/2 1-4^ 

W 1,4 9 0 1 I 20y “* l^o 1 2 -1 I 4; ^ Vo 1 2 -1 | 4 j 

Then *1 = (—8 + 9si — 5 s 2 )/ 2 ; *2 = 4 — 2si + S 2 - 

/2 0 5 1 12\ A 0 5/2 1/2 6 \ 

\4 1 9 0 20/ V0 1 -1 -2 -4/ 

Then *1 = (12 - 5*2 - «i)/2; s 2 = -4 4- *2 + 2si. 

*1 + 2*2 + *3 -Mi = 8 

11. (a) 2*i + 5*2 + 5*3 -M 2 = 35 

«1,S2 > 0 

,,, A 2 1 1 0 8\ A 2 1 1 0 8 \ A 0 -5 5 -2 -30^ 

1 1 \2 5 5 0 1 35 J 1^0 1 3 -2 1 19/ VO 1 3-2 1 19y 

Then *1 = —30 + 5*3 — 5si 4- 2 s 2 ; * 2 = 19 — 3*3 + 2si — s 2 . 

12. (a) Same as 11a). 

A 1 2 1 0 I 8 \ A 0 - 1/2 -3/2 - 1/2 -19/2 \ 

( ' V0 2 5 5 1 135y VO 1 5/2 5/2 1/2 35/2/ 

Then *1 = (35 - 5*2 - 5*3 - s 2 )/2; si = (-19 4- *2 + 3*3 + « 2 )/ 2 . 


3*i + *2 — *3 -Mi = 4 
2. 2*i + *2 + *3 -M2 = 6 

«i>«2 > 0 

3*i + *2 + 2*3 -Mi = 15 

. 2*i 4- 3*2 + 7*3 -M2 = 12 

4*i 4- 8*2 + 5*3 -M3 = 8 

Sl,S 2) S3> 0 
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13. (a) Same as 11a). 

/2 1 1 1 0 8\ /l 1/2 1/2 1/2 0 A /l 0 3/5 1 -1/5 l\ 

M V5 5 2 0 1 35/ VO 5/2 -1/2 -5/2 1 15/ ^0 1 -1/5 -1 2/5 6/ 

Then x 2 = (5 — 3xi — 5si + s 2 )/5; *3 = (30 + x\ + 5si - 2s 2 )/5. 

14. (a) Same as 11a). 

(b) si = 8 — xi — x 2 — 2x 3 ; s 2 = 35 — 2xj — 5x 2 — 5x 3 . 


xi + 3x2 +*i = 5 

15 lal 2x1 + 7x2 +s 2 = 20 

' 3xi -f 8 x 2 +s 3 = 40 

*1,»2,*3> o 


(b) 


/I 3 1 0 0 5\ /I 3 1 0 0 5\ /I 0 7 -3 0 

2 7 0 1 0 20 I —► [ 0 1-210 10 — 0 1 -2 10 

\3 8 0 0 1 40/ \0 -1 -3 0 1 25/ \0 0 -5 11 

/I 0 0 -8/5 7/5 24 \ 

-*(010 3/5 -2/5 -4 

\0 0 1 -1/5 -1/5 -7/ 



Then X! = (120 + 8s 2 - 7s 3 )/5; x 2 = (-20 - 3s 2 + 2s 3 )/5; s x = (-35 + s 2 + s 3 )/5. 


16. (a) Same as 15a). 

/3 0 0 1 1 5\ /I 0 0 1/3 1/3 5/3\ 

(b) 7 1 0 2 0 20 U 0 1 0 -1/3 -7/3 25/3 

\8 0 1 3 0 40/ \0 0 1 1/3 -8/3 80/3/ 

Then x 2 = (5 — x x — si)/3; s 2 = (25 + xi + 7si)/3; s 3 = (80 - xi + 8si)/3. 


2xi + 4 x 2 -f 8x3 -fsi = 12 

17 lal 2x1 + b *2 + 12x 3 +S 2 = 25 

3xi + 6 x 2 + 13x 3 +s 3 = 60 

Sl,S2,S3> 0 


si = 12 — 2xi - 4 x 2 — 8x 3 
(b) s 2 = 25 — 2xi — 5 x 2 — 12x 3 
s 3 = 60 — 3xi — 6 x 2 — 13x 3 


18. Same as 17a) 

/2 4 8 1 0 0 12\ /I 2 4 1/2 0 0 6\ 

(b) 2 5 12 0 1 0 25 U 0 1 4 -110 13 

\3 6 13 0 0 1 60/ \0 0 1 -3/2 0 1 42/ 

/I 0 -4 5/2 -2 0 -20\ /I 0 0 -7/2 -2 4 148\ 

-* 0 1 4 -110 13 I -+ I 0 1 0 5 1-4 -155 

\0 0 1 -3/2 0 1 42 / \0 0 1 -3/2 0 1 42/ 

Then x x = 148 + 7si/2 + 2s 2 - 4s 3 ; x 2 = -155 - 5s x - s 2 + 4s 3 ; x 3 = 24 + 3si/2 - s 3 . 

19. (a) Same as 17a). 

/I 2 0 4 8 0 12\ /I 0 0 -1-4 -1 -13\ 

(b) 0 2 0 5 12 1 25 I —*• [0 1 0 5/2 6 1/2 25/2 

\0 3 1 6 13 0 60/ \0 0 1 -3/2 -5 -3/2 45/2/ 

Then X! = (25 - 5x 2 - 12x 3 - s 2 )/2; si = -13 + x 2 + 4x 3 + s 2 ; s 3 = (45 + 3x 2 + 10x 3 + 3s 2 )/2. 

20. (a) Same as 17a). 

/I 2 8 4 0 0 12\ /I 0 -4 -1 -10 -13\ 

(b) 0 2 12 5 1 0 25 -* 0 1 6 5/2 1/2 0 25/2 -* 

\0 3 13 6 0 1 60/ \0 0 -5 -3/2 -3/2 1 45/2/ 

/I 0 0 1/5 1/5 -4/5 -31 \ 

0 1 0 7/10 -13/10 6/5 79/2 Then Xl = (395 - 7x 2 + 13s 2 - 12s 3 )/10; 

\0 0 1 3/10 3/10 -1/5 -9/2/ 

X 3 = (—45 - 3x 2 — 3s 2 -f 2s 3 )/10; si = (-155 - x 2 — s 2 + 4s 3 )/5. 
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Application 1.4 


Note: pivots are in parentheses. 



( 1 ) 

( 1 ) 

( 1 ) 

1 

0 

1 

-1 

0 

1 

0 

1 

2 

2 

1 

3 

0 

0 

/ 
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The solution is unbounded. 
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( 3 , 2 , 0 ); / = 5 ; or ( 0 , 5 , 0 ) or ... . There are an infinite number of solutions in the constraint set. 
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27. Let a, 6 , and x denote the amount of each grade of plywood to be produced. We want to maximize 
P = 40a+306-|-30x subject to the constraints: 2a+56+10x < 900, 2a+56+3x < 400, 4a+26+2x < 600, 
a > 0, b > 0, and x > 0. Upon writing the information as a simplex tableau and solving, we obtain 
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So P is maximized at (137.5,25,0) with P = $6250. 


28. (a) Let Xi, x 2 , and x 3 denote the amount of Heidelberg Sweet, Heidelberg Regular, and Deutschland 
Extra Dry to be produced, respectively. We want to maximize P = x i 4 - 1 . 2 x 2 + 2^3 subject to the 
constraints: xi + 2*2 < 150, xi + 2 x 3 < 150, 2xi + X 2 < 80, 2xi + 3 x 2 + X 3 < 225, xi > 0, X 2 > 0, and 
X3 > 0 . Upon writing the information in a simplex tableau and solving, we obtain 
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Hence P is maximized at (20,40,65) with P = $198. Note that we used all of the resources except 50 
bushels of the Grade A grapes (si = 50, and s 2 = S 3 = S 4 = 0). Hence we would want an increase in 
Grade B grapes, sugar, and labor to improve the company’s profit. 


29. Let c, v, and b denote the amount of chocolate, vanilla, and banana ice cream to be produced, respec¬ 
tively. We want to maximize P = c + 0.9u +0.956 subject to the constraints: 0.45c+ 0.5u +0.46 < 200, 
0.5c-f 0.4u + 0.46 < 150, 0.1c+0.15v + 0.26 < 60, c > 0, v > 0, and 6 > 0. Upon writing the information 
in a simplex tableau and solving, we obtain 
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Hence, if Kirkman makes 0 gallons of chocolate, 300 gallons of vanilla, and 75 gallons of banana, then 
the profit is maximized at $341.25. As si = 20, then 20 gallons of milk went unused. 

30. Let /, s, and t denote the fraction of an hour fast walking, leisurely strolling, and talking to voters, 
respectively. We want to maximize D = 3/ + s subject to the constraints: / + s < 3/4, / — s — t < 0, 
f+s + t < 1> / > 0, s > 0, and t > 0. Upon writing the information in a simplex tableau and solving, 
we obtain 
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Hence, if (/, s,t) — (1/2,1/4,1/4), then D is maximized and D = 1.75. 


31. Let x\, « 2 , * 3 , and X\ denote the amount of syrup, cream, soda water, and ice cream, respectively. 
We want to maximize C — 75xi + +50*2 + 40x4 subject to the constraints: X 4 < 4, xi — X 2 < 1, 
*1 + X 2 — X 3 < 0, xi + x 2 + x 3 + x 4 < 12, xi > 0, X 2 > 0, x 3 > 0, and X 4 > 0. Then 


Xl 

x 2 

x 2 

x 4 

Sl 

S2 

S3 

s 4 


1 

1 

1 

1 

1 

0 

0 

0 

12 

0 

0 

0 

1 

0 

1 

0 

0 

4 

1 

1 

-1 

0 

0 

0 

1 

0 

0 

1 

-1 

0 

0 

0 

0 

0 

1 

1 

75 

50 

0 

40 

0 

0 

0 

0 

C 


Xl X2 X3 X4 Sl S2 S3 S4 


0 

1 

0 0 

1/4 

-1/4 

1/4 

- 1/2 

3/2 

0 

0 

0 1 

0 

1 

0 

0 

4 

1 

0 

0 0 

1/4 

-1/4 

1/4 

1/2 

5/2 

0 

0 

1 0 

1/2 

- 1/2 

- 1/2 

0 

4 

0 

0 

0 0 

-125/4 

-35/4 

-125/4 

-25/2 

C - 845/2 


x 2 

x 4 

Xl 

*3 


Thus if 2.5 oz of syrup, 1.5 oz of cream, 4 oz of soda water, and 4 oz of ice cream ar used, then the 
number of calories is maximized at 422.5. 


32. Let xi, X 2 , and X 3 denote the amount of money invested in stocks, bonds, and a savings account, re¬ 
spectively. We want to maximize P — 0.08xi+0.07x 2 +0.05x 3 subject to the constraints: X 1 +X 2 +X 3 < 
10,000, xi — 0.5 x 2 < 0, xi — X 3 < 0, xi + X 2 < 8 ,000, xi > 0, X 2 > 0, and x 3 > 0. Then 


*3 

Xl 

*2 

S2 


Hence if (xi,x 2 ,X 3 ) = (2000,6000,2000), then P is maximized and P — $680. 
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33. Let r, e, p, and n denote the number of rings, earrings, pins, and necklaces, respectively. We want to 
maximize £ = 50r + 80e + 25e + 200n subject to the constraints: 0 < r < 10, 0 < e < 10, 0 < p < 15, 
0 < n < 3, and 2r + 2e + p + 4n < 40. Then 
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Thus with (r, e,p, n) = (4,10,0,3), E is maximized and E = $1600. Note that the jeweler can make 2 
pins instead of a ring, with the same profit, so there are more solutions. 

34. Using the same notation as in #29 of Application Section 1.2, we have 
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As before, (xi, x 2 , * 3 ) = (8000,18000,4000) and P = $11600. 

35. Using the same notation as in #28 of Application Section 1.2, we have 
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Hence with (xi,x 2 ,X 3 ) = (160,0,0), both P and N are maximized, P = $16000, and N = $160. 


36. Note: See Application Section 1.5 for information on the method used to solve this problem. From 
problem 21, we want to minimize g = 0.5yi + j/ 2 subject to the constraints: 0.9yi + 0.6 j/ 2 > 2, 0.1j/i + 
0.4 j/ 2 > 1, 2/1 > 0, and y 2 > 0. The dual problem is to maximize / = 2xi + x 2 subject to the 
constraints: 0.9xi + 0.1x 2 < 0.5, 0.6xi + 0.4x 2 < 1, xi > 0, and x 2 > 0. This gives 
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Thus with 2/3 lb of Food I and 7/3 lb of Food II, the cost is minimized at $8.9 ft* 89 cents per pound. 


37. Using the notation from problem 22, we have 
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Thus with 100 regular pizzas and 50 super deluxe pizzas, the profit is maximized at $87.50. 
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-0.25 

0 

1 

25 

0 

0 

-0.25 

-0.0625 

0 

0 

P - 87.5 


38. Note: See Application Section 1.5 for information on the method used to solve this problem. From 
problem 23, we want to minimize E = 3j/i + 2 j/ 2 subject to the constraints: 5yi + 2/2 > 10, 2yi + 2y^ > 
12, yi + 4 2/2 > 12, 2/1 > 0, and 2/2 > 0. The dual problem is to maximize / = 10xi + 12x2 + 12*3 
subject to the constraints: 5ari -f 2x2 + £3 < 3, xi + 2x2 + 4x3 < 2, x\ > 0, x 2 > 0, and X 3 > 0. Then 


Xi 

*2 

*3 

«1 

S2 



Xl 

x 2 

x 3 

Sl 

S2 
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2 

1 

1 

0 

3 

Sl 

1 

0 

-3/4 

1/4 

-1/4 

1/4 

1 

2 

4 

0 

1 

2 

S2 

0 

1 

-19/8 

-1/8 

5/8 

7/8 

10 

12 

12 

0 

0 

/ 
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0 

-9 

-1 

-5 

/ —13 


Hence if the predator catches 1 of species I and 5 of species II, then the energy will be minimized at 
13 units. 
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4. 



7. 



0 

1 

0 

1 


10 . 



0 

0 

0 


11 . 



5. 




12 . 


6 . 



( a d g\ 
b eh] 

cfjj 


Minimize g = 5yi + 7y 2 + S /3 

subject to 

yi + 3y 2 + y 3 > 2 

2 yi + 2 y 2 + y 3 > 5 

y 1 .y 2 .y 3 > 0 


Minimize # = 5yi + 6 y 2 
subject to 
yi + 3 j/ 2 > 4 
-lyi - 2y 2 > 3 
yi.yz > 0 


Maximize f = x i + *2 
subject to 
2xi + 0:2 < 2 

*1 + 2x z < 3 
* 1 ,X 2 > 0 


Maximize f — x 1 +Z 2 + 3^3 
subject to 
2xi + X 2 < 5 
xi + 2 x 2 + x 3 < 3 

*1,*2)*3 > 0 


Minimize g = 5yi + 6 y 2 
subject to 
yi + 2 y 2 > 1 
yi + y 2 > 1 
yi + 3y 2 > 1 
yi.ya > 0 


Minimize g = 5yi + 6y 2 + 7y 3 
subject to 
V 1 -V 2 + 2 y 3 > 2 

-yi + y 2 - y3 > 8 
-yi + 2y 2 + y 3 > 3 
y- I,y2,y3 > 0 


Maximize / = 13xi + 21 x 2 + 11*3 

subject to 

xi + 4x2 — 3 x 3 < 2 

2xi + X 2 — x 3 < 5 

xi + 2x2 + 4 x 3 < 3 

*1,*2,*3 > 0 


Minimize g = 8 yi + 6 y 2 + 25y 3 

subject to 

2yi + 4y 2 + 8 y 3 > 4 

3yi + y 2 + 7y 3 > —1 

yi + 2 y 2 + 4y 3 > 9 

y1.y2.y3 > 0 
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19. 


20 . 


Minimize g = 12yi 
subject to 
2/1 > 1 
2j/i > 2 

32/1 > -1 
42/1 > 5 

yi > 0 


Maximize / = 10xi + 14x 2 + 5x3 
subject to 

Xi + 2X2 + 5X3 -f- 2X4 < 3 

Xl — X2 — 8x3 — X4 < 1 

*1 + *2 — 3x3 — 5x4 < 5 
Xl + 2x2 + 3x3 + 3 X 4 < 12 

Xi,X 2 ,X 3 ,X4 < 0 


Xl 

Xl 

Sl 

S 2 



Xl 

x 2 

»i 

«2 


2 

1 

1 

0 

2 

«1 

1 

1/2 

1/2 

0 

1 

1 

2 

0 

1 

3 

S2 

0 

3/2 

-1/2 

1 

2 

1 

1 

0 

0 

/ 


0 

1/2 

-1/2 

0 

/-I 


Xl X2 Si S2 


1 0 

0 1 

2/3 -1/3 
-1/3 2/3 

1/3 

4/3 

0 0 

-1/3 -1/3 

/ — 5/3 


g = 5/3 at (1/3,1/3). 


23. 


*1 

xi 

X 3 

Sl 

S2 



Xl X 2 

*3 

«i s 2 
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1 

1 

0 

5 

Sl 

1 • 

-1 

0 

1 l - 

n 


2 


Sl 

g — 9 £ 

1 

2 

1 

0 

1 

3 

S2 

1 

2 

1 

0 1 


3 


X 3 

1 

1 

3 

0 

0 

/ 


-2 • 

-5 

0 

0 -: 

□ 

/ 

-9 




Xl 

*2 

*3 

Sl 

S 2 

S 3 



Xl 

x 2 

X 3 


Si 

s 2 

S 3 


1 

4 

-3 

1 

0 

0 

2 

Si 

1 

4 

-3 
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0 

0 

2 

2 

1 

-1 

0 

1 

0 

5 

s 2 

0 

-7 

5 


-2 

1 

0 

1 

1 

2 

4 

0 

0 

1 

3 

S 3 

0 

-2 

7 


-1 

0 

1 

1 

13 

21 

11 

0 

0 

0 

/ 


0 

-31 

50 

- 

13 

0 

0 

f — 26 


Xi 

S2 

«3 


*1 


X 2 


*3 


Si S 2 


S3 


1 

22/7 0 

4/7 

0 

3/7 

17/7 

0 

-39/7 0 

-9/7 

1 

-5/7 

2/7 

0 

-2/7 1 

-1/7 

0 

1/7 

1/7 

0 

-117/7 0 

-41/7 

0 

-50/7 

/ - 232/7 


<7 = 232/7 at (41/7,0,50/7). 


*1 

x 2 

X 3 

x 4 

Sl 

s 2 

S 3 

s 4 








1 

2 

5 

2 

1 

0 

0 

0 

3 


Sl 
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-1 

-8 

-4 

0 

1 

0 

0 

1 


s 2 




1 

1 

-3 

-5 

0 

0 

1 

0 

5 


S 3 




1 

2 

3 

3 

0 

0 

0 

1 

12 


«4 



10 

14 

5 

0 

0 

0 

0 

0 

/ 







Xl 

X 2 

*3 

x 4 


Sl 

s 2 

S 3 

S 4 







1/2 

1 

5/2 

1 


1/2 

0 

0 

0 



3/2 

x 2 



3/2 

0 

-11/2 -3 


1/2 

1 

0 

0 



5/2 

s 2 

-*• 


1/2 

0 

-11/2 -6 


-1/2 

0 

1 

0 



7/2 

S 3 



0 

0 

-2 

1 


-1 

0 

0 

1 



9 

s 4 



3 

0 

-30 

-14 


-7 

0 

0 

0 


/-21 
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*1 

X2 

x 3 

x 4 

Sl 

S2 

S 3 

S 4 


0 

1 

13/3 

2 

1/3 

-1/3 

0 

0 

2/3 

1 

0 

-11/3 

-2 

1/3 

2/3 

0 

0 

5/3 

0 

0 

-11/3 

-5 

-2/3 

-1/3 

1 

0 

8/3 

0 

0 

-2 

1 

-1 

0 

0 

1 

9 

0 

0 

-19 

-8 

-8 

-2 

0 

0 

/ — 26 


*2 

Xi 

53 

5 4 


g = 26 at (8,2,0,0). 

25. Let 2 /i = lbs. of Food I and y 2 = lbs. of Food II. 


Minimize 
g = 0.52/1 + 2/2 
subject to 


Dual problem: Maximize 

/ = 22:1 + 2:2 

subject to 


0.92/1 + O.62/2 > 2 
O.I2/1 + 0 . 4 y 2 > 1 

Vi , V2 > 0 


0.9a:i + 0 . 12:2 < 0.5 
0.6xi + 0.4 x 2 < 1 

*i» *2 > 0 


Xx 

£2 

si s 2 




Xi 

*2 

Sl 

S2 


0.9 

0.1 

1 0 

0.5 


Sl 

! 1 

1/9 

10/9 

0 

5/9 

0.6 

0.4 

0 1 

1 


S2 

0 1/3 

-2/3 

1 

2/3 

□ 

2 

1 

0 0 

/ 


0 7/9 

-20/9 

0 

/ — 10/9 


Zl 

*2 

Sl 

S2 









1 

0 

4/3 - 

1/3 


1/3 


Xi 





0 

1 

-2 

3 


2 


X2 
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0 

-2/3 - 

7/3 

/ 

-8/3 







Then 2/1 = 2/3 lb. and 2/2 = 7/3 lb. Cost per lb. = ($8/3)/31b. = $0.89/lb. 
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X2 

si s 2 

S 3 
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Sl 
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S 3 
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1 0 
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0.5 
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0 

0 
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0.4 

0 1 

0 
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S2 -f 

0 

1/3 

-2/3 

1 

0 

2/3 

0.3 

0.7 

0 0 

1 

2 

S3 

0 

2/3 

-1/3 

0 

1 

11/6 


2 

1 

0 0 

0 

/ 


0 

7/9 

-20/9 

0 

0 

/ - 10/9 


Xi 

x 2 

Sl 

S 2 

S 3 










1 

0 

4/3 

-1/3 

0 

1/3 


Zl 







0 

1 

-2 

3 

0 

2 


X2 
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0 

1 

-2/3 

1 

1/2 


s 

-3 
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0 

-2/3 

-7/3 

0 

/ 

-8/3 









Then 2/1 = 2/3 lb., 2/2 = 7/3 lb. and 2/3 = 0 lb. Cost per lb. = ($8/3)/3 lb. = $0.89/lb. 


27. Let 2/1 = lbs. of chemical 1,2/2 = lbs. of chemical 2 and 2/3 = lbs. of chemical 3. 

yx > 20 

Minimize g = 20yi + 15y 2 + 5y 3 subject to + ^ + ^ | 1Q q 

2/i,J/2,y3> 0 

Since y 3 = 100 - yi - yi, g = 500 + 15yi + 10y 2 . To minimize g, we then would minimize 15yi + 10y 2 . 
Then we have: 

Minimize Dual problem: Maximize 

9 = 15yi + 10y 2 / = 20xi + 100x 2 
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subject to 

Vi >20 
Vi + 22/2 > 100 

yi, 2/2 > o 


subject to 


Xi + X2 < 15 
2x 2 < 10 

Xx,X 2 > 0 


Xx 

x 2 

Sl S 2 





Xx x 2 

s 1 

s 2 



1 

1 

1 0 


15 


si 


L 1 

1 

0 

15 


0 

2 

0 1 


10 


S2 

0 2 

0 

1 

10 

20 
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0 0 

/ 


0 80 
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0 
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x 2 

Sl 
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"T 

0 
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-1/2 
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Xx 





0 

1 

0 

1/2 


5 


X2 





0 

0 

-20 

-40 

/ 

-700 







Then j/i = 20 lbs., 3/2 — 40 lbs. and therefore 3/3 = 40 lbs. The minimized cost is $1200. 


28. Let 3/1 = hrs. for jogging, 3/2 = hrs. for bicycling and 3/3 = hrs. for swimming. 
Minimize Dual problem: Maximize 


9 = 2/1 + 2/2 + 2/3 
subject to 


/ = 2 xx + 3000x3 
subject to 


-2/1 + 2/2 - 2/3 > 0 
2/3 >2 

6OO3/1 + 3001/2 + 3001/3 > 3000 
91,92,93 > 0 


—xi + 6OOX3 < 1 
xi + 300x3 < 1 
—Xi + X 2 + 300X3 < 1 
Xl,X2,X 3 > 0 
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X2 
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Then 3/1 = 2, 3/2 = 4 and 3/3 = 2. The minimized time is 8 hours. 
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1 . (a) 



(b) *1 X 2 S 2 *1 x 2 »1 S 2 
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4 

-3 1 
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3/5 2/5 
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(19/5,12/5);/ = 11. 
2 . (a) 



(8,4);/= 36 
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(8,4);/= 36. 
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-1 

-1 
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( 1 , 4 , 0 ); / = 5 . 


4. The dual problem is to maximize / = Xi + ix 2 subject to the constraints: 2xi + x 2 < 10, —3xi + x 2 < 
—9, xi > 0, and x 2 > 0. By problem 1, g is minimized at (2,1) and g = 11. 

5. The dual problem is to maximize / = 2xy + x 2 subject to the constraints: xi — x 2 < 12, xi + x 2 < 12, 
—2a;i + x 2 < —12, xi > 0, x 2 > 0, and X 3 > 0. By problem 2, g = 36 at (0,4,1). 
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( 1 , 0 , 2 );/= 9 . 
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17 . Unbounded. (No maximum) 



18. The corner points are (0,3), (3,0), (0,7), (7,0), and (3/4,3/4). / = 27/4 at (3/4,3/4). 

19. Minimize g = 5yi + 6 y 2 subject to the constraints: —yi + 2y 2 > 2, y% - 3y 2 > 3, yi > 0, and y 2 > 0. 

20. Minimize g = 3yi + 3y 2 + 7y 3 subject to the constraints: yi + 3y 2 + y 3 > 4, 3yi + y 2 + y 3 > 5, yi > 0, 
y 2 > 0 , and y 3 > 0 . 

21 . x i x 2 x 3 si s 2 s 3 
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s 2 
s 3 
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/ 


22 . a J2 or o 22 or a 33 

23. Minimize g = 13yi + 6 y 2 + lly 3 subject to the constraints: yi + 3y 2 — 4y 3 > 2, 2yi + 4y 2 + 6 y 3 > 1, 
yi - 2y 2 + 3y 3 > 4, yi > 0, y 2 > 0, and y 3 > 0. 
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0 
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25. (4,0,9); / = 44; (22/7,0,2/7); y = 44 

26. Maximize / = 4a;i + 12a ; 2 + 8 x 3 subject to the constraints: 3xi — 6 a : 2 + 9a : 3 < 3, 2xi+8x 2 —10x 3 < — 1, 
xi + 3x 2 + 5x 3 < 4, xi > 0, x 2 > 0, and x 3 > 0. 
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29. (1/13,15/26,34/13); g = 263/26. 
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Xi 

X2 

x 3 

Si 

S2 

S3 



Xi 

X2 

x 3 

Sl 

S2 

S3 


1 

2 

1 

1 

0 

0 

5 

Sl 

1 

2 

1 

1 

0 

0 

5 

-1 

1 

1 

0 

1 

0 

3 

S2 

0 

3 

2 

1 

1 

0 

8 

0 

-1 

1 

0 

0 

1 

1 

S3 

0 

-1 

1 

0 

0 

1 

1 

1 

1 

1 

0 

0 

0 

/ 


0 

-1 

0 

-1 

0 

0 

/- 5 


Xi 

5 2 

53 


(5,0,0);/= 5. 

31. The dual problem is to maximize / = 2xi + 5 x 2 subject to the constraints: x± + X? < 4, — 2xi + x-i < 
—4, x\ — X 2 < 4, xi > 0, X 2 > 0, and X 3 > 0. Then 
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So g 

= 12 at (4,1,0). 
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(4,0,0);/= 16. 

33. xi x 2 x 3 si s 2 s 3 
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2/5 

-1/5 

0 

2 

1 

2 

4 

0 

1 

0 

6 

«2 _► 

0 

1/2 

1 

- 1/10 

3/10 

0 

1 

7 

4 

8 

0 

0 

1 

25 

S3 

0 

0 

0 

-2 

-1 

1 

3 

1 

-1 

1 

0 

0 

0 

/ 


0 

-3/2 

0 

-3/10 

- 1/10 

0 

/-3 


X\ 

*3 

S3 


(2,0,1);/= 3. 


34. In the dual problem we have x\ + 3 x 2 + x 3 < — 1, and hence the problem is infeasible. 

35. The dual problem is to maximize / = 3x t + 6 x 2 subject to the constraints: xi + 2 x 2 < 2, xi + 3x 2 < 1, 
3xi + X 2 < 3, xi > 0, and X 2 > 0. Then 


Xl 

*2 

Sl 

s 2 

S3 




Xl 

x2 

Sl 

s 2 

S3 


1 

2 

1 

0 

0 

2 


Sl 


-1 

1 

-1 

0 

1 

1 

3 

0 

1 

0 

1 


S2 -► 



0 

1 

0 

1 

3 

1 

0 

0 

1 

3 


S3 



0 

-3 

1 

0 

3 

6 

0 

0 

0 

/ 


0 

-3 

0 

-3 

0 

/ — 3 


Hence g = 3 at (1,0,0). Note that g — 3 at (0,15/8,3/8), so more solutions exist. 


36. (a) Let xi and X 2 denote the number of cakes and cookies, respectively. We want to maximize E = 
10xi + 3x 2 subject to the constraints: 2.5xi + x 2 < 70, 2x t + 0.5x 2 < 50, xi > 0, and x 2 > 0. Then 


(b) 

Xl 

X2 

Sl 

S2 



Xl 

*2 

Sl 

S2 



5/2 

1 

1 

0 

70 

Sl 

0 

1 

8/3 

-10/3 

20 


2 

1/2 

0 

1 

50 

S2 

1 

0 

-2/3 

4/3 

20 


10 

3 

0 

0 

E 


0 

0 

-4/3 

-10/3 

£-260 


So xi = 20 cakes, x 2 — 20 cookies, and E = $260. 
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37. Letting x\ and 22 denote the number of cakes and cookies respectively, we want to minimize C = 
1.425a;i + 0.45x2 subject to the constraints: 2.5xi + 2x2 > 200, 2xi -f 0.5x 2 > 120, xi > 0, and 22 > 0. 
The dual problem is to maximize / = 200yi + 120 j/ 2 subject to 2.5j/i + 2 j/ 2 < 1.425, yi + 0.5j/2 < 0.45, 
yi > 0, and 2/2 > 0. Then 


V\ V2 S 1 s 2 2/1 2/2 Si S 2 


0 1 

1 0 

4/3 -10/3 

-2/3 8/3 

2/5 

1/4 

0 0 

-80/3 -400/3 

/ — 98 


2.5 2 

1 0.5 

1 0 

0 1 

1.425 

0.45 

200 120 

0 0 

/ 


So 21 = 80/3 cakes, 22 = 400/3 cookies, and C = $98. 


38. Let 6 and c denote the number of acres of soybeans and corn, respectively. We want to maximize P — 
1005 + 200c subject to b + c < 500, 26 + 6c < 1,200, 0 < 6 < 200, and c > 0. Then 


b C Si S2 S3 b C Si S2 S3 


1 

1 

1 

0 

0 

■ ■ 

Sl 

0 

0 

1 

-2/3 

-1/6 

500/3 

1 

0 

0 

1 

0 


s 2 -*• 

1 

0 

0 

1 

0 

200 

2 

6 

0 

0 

1 

BllllMlj 

S 3 

0 

1 

0 

-1/3 

1/6 

400/3 

100 

200 

0 

0 

0 

p 


0 

0 

0 

-100/3 

-100/3 

P- 140,000/3 


Hence 6 = 200 acres of soybeans, c = 400/3 acres of corn, and P = $140,000/3 at $46,666.67. 


*1 

X 2 

Sl 

S2 

S3 



Xi 

X 2 

Sl 

S2 

S3 


1 

-2 

1 

0 

0 

6 

Sl 

0 

0 

1 

1 

1 

6 

1 

1 

0 

1 

0 

8 

s 2 -» 

0 

1 

-1/3 

1/3 

0 

2/3 

-2 

1 

0 

0 

1 

-8 

S3 

1 

0 

1/3 

2/3 

0 

22/3 

3 

2 

0 

0 

0 

/ 


0 

0 

-1/3 

-8/3 

0 

/ - 70/3 


S3 

X2 

Xi 


(22/3,2/3);/= 70/3 


40. V 1 Vi si S2 yi 2/2 si s 2 


3 -2 

1 

0 

1 

Sl 

1 

0 

1/5 -2/5 

9/5 

-1 -1 

0 

1 

-4 

S2 

0 

1 

-1/5 -3/5 

11/5 

CO 

00 

0 

0 

9 


0 

0 

-1 5 

5-21 


Unbounded (No maximum) 
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Application 2. Markov Chains and Game Theory 

Application 2.1 


1. yes 2. no 

6. yes 7. yes 

11. Strictly determined; p = (0 

12. Strictly determined; p = (0 

13. Not strictly determined. 

15. Strictly determined; p = (0 
17. Not strictly determined. 

19. Strictly determined; p = (0 

20. Not strictly determined. 


3. no 4. yes 5. no 

8. no 9. yes 10. no 


1 0), q = 
1 0), q = 



14. Strictly determined; p = (1 


0 1), q = ■ 16. Strictly determined; p = (0 

18. Not strictly determined. 


1 0 0),q = 


f 0 \ 

0 

1 

Vo/ 


0 0),q = 

1— 1 O O 


Vo/ 

n 

0 l),q = 


> O 


21 . 


player R 


player C 
1 2 



; Not strictly determined. 


22 . 


player R 


4 

5 


player C 
4 5 



; Not strictly determined. 


23. 


24. 


player R 


player R 


1 

2 

3 


1 

2 

3 

4 

5 


player C 
1 2 3 

/-2 3 —4\ 

13—4 5 1; Not strictly determined. 

V —4 5 —6/ 

player C 

1 2 3 4 5 

/ —2 3 -4 5 —6\ 

3-4 5-6 7 

-4 5 -6 7 -8 

5-67-8 9 

V —6 7 -8 9 —10 / 


; Not strictly determined. 
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I S D 

25. //— 1 -3 -11\ 

A S 4 0 —5 1 ; A and B should both lower their prices. 


D \ 9 3 -1 


Vince 


Readywear 
M C 

1 (50 80 \ . 
Z \20 50 ) ’ 


Both stores should move to the mall. 


27. The choices given represent (Ri,R 2 )', that is, the days spent in region one is the first coordinate and 

R 

0 1 2 

the days spent in region two is the second coordinate. The payoff matrix is 0 /0 —3 — 7 \ ; 

D 1 [ 3 0 -3 ] 

2\7 3 0/ 

each candidate should spend two days in the larger district. 

C 

2 4 7 

28. 2/4 -2 —5\ 

R, 4 I _2 8 _ 3 1 ; Not strictly determined. 


7 V —5 -3 14 


Home Not 

; this is not strictly determined. 

30. ; The farmer should pick the tomatoes on August 25. 

31. The company should take a logical approach and the union should take a legal approach. 

32. The University of Montana should use the fullback run and Montana State University should use the 
prevent defense against a short pass. 

33. Since ay and a*/ are both saddle points then ay < an < a^i => ay < a^i and ay > ajy > a*; => aij > 
Qkb Then ay = a^j. 


29. The payoff matrix is 


( -1.5 o) 
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Application 2.2 
1. pAq* = P ( !5/4) = 4 
3. pAq* =P ( 3 / 2 ) = 3 / 2 

5. pAq‘ = p ^ = 2 



2. pAq* = p ^ =4 

4. pAq* = P Q) = 2 
/ 5/3 \ 

6 . pAq* = p I 5 1 = 26/9 
/ 8/5\ 

8 . pAq* = P I 5 ] = 31/10 

\ 6 / 5 / 


/ 23/10 \ / 5/4 \ 

9. pAq* = p 33/10 = 149/40 = 3.725 10. pAq* = p 3/2 = 31/20 = 1.55 

V 21/5/ v v 

11. Po = (1/2 1/2); q 0 = (1/2 1/2); v = 1/2 12. p 0 = (3/5 2/5); q 0 = (4/5 1/5); v = 7/5 

13- P 0 = (4/5 1/4); q 0 = (2/5 3/5); v — 2/5 14. Po = (1/2 1/2); q 0 = (1/2 1/2); w = 0; fair 

15. p 0 = (1 0 ); q 0 = (1 0 ); v = 0 ; fair 16. p 0 = ( 1/2 1 / 2 ); q 0 = ( 1/2 1 / 2 ); v = 0 ; fair 

17- Po = (1 0); q 0 = (1/2 1/2) or (0 1); v = -1 

18. Po = (1 0 ) or (0 1 ) or ( 1/2 1 / 2 ); q 0 = (1 0 ); v = 1/2 

19. p 0 = (1 0); q 0 = (1 0); v = 3 

20. Po = (1/2 1/2); q 0 = (3/8 5/8); v = 0; fair 


21. A'= ^ 3 g ^; Po = (3/5 2/5); q 0 = (0 4/5 1/5); t> = 18/5 


22. A' = ( 2 g);Po = (4/5 1/5 0); q o = (0 4/5 1/5); ® = 14/5 


23. A' = 


^4 6 9 j ; A" = ^ f); Po = (5/6 0 1/6 0); q 0 = (5/6 0 1/6); v = 29/6 * 4.833 


24. E{ p, q) = (Pi 1 - Pi) ( 40 ) (1 _ ) = (Pi 1 - Pi) (40 _ llH ) • If the patient has the op ' 

eration, then p = (1 0), and E(p, q) = 39 — 29gi- If the patient does not have the operation, then 
p = (0 1 ), and E{ p, q) = 40 — 35gi. The patient should have the operation if 39 — 29gi > 40 — 35gi, 
so that qi > 1 / 6 . 


25. Let qi be the probability that the patient has the disease. So q* = ^ j ^ ^ • Let P = (Pi 1 — Pi )• 

Then E(p, q) = ( p\ 1 — Pi) ( ai1 ai2 j ( 51 J = (an + a 2 2 - ai 2 — a 2 i)Piqi + ( a i 2 — a 22 )pi + 

\a 2 i a 22 / V 1 - 9i / 

(a 2 i — 022)91 + <* 22 - If the patient has the operation, then p = (1 0) and I?(p, q) = (an — ai 2 )gi + ai 2 . 
If the patient does not have the operation, then p = (0 1) and E(p, q) = (a 2 i — a 22 )gi + a 22 . So 
the operation should be recommended if (an — ai 2 )gi + a 12 > (a 2 i — a 22 )gi + a 22 , i.e., when qi > 

_ «22 — ai 2 _ 

an + a 22 — a 12 — a 2 i 


26. unfair since v = 1/12 ^ 0; p 0 = (7/12 5/12); q 0 = (7/12 5/12) 

27. unfair since v = 1/36; p 0 = (19/36 17/36); q 0 = (19/36 17/36) 



610 Application 2 Markov Chains and Game Theory 


Instructor’s Manual 


28. 

29. 

30. 

31. 

32. 


33. 

34. 


35. 


36. 


37. 

38. 

39. 


40 . 



- 6 ' 

= | —1/2 |; A should decrease prices 
4, 


( 115 ) ( 1 / 2 ) = (8) ; any strate sy is °p timaI 

( 115 ) (0 2 ) = ^9 8^ ’ ^ armer s ^ ou ^ harvest late 

(ll 5 ) (o o) = ( 5 6 ) ’ f armer should harvest early 


A = 1,500 


[20 10 \ 
Vio 3oy - 


The farmer “plays” the rows, and nature “plays” the columns. Rows I and II 


correspond to crops I and II, while columns I and II correspond to cold and hot, respectively. p 0 = 
(2/3 1/3), q 0 = (2/3 1/3), and v = 25,000. The farmer should plant 1,000 acres of crop I and 500 
acres of crop II. 

1,500 ^10 O/ 2 ) = 1 (20) ’ S ° f armer should plant 1,500 acres of crop II only. 


/ 20 \ 

A — [Oil. Rows I, II, and III correspond to the choices for the monkey, and columns I and II 

\0 1 / 


correspond to the choices for the experimenter. p 0 = ( 1/3 2/3 0) or (1/3 0 2/3), q 0 = (1/3 2/3), 
and v = 2/3. 


By von Neumann’s Theorem, E( p, q 0 ) < v for any strategy p. q 0 must have some nonzero element g,-. 
Assume p = (1 0 0 • • • 0). Then E(p, q 0 ) = pAq 0 = (10 0---0) 

(1i\ 

( Oil «12 ' ' • <*ln \ / 9l \ 


«21 <*22 ‘ ' ' «2 n I 92 


\ O m i d m 2 * * * dmn / V Qn ' 

since a^g,- > 0. Thus v > 0. 


= (an • • • aii • • • a\ n ) 


9i 

\q n / 


— «ll9l +-f a li9< + - ' • + a ln<Zn > 0 


We will first show that the optimal strategies for R and C are the same for B as for A. Let K be the 
m x n matrix where each component of K is k. Let q 0 be an optimal strategy for C with respect to 
A, and let v be the value of A. Then for any strategy p, we have v > E(p, q 0 ) = pAqg = p(B — K)qQ. 
But pAqo = k, so that pBqo < v + k. Similarly, if p 0 is an optimal strategy for R with respect to A, 
then for arbitrary q, p 0 Bq‘ > v + k. Hence the optimal strategies for the two matrices are the same, 
and the value of B is the value of A plus the constant k. 

Po = ( 1 0); Ho = ( 0 1 ): v a = 2; v B = 4 

Po = (0 1 0); q 0 = (1/3 2/3 0); v A = 2; v B = 1 

(a.) Po = q 0 = (1 — f f) for a ll f, 0 < f < 1 

(b) po = (1 0) for all t, 0 < t < 1. If 0 < t < 1/2, then q 0 = (0 1). If 1/2 < t < 1 , then q 0 = (1 0). 

(c) If 0 < t < 1/2, then p 0 = (1 0) and q 0 = (0 1). If 1/2 < t < 1, then p 0 = (1 0) and q 0 = (0 1). 

If t = 1/2, then p 0 can be any strategy and q 0 = (0 1). 

(a) For all t , 0 < t < 1, p 0 Aqg = t(l — t) 

(b) For 0 < t < 1/2, Po-Aqo = 2f. For 1/2 < t < 1, p 0 Aqo = 1 

(c) For 0 < t < 1/2, Po-Aqo = 1/4. For 1/2 < t < 1, p 0 Aq^ = t 2 
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41. (a) If t < 1/2 then the row minimums are g and the columns maximums are 1 — t so the game is not 

strictly determined. If t = 1/2 then the matrix is 1/2 * s no * s t r ictly determined. If 

t > 1/2 then the row minimums are 1 — t and the column maximums are t, so the game is not strictly 
determined. 

(b) v = (2< — l)/(4< - 2) = 1/2 


n 

42. (a) Let p QJ 4 = (bi b 2 ■■■b 2 ). Then p 0 j4q£ = ^6<g,- > ^vq { = v. 

i=1 

(b) Let q be the column vector with 1 in the ifc th position and 0 everywhere else. Then p 0 Aq = fc th 
component of p 0 A > v. Hence every component of p 0 j4 is greater than or equal to v. 


43. Suppose every component of ylqo is less than or equal to v. Let Aq^ — 




. Then ^(p, q 0 ) = 


\b m ) 


m m 

pAq* 0 = ^2 pi bi < ^ 2,P> V ~ v - Conversely, suppose E(p, q 0 ) < v for every p. Let p be the strategy 
«=i 1=1 

with 1 in the k th position and 0 everywhere else. Then the k th component of Aq^ = pAq* 0 < v. Hence 
the components of Aql are less than or equal to v. 


44. (a) The first component of p 0 A is [an{a 2 i - 021) + 021(011 - ai2)]/(an + a 2 2 - 012 - a 2 i), which 
upon simplifying, is equal to v . The first component of Aqo is [ 011(022 — 012 ) + 012(011 — 02 i)]/(an + 
022 — 012 — 021), and upon simplifying, is equal to v . Similarly, the second component of Aq ^ and the 
second component of p 0 A are equal to v . 

(b) Since we have part (a), then problems 42 and 43 imply that p 0 and q 0 are optimal strategies, 
and that v is the value of the game. 
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Application 2.3 
1. (a) Let 5= (jj{) 


*1 

*2 

Sl 

s 2 



a?i 

x 2 

Sl 

S 2 


5 

7 

1 

0 

1 

Si 

0 

37/6 

1 

-5/6 

1/6 

6 

1 

0 

1 

1 

«2 

1 

1/6 

0 

1/6 

1/6 

1 

1 

0 

0 

/ 


0 

5/6 

0 

-1/6 

/ - 1/6 


X\ X 2 S 1 s 2 


0 1 

1 0 

6/37 -5/37 
-1/37 7/37 

1/37 

6/37 

0 0 

-5/37 -2/37 

/ - 7/37 


P 0 = Zip (5/37 2/37) = (5/7 2/7) 
q 0 = 37/7 (6/37 1/37) = (6/7 1/7) 
i; = 37/7 — 3 = 16/7 


si 


(b) Let B = ( j g) 


*1 

X2 

Sl 

«2 



Xi 

X2 

Sl 

S2 


3 

2 

1 

0 

1 

Sl 

1 

2/3 

1/3 

0 

1/3 

1 

3 

0 

1 

1 

S2 -*■ 

0 

7/3 

-1/3 

1 

2/3 

1 

1 

0 

0 

/ 


0 

1/3 

-1/3 

0 

/ - 1/3 


Xl x 2 

Sl 

«2 



1 

0 

3/7 

-2/7 

1/7 

*i 

0 

1 

-1/7 

3/7 

2/7 

*2 

0 0 

-6/21 -1/7 

/ - 3/7 



Po = 7/3(6/21 1/7) = (2/3 1/3) 
q 0 = 7/3(1/7 2/7) = ( 1/3 2/3) 
i/ = 7/3-2 = 1/3 


/3 2 3\ 

2. (a) Let 5 = 1 4 2 

\4 1 1/ 


*1 

*2 

*3 

Sl 

S2 

S3 



*1 

X2 

X3 

Sl 

S2 

S3 



U 


1 

0 

0 

warn 

Sl 

0 

5/4 

9/4 

1 

0 

-3/4 

1/4 




0 

1 

0 

m 

S2 

0 

15/4 

7/4 

0 

1 

-1/4 

3/4 




0 

0 

1 

i 

«3 

1 

1/4 

1/4 

0 

0 

1/4 

1/4 

1 

i 

1 

0 

0 

0 

/ 


0 

3/4 

3/4 

0 

0 

-1/4 

/- 1/4 


xi ar 2 *3 si s 2 s 3 


0 

0 

5/3 

1 -1/3 -2/3 

0 

0 

1 

7/15 

0 4/15 -1/15 

1/5 

1 

0 

2/15 

0 -1/15 4/15 

1/5 

0 

0 

2/5 

0 -1/5 -1/5 

/- 2/5 


si 

S2 

Xi 


Xl 

X2 

X 3 

Si 

S 2 

S3 


0 



3/5 

-1/5 

-2/5 

0 

0 



-7/25 

9/25 

3/25 


1 



-2/25 

-1/25 

8/25 


0 

0 

0 

-6/25 

-3/25 

-1/25 

/- 2/5 


Po = 5/2(6/25 3/25 1/25) = (3/5 3/10 1/10) 
q 0 = 5/2 (1/5 1/5 0) = (1/2 1/2 0) 
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V = 5/2 - 2 = 1/2 


(b) Let B - 


f 5 6 5\ 
412 
\723 / 


X\ 

X2 

*3 

si 

S2 

S3 



Xi 

X2 

*3 

Sl 

S 2 

S3 


5 

6 

5 

1 

0 

0 

1 

Si 

0 

32/7 

20/7 

1 

0 

-5/7 

2/7 

4 

1 

2 

0 

1 

0 

1 

S2 

0 

-1/7 

2/7 

0 

1 

-4/7 

3/7 

7 

2 

3 

0 

0 

1 

1 

S3 

1 

2/7 

3/7 

0 

0 

1/7 

1/7 

1 

1 

1 

0 

0 

0 

/ 


0 

5/7 

4/7 

0 

0 

-1/7 

/- 1/7 


Xi 

*2 

*3 

si 

S2 

«3 


0 

1 

5/8 

7/32 

0 

-5/32 

1/16 

0 

0 

3/8 

1/32 

1 

-19/32 

7/16 

1 

0 

1/4 

-1/16 

0 

3/16 

1/8 

0 

0 

1/8 

-5/32 

0 

-1/32 

/ - 3/16 


Xi *2 *3 «1 S 3 

*3 
«2 
ail 


p 0 = 5 (1/5 0 0) = (1 0 0) 

q 0 = 5(1/10 0 1/10) = (1/2 0 1/2) 

v = 5 — 3 = 2 

3. By using linear programming to find f = l/v, the solution for / is positive, which implies v is also 
positive. 


0 

8/5 

1 

7/20 

0 

-1/4 

1/10 

0 

-3/5 

0 

-1/10 

1 

-1/2 

2/5 

1 

-1/4 

0 

-3/20 

0 

1/4 

1/10 

0 

-1/5 

0 

-1/5 

0 

0 

/ - 1/5 


*i 

*2 

Sl 

S2 



ari 

X2 

Sl 

S2 


2 

1 

1 

0 

1 

Sl 

1 

1/2 

1/2 

0 

1/2 

-2 

2 

0 

1 

1 

s 2 

0 

3 

1 

1 

2 

1 

1 

0 

0 

/ 


0 

1/2 

-1/2 

0 

/ — 1/2 


a?2 «i «2 


1 0 

0 1 

1/3 -1/6 
1/3 1/3 

1/6 

2/3 

0 0 

-2/3 -1/6 

/- 5/6 


Po = 6/5 (2/3 1/6) = (4/5 1/5) 
q 0 = 6/5(1/6 2/3) = (1/5 4/5) 


*i 

*2 

*3 

S1 

S2 

S3 


4 

-2 

-5 

1 

0 

0 

1 

-2 

8 

-3 

0 

1 

0 

1 

-5 

-3 

14 

0 

0 

1 

1 

1 

1 

1 

0 

0 

0 

/ 


X\ X2 

*3 

Sl 

S2 

S3 


1 -1/2 

-5/4 

1/4 

0 

0 

1/4 

0 7 

-11/2 

1/2 

1 

0 

3/2 

0 -11/2 

31/4 

5/4 

0 

1 

9/4 

0 3/2 

9/4 

-1/4 

0 

0 

/- 1/4 
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*1 

x 2 

x 3 

Sl 

s 2 

s 3 


1 

0 

-23/14 

2/7 

-1/3 

0 

5/14 

0 

1 

-11/14 

1/14 

1/7 

0 

3/14 

0 

0 

24/7 

23/14 

11/14 

1 

24/7 

0 

0 

24/7 

-5/14 

-3/14 

0 

f-4/7 


x 3 

x 2 

X 1 


X 1 x 2 x 3 Si S 2 S3 


1 

0 

0 

* 

* 

* 

2 

0 

1 

0 

* 

* 

* 

1 

1 

0 

0 

23/48 

11/48 

7/24 

1 

0 

0 

0 

-2 

-1 

-1 

f-4 


x l 

x 2 

«3 


Po = 1/4(2 1 1) = (1/2 1/4 1/4) 
q 0 = 1/4(2 1 1) = ( 1/2 1/4 1/4) 


5. Let B = 


( 4 6 2 2\ 
19 6 11 
4 1 19 1 I 
7 4 12/ 


Xl X2 X3 X4 Si S2 S3 S4 

«1 
«2 
S3 
«4 


Xl X2 X3 X4 Si S2 S3 S4 


2 3 

1 

1 

1/2 

0 

0 

0 

1/2 

-1 6 

5 

0 

-1/2 

1 

0 

0 

1/2 

2 -2 

18 

0 

-1/2 

0 

1 

0 

1/2 

3 2 

-1 

0 

-1 

0 

0 

1 

0 

-1 -2 

0 

0 

-1/2 

0 

0 

0 

/- 1/2 


4 

6 

2 

2 

1 

0 

0 

0 

1 

1 

9 

6 

1 

0 

1 

0 

0 

1 

4 

1 

19 

1 

0 

0 

1 

0 

1 

7 

4 

1 

2 

0 

0 

0 

1 


1 

1 

1 

1 

0 

0 

0 

0 

/ 


X 4 

52 

53 

54 


p 0 = 2(1/2 000) = (1000) 

q 0 = 2(0 0 0 1/2) = (0 0 0 1) 
v = 2 — 2 = 0 


*1 x 2 

Sl s 2 




Xl x 2 

Sl 

S 2 


10 9 

1 0 

1 

S 1 

1 9/10 

1/10 

0 

1/10 


0 100 

0 1 

1 

S 2 

0 100 

0 

1 

1 

1 1 

0 0 

/ 



0 1/10 

r 

-1/10 

0 

f-1/10 


Xl x 2 

Sl 

S 2 








0 1 

1/10 

-9/1000 



91/1000 

Xl 




1 0 

0 

1/100 



1/100 

*2 




0 0 

-1/10 

-1/1000 


/- 

- 101/1000 





p 0 = 1000/101(1/10 1/1000) = (100/101 1/101) 

q 0 = 1000/101 (91/1000 1/100) = (91/101 10/101) 

If the game is to be played only once, one way R could determine his move is to place one hundred 
l’s and one 2 in a box and select one value at random. Any time R wishes to guarantee a return of at 
least nine units, he should choose the first row. R will choose the second row on an average of one out 
of every 101 times. 
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Application 2.4 

1. yes 2. no 3. yes 4. no 5. no 

6 . yes 7. yes 8. no 9. yes 10. yes 

11. Pl = (5/8 3/8); p 2 = (19/32 13/32); p 3 = (77/128 51/128) 

12. Pl = (1/2 1/2); p 2 = (5/8 3/8); p 3 = (19/32 13/32) 

13. Pl = (2/3 1/3); p 2 = (11/36 25/36); p 3 = (433/864 431/864) 

14. Pl = (9/20 11/20); p 2 = (203/480 277/480); p 3 = (5,041/11,520 6,479/11,520) 

15. Pl = (11/48 13/24 11/48); p 2 = (25/72 11/36 25/72); p 3 = (29/108 25/54 29/108) 

16. pj = (17/30 1/5 7/30); p 2 = (161/360 41/120 19/90); p 3 = (587/1080 199/720 389/2160) 

17. P! = (0.2214 0.4 0.3786); p 2 = (0.3034 0.4418 0.2548); p 3 = (0.3098 0.4994 0.1908) 

18. Pi = P 3 = (0 0 1); p 2 = p 0 = (1 0 0) 

19. Pl = p 2 = p 3 = (l/3 1/3 1/3) 

20. p x = (0.2433 0.4596 0.2971); p 2 = (0.2546 0.4482 0.2973); p 3 = (0.2538 0.4471 0.2991) 

21. regular; (2/5 3/5) 22. regular; (1/2 1/2) 23. not regular 

24. regular; (15/33 18/33) 25. regular; ( -— -- —-—) 

Vl-o + o 1 — a + 6/ 

/ 3/8 1/4 3/8 \ 

26. As T 2 = I 13/36 5/18 13/36 j, then T is regular. The fixed probability vector is 

\ 17/48 7/24 17/48 / 

(4/11 3/11 4/11). 

27. not regular 28. regular; (14/45 19/45 12/45) 29. regular; (0.2843 0.3768 0.3390) 


30. regular since T 2 = 


( 0.1857 0.2638 0.1285 0.4220 \ 
0.2040 0.2667 0.1887 0.3406 
0.1646 0.2058 0.2100 0.4195 
0.1001 0.2719 0.2782 0.3500/ 


; (0.1538 0.2550 0.2175 0.3737) 


31. (a) (0 0 1)T= (0 0 1); (b) Yes, since a probability vector must have nonnegative components. 

32. (a) (0 0 1)T= (0 0 1); (b) (0 1 0)T= (0 1 0) 

33. The system is the person, and the states are the person’s health. 

The transition matrix is 

34. p 0 = (0 1), pj = (0.3 0.7), p 2 = (0.504 0.496), and p 3 = (0.643 0.357). So the probability she will 
recover is 0.3 in 1 day, 0.504 in 2 days, and 0.643 in 3 days. 

35. The unique fixed probability vector is (0.9375 0.0625). Hence 93.75% of the days she will be healthy. 



36. (a) The states are compartments I, II, III, IV, and V. The transition matrix is 

✓ 0 0 0 1/2 l/2\ 

0 0 1/2 0 1/2 

0 1/2 0 0 1/2 . 

1/2 0 0 0 1/2 

\ 1/4 1/4 1/4 1/4 0/ 

(b) By squaring the transition matrix, we see that the matrix is regular. The unique fixed probabil¬ 
ity vector is (1/6 1/6 1/6 1/6 1/3). So the mouse will spend approximately 16.67% of the time 
in compartments I, II, III, and IV, and will spend 33.33% of the time in compartment V. 
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37. 

38. 


39. 

40. 

41. 

42. 


43. 

44. 

45. 

46. 


47 . 


The transition matrix is 



. The fixed probability vector is (1/2 1/2). However the first 


question is answered, the approximate exam score will be 50% (50 correct and 50 incorrect), 
(a) The states are the three choices of food the animal can make. The transition matrix is 


( 1/2 1/4 1/4 \ 
1/4 1/2 1/4 
\ 1/4 1/4 1/2/ 


(b) The unique fixed probability vector is (1/3 1/3 1/3). 


The states are the possible grades. The transition matrix is 


/0.6 

0.1 

0.1 

0.1 

0 1\ 

0.1 

0.6 

0.1 

0.1 

0.1 

0.1 

0.1 

0.6 

0.1 

0.1 

0.1 

0.1 

0.1 

0.6 

0.1 

V0.1 

0.1 

0.1 

0.1 

0.6/ 


(a) 0.6 • 0.1 + 0.1 • 0.1 + 0.1 • 0.6 + 0.1 • 0.1 + 0.1 • 0.1 = 0.15 

(b) 0.6 3 = 0.216 

/ 0.6 0.3 0.l\ 

The states are the three locations. The transition matrix is I 0.2 0.5 0.3 I 

\0.1 0.2 0.7/ 


The unique fixed probability vector is approximately (0.2647 0.3235 0.4118). Hence 26.47% of the 
cars will be in the northern area, 32.35% of the cars will be in the central area, and 41.18% of the 
cars will be in the southern area. 


The states are the college campuses. The transition matrix is 


/ 0 7/10 0 3/10 \ 

1/3 0 1/3 1/3 

0 10 0 

\ 1/3 1/3 1/3 0/ 


Upon squaring the matrix, we see that it is regular. The unique fixed probability vector is 
(1/5 81/200 1/5 39/200). So he will spend 20%, 40.5%, 20%, and 19.5% of his time in regions I, II, 
III, and IV, respectively. 


$700 • 0.2 + $650 • 0.405 + $580 • 0.2 + $280 • 0.195 = $679.15 

( 0 95 0 05\ 

0 75 0 25 j ’ ^ ias (15/16 1/16) as its fixed prob¬ 
ability vector. The transition matrix for copy machine II is (0 8 02 )’ which haS ( 8 / 9 1//9 ^ as its 
fixed probability vector. Thus the company should choose copy machine I. 


/ 0.7 0.2 0.1 \ 

The transition matrix is I 0.35 0.6 0.05 I. The fixed probability vector is approximately 

\ 0.4 0.3 0.3 / 

(0.5464 0.3505 0.1031). So over the long run, 54.64% will vote Democrat, 35.05% will vote Repub¬ 
lican, and 10.31% will vote Independent. 
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2. No absorbing states. 
5. One absorbing state. 
8 . One absorbing state. 


Application 2.5 
1. One absorbing state. 

4. One absorbing state. 

7. Two absorbing states. 

10. Two absorbing states. 

11. V = (1/3 2/3); 5 = (2/3); R = (1/3); Q = (3/2); A = (1) 

12. V = (3/4 1/4); 5 = (3/4); R = (1/4); Q = (4/3); A = (1) 

(V£h -(!) 


3. Two absorbing states. 
6 . No absorbing states. 
9. Two absorbing states. 


15. T = (0.4 0.4 0.2); S = (0.4 0.2); R = (0.4); Q = (5/3); A = (2/3 1/3) 


16. T 


( 1/2 1/3 1/6 0\ 

v 1/4 1/4 1/4 1/4 J’ 


A = 


/5/7 2/7 
V4/7 3/7 


) 




( 


18/7 8/7\ 
6/7 12/7 / ’ 


17 rpi _ ( 1/3 1/3 1/6 1/6V „ _ /1/3 1/6) _ /1/3 1/6V _ /3/2 1/4\ 

u ‘ ~ \ 1/2 0 0 1/2 J ’ * ~ V I/ 2 1/2 / * ~ V 0 °)’ W ~ \ 0 1 /’ 

A — ( V8 3/8 \ 

V1/2 1 / 2 ; 

, _ /0.21 0.46 0.13 0.20 \ _ _ /0.46 0.20N „ _ f 0.21 0.13 \ „ _ 1 /0.79 0.13N 

" V0.31 0.25 0.21 0.23/’ ~ ^0.25 0.23/’ ~ ^0.310.21/’^ “ 0.5838 V 0 - 31 °- 79 /’ 

, 1 / 0.3959 0.1879^ 

0.5838 V 0.3401 0.2077/ 


/1/8 1/4 1/8 1/8 3/8 \ /1/8 3/8 \ 

19. V = 1/7 2/7 1/7 2/7 1/7 ; 5 = 2/7 1/7 ; R 

\ 1/4 1/2 0 1/8 1/8/ \ 1/8 1/8 / 

. /144 70 28 \ , / 83 135 \ 

Q= l09 40 189 32 ;A= 218 126 92 

luy \ 56 112 132/ \ 111 107/ 


/1/8 1/4 1/8\ 
1/7 2/7 1/7 ; 
V1/4 1/2 0/ 


/0.17 0.23 0.15 0.32 0.13\ /0.23 0.32 0.13\ /0.17 0.15^ 1 ( 1 0.15 \ 

“^0.15 0.21 0 0.38 0.26/’*“ V 0 - 21 0 - 38 0 - 26 /’ V 0 - 15 0 /’ V_ 0.8075 V0.15 0.83/’ 

1 /0.2615 0.377 0.169^ 

A ~ 0.8075 V 0.2088 0.3634 0.2353 J 


21. Let Ei, i = 0,1,2,3,4, be the state such that the animal has received i units of food. The state moves 
from Ei to Ei+i, i = 0,1,2,3, with probability of 4/5 and stays in Ei with probability of 1/5. £4 is 


an absorbing state. T = 


/1/5 4/5 0 0 0\ 

0 1/5 4/5 0 0 

0 0 1/5 4/5 0 

0 0 0 1/5 4/5 

V 0 0 0 0 1/ 
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✓ 1/5 4/5 0 0 0\ 

rpi _ 0 1/5 4/5 0 0 

o 01/54/5 or 

\ 0 0 0 1/5 4/5/ 

= 320. 


( 1/5 4/5 0 0\ 

0 1/5 4/5 0 ] 

0 0 1/5 4/5 

0 0 0 1/5/ 


; Q = 


/5 20 80 320 \ 

0 5 20 80 I „ , , . 

0 0 5 20 ’ Expected number 
\0 0 0 5/ 


23. (a). Let £,-, i = 0,1.8, be the state such that Gi has i dollars. State Ei, i = 1,2,..., 7, moves to 

state Ei+i with probability of 3/7 and to state £j_i with probability of 4/7. Eq and E& are absorbing 
states. The game begins at state E 7 . 


(b) Pq = (0 0 0 0 0 0 0 1 0); G = 


/10000000 0 \ 
4/7 0 3/7 0 0 0 0 0 0 

0 4/7 0 3/7 0 0 0 0 0 

0 0 4/7 0 3/7 0 0 0 0 

0 0 0 4/7 0 3/7 0 0 0 

0 0 0 0 4/7 0 3/7 0 0 

0 0 0 0 0 4/7 0 3/7 0 

0 0 0 0 0 0 4/7 0 3/7 

V000000001/ 


Pl = p 0 r= (0 0 0 0 0 0 4/7 0 3/7) 
p 2 = Pl r= (0 0 0 0 0 16/49 0 12/49 3/7) 


(c) A = 


/0.963 0.037 \ 
0.913 0.087 
0.848 0.152 
0.760 0.240 
0.642 0.358 
0.486 0.514 
V 0.279 0.721/ 


; Probability that Gi wins = 0.721. 


24. (a) Let Ei, i = 0,1,2,3,4, be the states where Eq represents Gi = 0, G2 = 8 , E\ represents Gi = 4, 
G2 = 4, £2 represents Gi = 6, G2 = 2, £3 represents Gi = 7, G2 = 1 and £4 represents Gi = 8, 
G2 = 0. State Ei, i = 1,2,3, moves to state £;+i with probability of 3/7 and to state Ei -1 with 
probability of 4/7. Eo and £4 are absorbing states. The game begins at state Eq. 

, /37 21 9\ 

(b) Q = — I 28 49 21 I; Expected number of plays = (16 + 28 + 37)/25 = 3.24 

25 \ 16 28 37/ 

/148/175 27/175X 

(c) A = 112/175 63/175 ; Probability Gi wins = 111/175 ~ 0.634 

\ 64/175 111/175/ 


25. Let Ei, i = 1,2,3,4, be the state such that panel i is chosen. The probability of moving from E\ to 
any Ei is 1/4. The probability of moving from £2 to any £,• is 1/4. Eq and £4 are absorbing states. 
1/4 1/4 1/4 1/4 \ 

1/4 1/4 1/4 1/4 \ f 3/2 1/2" 

0 0 1 0 I ’ V V !/2 3/2 

0 0 0 1 / 


T = 


^. Expected number = 1/2 + 3/2 = 2. 


26 . 


(a) Let Ei be the not functioning state, £2 be the fair state, £3 be the good state and £4 be the 


cellent state. £1 and £4 are absorbing states. T = 


( 1 0 0 0 \ 
0.05 0.25 0.35 0.35 1 
0 0.15 0.2 0.65 I ‘ 
0 0 0 1 / 


(b) Q= ^0 2740 13699) ; detesting of fair units = 1.4612 + 0.6393 = 2.1005. 

(c) Retesting of good units = 0.2740 + 1.3699 = 1.6439 
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(d) A = 0137 0 9863/ ’ P r °b a bibty deck being thrown out is 0.0731. 

(e) Probability of fair deck being released to sales is 0.9269. 

(f) (30000)(0.9863) = 29589. 


27. (a) Let E{, i = 1,2,3, be the state that represents i months are delinquent. Let Eq be the state that 
represents having paid up during the past three months and let E 4 be the state that represents card 


revocation. Eq and E4 are absorbing states. T = 


/ 1 0 0 0 0 \ 

0.65 0 0.35 0 0 

0.6 0 0 0.4 0 

0.3 0 0 0 0.7 

\ 0 0 0 0 1 / 


/ 0.902 0.098 \ 

(b) >1 =1 0.72 0.28 1; Number of revoked cards = (2356)(0.098) 
\ 0.3 0.7 / 


28. T = 


/ 0 0 
1 0 
0 1/2 
0 0 
\ 1/4 1/4 


0 1/2 1/2 \ 
0 0 0 
0 0 1/2 
0 1 0 
1/4 1/4 0/ 



/14 2 8\ 
10 3 12 
\ 6 4 16/ 


(a) 14/11 + 2/11 + 8/11 = 24/11 ~ 2.18 

(b) 7/11 x 100% ~ 63.6% 


A 



( 0.30 0.45 0 0.25 \ 

0 0.10 0.75 0.15 1 / 0.5357 0.4643\ 

0 0 1 0| ; \0.8333 0A667 J 

0 0 0 1 / 


(2000)(0.5357) = 1071.4 of the first year students will graduate. 


230.888 


30. T- 


( 1 0 0 0 0 0 0 \ 
35/36 0 1/36 0 0 0 0 

0 8/9 0 1/9 0 0 0 

0 0 3/4 0 1/4 0 0 

0 0 0 5/9 0 4/9 0 

0 0 0 0 11/36 0 25/36 

\ 0000 00 1 / 


p 0 = (0 0 0 1 0 0 0); pj = p 0 T= (0 0 3/4 0 1/4 0 0) 
p 2 = (0 2/3 0 2/9 0 1/9 0) 
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Application 2.6 

/ 0.8 0.2 0 0 0 \ 

0.4 0.5 0.1 0 0 

1. (a) T = 0 0.4 0.5 0.1 0 ; (b) T 4 has no zeros; 

0 0 0.4 0.5 0.1 
\ 0 0 0 0.5 0.5/ 

(c) (80/133 40/133 10/133 5/266 1/266) « (0.6015 0.3008 0.0752 0.0188 0.0036) 

/3/10 7/10 0 0 0\ 

9/40 3/5 7/40 0 0 

2. The transition matrix T is given by 0 9/40 3/5 7/40 0 .As T 4 has no zeros, T is regular. 

0 0 9/40 3/5 7/40 

\ 0 0 03/4 1/4/ 

The fixed probability vector is approximately (0.1130 0.3515 0.2737 0.2126 0.0496). So for (a), (b), 
and (c), we have 11.30%, 4.96%, and 21.26%, respectively. 

/3/10 7/10 0 0 0 0\ 

9/40 3/5 7/40 0 0 0 

3. The transition matrix T is given by jj ^/5 7/40 0 0 j>5 jjas n0 zeroSi j 1 j s 

0 0 0 9/40 3/5 7/40 

\ 0 0 0 0 3/4 1/4/ 

regular. The fixed probability vector is approximately 

(0.0979 0.3045 0.2368 0.1842 0.1433 0.0344). Hence, for (a), (b), and (c), we have 9.79%, 3.44%, and 
18.42%. 

C G 


4 T= C ( 1 M 
G V0.3 0.7 ) 


5. p 0 T 3 = (1 - 0.7 3 0.7 3 ) = (0.657 0.343); 0.657 

6 . 0.98 < 1 — 0.7" gives n > 11. 7. 1/c = 10/3 guesses 

/ 0.07 0.63 0.3 \ 

8 . T = 0.07 0.63 0.3 

V o oo/ 


9 - R = (S:S? oS) ; 1 - R =(-S:S? "o 0 “) ; (/ - Ryl =(S «) ; < 01,(21 > + = 3 


10. (0.1)(1.2333) + (0.9)(0.2333) = 0.3333 


11. T = 


G K 
G ( 0.4 0.6 


K V 0 


12. p 0 T 3 = (1 - 0.6 3 0.6 3 ) = ( 0.784 0.216); 0.784 


13. 0.95 < 1 — 0.6" gives n > 6 14. 1/c = 2.5 guesses 


/ 0.15 0.45 0.4 
15. T= 0.15 0.45 0.4 

V 0 0 1 


16 - R= (S:!* Ill} (J " *r l = (lf 7 l Q-tm-m + (o - 75 )( 2, i 2 5 )=1.875=15/8 
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17. (0.25)(1.375) + (0.75)(0.375) = 0.625 = 5/8 

18. Use induction on n. For n = 1, the formula is true. Now suppose that 

T k =( n./t \ . . n .J, JfY ThenT * +1 = T-T* = 

( 1 o\ 

Vc[l + (l-c) + --- + (l-c)*] (1 - c)* +1 )■ 


19. (a) xS = x + x 2 + x 3 H-b x n 4 - a; n+1 ; 

(b) (1 - x)S = 1 - x n+1 

(c) This follows immediately from part (b) 


20. As (/ - R )- 1 = 


1 

cN 


N-( 1 - c)(N - 1) (1 - c)(N - 1) 
N N 


1 - c AT - (1 - c) 
N N 


\ 


then 


E(G C ) = 
E(Gj) = 


1 

cN 

1 

cN 


,- (1 _ ;) ( ,- i ) + ( i ,,) (i _ c) ] 


AT 


F;(G c ) + £(G/) = l/c = E(G). 


and 

1. Upon adding E{Gc) and E{Gi), we find 


21. By proof of induction on n. Clearly the formula T n is true for n = 1. Assume the formula holds for 
n = k. Then 

/(l - c)/N (1 - c)( 1 - 1/AT) c\ / (1 - c) k /N (1 - 1/AT)(1 - c) k 1 - (1 - c) k \ 

T k+i T _ r * _ (i _ cj/jv (1 - c)(l - 1/AT) c x (1 - c) k /N (1 - 1/AT)(1 - c) k 1 - (1 - c) k 

\ 0 01/ \ 0 0 l] 

((1 - c)*+7JV 2 + (1 - 1/AT)(1 - c) k+1 /N 
= il-c) k+1 /N 2 + il-l/N)(l-c) k+1 /N 

\ 0 

(1 - 1/N)(l - c) k+1 /N + (1 - l.A) 2 (l - c)* +1 
(1 - 1/N)(l - c) k+1 /N + (1 - 1.1V) 2 (1 - c) k+1 

0 


[(1 - c) - (1 - c) k + l ]/N + (1 - 1/AT)[(1 - c)(l - c) k+1 + c\ 
[(1 - c) - (1 - c) i+1 ]/AT + (1 - 1/AT)[(1 - c)(l - c) k+l + c j 

(1 - c) k+1 /N (1 - c) t+1 (l - 1/AT) 1 - (1 - c)* +1 \ 

(1 - c) k+1 /N (1 - c) fc+1 (l - 1/AT) 1 - (1 - c) k+1 . 

0 0 \) 
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Review Exercises for Application 2 

1. No 2. Yes 3. Yes 4. No 5. Yes 

6 . No 7. Yes 8 . Yes 9. No 

10. (a) Pl = p 0 T = (2/3 1/3); p 2 = p^ = (17/36 19/36); p 3 = p 2 T = (239/432 193/432) 

(b) T is regular because all its components are positive. 

(c) (x y)T = (a: y) => a; = 9/17, y = 8/17 

11. (a) Pl = Po T = (1/16 15/16); p 2 = Pl T =( 1/128 127/128); p 3 = p 2 T = ( 1/1024 1023/1024) 

(b) T is not regular. 

12. (a) pj = p 0 T = (11/20 13/40 1/8); p 2 = p X T = (55/120 3/16 17/48); p 3 = p 2 T = (121/240 41/160 23/96) 

/ 29/60 9/40 7/24 \ 

(b) T 2 = 17/30 21/60 1/12 ] =>T is regular. 

\ 13/30 3/20 5/12 / 

(c) (x y z)T — {x y z) x = 22/45, y = 7/30, z = 5/18. 

13. (a) Pl = p 0 T = (1/4 1/3 5/12); p 2 = Pl T = (1/3 3/8 7/24); p 3 = p 2 T = (5/16 1/3 17/48) 

( 1/2 1/4 1/4\ 

(b) T 2 = 1/4 1/2 1/4 => Tis regular. 

\ 1/4 1/4 1/2/ 

(c) (xyz)T=(xyz)=>x = 1/3, y = 1/3, 2 = 1/3. 

14. (a) Pl = p 0 T = ( 0.37 0.28 0.35); p 2 = Pl T = (0.333 0.302 0.365); p 3 = p 2 T = 

( 0.3397 0.2968 0.3635) 

(b) T is regular because all its components are positive. 

(c) (x y z)T = (x y z) => x = 47/143, y = 4/11, z = 4/13. 

15. (a) p x = p 0 T = (0.246 0.4748 0.2836); p 2 = p JT = (0.25002 0.47662 0.27336); p 3 = p 2 T = 

(0.2505412 0.4775916 0.2718672) 

(b) T is regular because all its components are positive. 

(c) (xyz)T—(xyz)=^x = 0.250, y = 0.478, z = 0.272 (to 3 places) 

16. The number of absorbing states is 1. T' = (3/4 1/4); S = (1/4); 72 = (3/4); Q = (4); A = (1). 

17. The number of absorbing states is 1. T' = (1/2 1/2); S — (1/2); R — (1/2 );Q = (2); A = (1). 

18. The number of absorbing states is 1. T' = ^ ^ 1/3) ’ ^ ~ ( 1/2 1/3); 72 = ^ 1/3 ) ’ ^ = 

f8/5 3/5\ , (l\ 

\ 4/5 9/5 J’ A ~ 


19. There are 2 absorbing states. V = (1/5 2/5 2/5); 5 = (1/5 2/5); 72 = (2/5); Q = (5/3); A - 
(1/3 2/3). 


20. There is one absorbing state. T' 


A = 



( 0.6 0.3 O.lN 
^0.4 0.1 0.5y ’ 


5= (0.3 0.1); 72 = 


/0.6 0.1 \ /3.125 0.625 

1^0.4 0.5/V 2 - 5 25 


21. There are 2 absorbing states. V = 1/4 1 / 4 )= S = (^0 1 / 4 ) : 72 = (l /2 l/!t) ; Q = 

f9/5 2/5 V A — ( 3/5 2 M 
\6/5 8/5/ V 2 / 5 3/5/ ' 
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623 


22 . 


23. 

24. 

25. 

26. 

27. 

28. 
29. 


30. 


31. 

32. 

33. 

34. 

35. 

36. 

37. 


/0.13 0.34 0.25 0.28\ /0.25\ /0.13 0.34 0.28\ 

V = 0.23 0.41 0.09 0.27 ; S = 0.09 ; R = 0.23 0.41 0.27 ; 

\0.24 0.36 0.28 0.12/ \ 0 - 28 / \ 0.24 0.36 0.12/ 

/1.977 1.874 1.204 \ /1 \ 

Q = I 1.252 3.272 1.402 1; A = I 1 I. There is one absorbing state. 
\ 1.051 1.850 2.038/ \l/ 


T=( 1 

\ 0.25 0.75/ 

Po = (0 1); p4 = p 0 T 4 = (1 - (0.75) 4 (0.75) 4 ) = (0.6836 0.3164). 
17 trials are needed. See example 1 in Application Section 2.6. 

4. See example 2 in Application section 2.6. 


'0.0625 0.6875 0.25' 
T = ( 0.0625 0.6875 0.25 
0 0 1 


/ i oc; o 7 ^\ 

Q = f g'yg J ; Expected number of times to guess incorrectly = (2.75)(1/12)+(3.5)(11/12) = 11/3 
Expected number of times to guess correctly = (1.25)(1/12) + (0.25)(11/12) = 1/3 



0 

1 

2 

3 

4 

0 

/ 3/5 

2/5 

0 

0 

0 \ 

1 

2/5 

7/15 

2/15 

0 

0 

2 

0 

2/5 

7/15 

2/15 

0 

3 

0 

0 

2/5 

7/15 

2/15 


V o 

0 

0 

2/3 

1/3/ 


(p 0 Pi P2 P3 Pa)T = (po Pi P 2 P3 P4 ) =► PO = Pi = P2 = P3 = PA = 1/5. 

(a) The teller’s line will be empty 20% of the time. 

(b) The teller’s line will be closed 20% of the time. 


Strictly determined; p = (0 
Not strictly determined. 
Strictly determined; p = ( 0 
Not strictly determined. 



Strictly determined; p = (001);q‘ 


Strictly determined; p = (010);q t 



<»/*w (»)($) 


33 

8 
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38. (1/3 2/3) ^3 _ 


16 2 

39. (1/5 2/5 2/5) ( 3 0 -2 
4-1-6 


'5 -1 2 
40. (1 0 0) [ 3 0 4 
,6 2 5 





11 

7 


41- Po = (10),q*= (J),» = 3. 


_ 1 _ 

10 


42. p 0 = (2/5 3/5), q S = ($); . = (2/5 3/5) (J *) ($) = 2 

43. p„ = (3/7 4/7), qj = ($), . = (3/7 4/7) ("J *) ($) = y 


44. p o = (10 0),q‘ = 



v = 2. 


45 - = (J j):Po = (1/2 0 1/2); q* = ^7/8 j ; » = (1/2 1/2) (_J ^ 

46 - ^' = (32)’* Po = (01/76/7);= (i 7 ^); u = (1/ 7 6 / 7 )(3(1^7) = f 


/ 1/2 \ 

47. Po = ( 1/6 5/6 0); q* = 1/2 ; v = 3/2. 




